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Containing a SYNOPSIS of his Method. 
: [ 
þ HAT the Reader may the better apprehend our deſirn 


and aim, we have thought fit to premiſe ſome things 
concerning the Methods, both general and particular, 
we make uſe of in the following Treatiſe. Tor as heretofore a 
ſort of a blind deference to, and ſuperſtitious Veneration of An- 
tiquity, and eſpecially of Ariſtotle, has hindred the growtn a*d 
progreſs of Natural Philoſophy, witch of tate has made [itch 
conſiderable advances, (ince it has ventured to ſtand upon its 
* own Bottom, to make new Additions to former Inventions, to «- 
ſay new and unknown Objetts, to ſubſtitute Things inſtead of 
Names, Certainties inſtead of Doubts, and Experience in toe 
room of dull Credulities ;, not derogating in the mean while fro: 
* rhe deſerved Praiſes of the Inzenious amons the Ancients : So 
' without doubt Mathematicks alſo, unleſs our Predeceſſors had 
: magined that it had long ago been brought to its utmoſt Perfe- 
= on by Euclid, Archimedes, Apollonius, and other lngenous 
Ancients, would have arrived long (ince to a higher pitch, and 
by this time have ſurnaſs'd thoſe Linuts, which now we admire 
its arrival to. 
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IF. 


It is confeſs'd by all, t9at no Human Knowledge whatſoever 
can lay a more juſt claim to, an unſhaken Evidence and Certain- 
ty, or boaſt an higher neceſſity of its Demonſtrations, or a great- 


er multitude of. undeniable Truths, than the Mathematicks ; © 


and that thoſe Propoſitions we have, found out by Archimedes, 
demonſtrated by Euclid, Apollonius, and others, are at the 


ſame time unqueſtionable and altogether wonderful. But we ' 
may with Truth affirm, that moſt of their Propoſitions may either || 
be diſpoſed in a better order, or propounded eaſier, or demon- ©! 
ſtrated more evidently and diredly, or taught after a more ſhort _ 
and compendious way, now at leaſt after they are already found . 


cut, and with'a great deal of Pains demonſtrated by their firſt 
Inventors ; and of this Opinion are ſeveral of the beſt and moſt 
celebrated Mathematicians of the preſent Ape. 

- 


It is certain Euclid has demonſtrated ſeveral Propoſitions, 


far Prop. 2,3, 20, 20, ibs. 2, 5;6, 10, 155 28, 29, 


lib. 3. &c.) whoſe Truth to any attentive Perſon appears from 
the very terms, more clearly and certainly than the truth of Ax- 
10M 12. lib. 1. which his Interpreters dare not admit without 
a Demonſtration. And tho" thoſe ſuperfluous Demonſtrations 


derogate nothing from the'certitude of the thing, yet by an un-. 


neceſſary increaſe of the number of Propoſitions, and (which fre- 


quently follows thence) an mwerting the order of things, they © 


breed Tediouſneſs and Confuſion. 


: IV. 


There are none, unleſs thoſe who are bigotted to Antiquity, 
but muſt own that the Elements of Euclid are deſtitute of a juſt | 
and orderly Diſpoſition of things. For to omit, that in the firſt| 
Book there are WrdHed ſeveral ſorts of SubjeFs, and a preat\ 
variety of Properties demonſtrated of them promiſcuouſly without 


any reſpect to frmilirude or conVveniency ; there ts this never to bt 


excuſed, 
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excuſed, that, after he has in the firſ® Bock deduced and 
demonſtrated ſome particular affetirns of Magnitude, he 
proceeds, in .the ſecond, to thoſe things which are univerſal 
and common to any quantity ;, then in the third and fourth, be 
contemplates the Circle and the Properties of Figures m{crib'd in 
it, or circumſcribed about it ; in the fifth again he treats of the 
univerſal Doctrine of Reaſons and Propertions : and yet not ſo 
univerſally, but in the ſeventh again he is obliged to demonſtrate 
the ſame of Numbers particularly, which might hawe been 
done for all Quantities whatſover, by one general Demenſtra- 
H10n. 


V. 
Then as for the method of Demonſtrating uſed by the Anci- 


ents ; it 4s true that it nicely regarded the certainty of its Con- 
cluſions, nor would it admit any thing into its Demonſtrations, 
which was not either a firft Principle and ſo ſelf evident, (cat 
led by them an Axiom) or might not be ſuppoſed,beyond all Con- 
tradittion, poſſible to be effefted (and on that account named a 
Poſtulate) or, thirdly, an arbitrary Denomination of the thing 
propoſed which needed no Lemonſtraticn, (and was called a De- 


finution or Explication of a Term), or, laſtly; which b.:d not 


been evidently demonſtrated before : Yet I believe ncne will deny, 


but that this Method would have been more deſervedly efteern'd, 


if with the certainty of its Concluſicns it had joined a preater 


Eaſineſs, Brevity, and Evidence, which is wanting in moſt of 
the Demenſtrations of the. fincients , who thought it encugh, 
firmly and infallibl; to eſtablih the truth of their Theorems, 
and extort the Aſjent of thur Readers, little regarding by 
what Ambages, by how many circumambulatory Propoſitions, 
and almoſt whole Volumes, u was done; that therby they 
might be forced to acknowledze the thing to be ſs, while how 


it came to be ſo, or from what intrinſick Canſe 9 Condition of 


the Subject requiring it, ſuch and ſuch an Attribute agreed to it, 
remained in the mean while 09ſcure, or altogether unknown. 
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Hence they made ſuch frequent uſe of Apagogical Demonſtra- 
ticns, or deduftive ad abſurdum & impoſlibile, which ought 
not tg be done, but where no often(rve Demonſtration can be had, 
or for illuſirating negative Propoſitions rather than demoſtrat- 
ing them ; for the method of Dedufion ad impoſlibile, does 
not ſo much demonſtrate the Truth it ſelf direftly, as the conſe- 
quent Abſurdity of the oppoſite Suppoſition ; whence it follows 
wery indirettly, (tho' moſt certainly) that the Propoſition us 
true, while in the mean time the original Reaſon of its Truth 
remains altogether hid and in the dark. 


VII. 


But that we may not ſeem unjuſtly to reject the particular 
Method of the Ancients, made uſe of by Tuclid, as in lib. 12. 
Prop. 2, 10. &C. and by others, but eſpecially vy Archimedes, 
who peculiarly addicted himſelf to it, whence it has been by 
ſome called the Archimedean Method, and by Renaldinus the 
Atethod per Explotum exceſſum atque defectum ; beſides its 
Deduttion denbiy ad abſurdum, wherecn it always relies, as 
e.g. it infers the equality of two Magnitudes A and b by « 
far ferch round- about ay, by ſhewing, that if B be ſuppoſed 
greater or leſs than A, from either Poſition there would follow 
an abſurdity; and thence as it were begging the Equality by 
G new Inference, which tho' it may pajs free from Suſpicion, 
yet 1t neither ought, ncr can be admitted, without this Limita- | 
tion : In comparing thoſe things whoſe Natures are capable of | 
Equality, if it can be demonjtrated that the one is neither great- 
er nor leſs than the other, we may thence juſtly infer their E- 
quality. =_ SF 


VIII. 


The Learned ave new generally agreed, that, be{ides that Sym, 

7 ; : : 00 : 
retick Method, whiorcby the Lincients cher off enſrucly deduced 
rheir Problems and [horns frem evident and commun Princt- 


phes, 
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ples, or apagogically demonſtrated them by Dedu&ons ad abſur- 
dum, they alſo made uſe of a certain ſort of Analyſis, whereby 
they found out thoſe Theorems and Problems; and which, to 
raiſe the greater Admiration in their Readers, they afterwards 
ftudiouſly conceal'd and kept to themſelyes: Which Method is 
#ndoubtedly preferable to the other, as not only aemonſtrating 
the certainty of the Propoſitions ſo found, but at the ſame time 


ſhewing the invention of them too, and this is that Method 


that Vieta, Harriot, and Des Cartes, and their Followers have 
not only brug ht to light in this laſt Age, but to @ great degree 
of Perfe&tign too, and whereof Carolus Renaldinus, in that 
vaſt Work he has intituled Ars Analytica Mathematum, has 
given us a large Treatiſe. | 


IX, 


Tyere has appear 'd moreover of late another particular Me- 
thod * invented by Bonaventura Cavallerius, : 
which 1s called the Method of indivilibles,»yhere- - -- " hae s 
by the moſt difficult and abſtruſe Problems of Ge- this arte - 
ometry are found out and Demonſtrated with an bu: an tm- 
mcredible eaſe, which is the above-mentioned provement of 
Renaldinus's Opinion of it, lib.1. Refol. & Comp. #2 Ancients 

| Method of Ex- 

p. 239. which, to demonſtrate the Equality or 

Proportions of Figures and Bodies that may be 
compared with one another, goes to work after a way which 
ſeems to be more natural than any other, by ſuppoſing plane Fi- 
gures to con(5ſ# of innumerable: lines, and Jolids of mnumerable 
Plans (called their mdivifible Paris or Elements, becauſe the 
Lines are concerved without lititude; and the Plans 1ithout 
any thickneſs,) and relying on this ſdlf-evident Axiom, i hat if 
all the Indiwviſibles of one Magnitude colle&iuely raken, be equal 
or proportional to all the correſpondent -n4iviſivles of aniber, 
or taken ſeparately each to each, then alia thije Marnitudes 
Will be equal or propertional amons themſcroes. Which Tafe- 
rence can be guilty of no Fallacy, mor liavle to any Firror, as 
long as thoſe Elements are taken and conceived mm that ſenſe 
ther Autvors deſign them ; which 's ſufficiently demonſtrated by 
Ren:idinus, lib. 1. Compol. & Refol. p. 245: rewards the bot- 
A-4 tom, 
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fom, andat the beginning of p. 306. and alſo byHonoratus Fa- 
ber, in his Synopſis, p. 24. and Dr. Barrow in Lect. Geom. 
P- 24. and the panony: againſt Tacquet and the other Ad- 


wverſaries of this method. 
* 


There is another Method a-kin to this, which may pe proper” 
ly named Generative, wery much followed by Faber in bis Sy- 
n0pſis, and Barrow in his Le&. Geom. whoſe Author Renal- 
dinus tells us yas Guldinus, liv. Cit. p. 253- ſpewing at large 
its Rules and Foundations in the following pages, viz. The riſe 
of Lines from certain motions of points ; of Plane and Curwili- 
near Surfaces, from the determinate progreſs or rotation of a given 
Line, and of Solids by the various motions of various Surfaces ; 
the Produftions whereof are ſo repreſented to the Imagination, 
that the intrinſick nature of the magnitudes thence ariſing may 
become known, and their Properties and &ffettions may, from 


their Natures thus known, be eaſily and briej:y deduced. 
, + 8 


Near a=&in to this Method of Cavellerius is that other of In- 
anice Progreſſions, 2werein having found a certain Progreſſion 
of like Parts circum{crib'd about, or mſcrib'd in any groen mag- 
nitude, which may be continued by Biſect1on ad inimitum'; and 
then at length (by wertue of the Doftrine of Exhauſt1ons, foun- 
ded on Prop. 1. lib. 10. Eucl.) will terminate in the magni- 
rude it ſelf, I ſay, wherein the ſum of thoſe mfimite Terms, col- 
lefted by Rules on purpoſe for the addition of thoſe Progreſſions, 


and conſequently the quantity cr proportion of the propoſed Mag - 


nitide,” to any other given one, may be expreſſed or defined. 
But this termination of Figures infinttely circumſcribed or inſcri- 
bed in a Circle, not pleaſmg Renaldinus  (alrhs' his Diſſention 
ſeems only to conſiſt in Words,) he -exhibits anot.'er Method like 
it, (which he peculia ly calls his own) built on: twelve funda- 
mental Theorems, and illuſtrated by ſeveral Examples, lib. 1, 


de Refol. & Comp. p 277 & leqq. 


Xt Of 
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XII. 


Of late alſo, the moſt ingenious Mr. Iſaac Newton, to de- 
monſtrate his Philoſophizz Naturalis Principia Mathemarica, 
lib. x. ſet. 1. premiſes ſome Lemma's of his method of Rati- 


' qnes primz & ultimz, or evaneſcent quantities, thereby to a- 


wid the tediouſneſs of deducing long and perplext apagogical De- 
monſtrations after the way of the Ancients. For finding that 
his Demonſtrations might be wery much contrafed by the method 
of Indiviſibles, and knowing at the ſame time, that that me- 
thod as ſcrupled by ſome, and thought not very Geometrical, 
be rather choſe tro found his Method on the ſums and proporticns 
of quantities which he calls Evaneſcent, which performs the 


ſame as the Method. of Indiviſibles, and may be more 


ſafely uſed ; which he inculcates in theſe very words, and others 
ſuch like, in Schol. of Lemma. 11. And alſo anſwers {e- 
weral obje&tions which might ſeem to make againſt it. 


X[II. 


But it would be in vain fer us to attempt, in this place, to 
explain all aud each of thoſe yarious methods at length ; hawing 
only propoſed to our ſelves, to demonſtrate the chief and principal 
Theorems and Inventions of the Mathematicks, and to uſe ſome- 
times one of them, and ſometimes another, (hawing firſt Demon- 

rated their Foundations) according as we ſhall judge this or that 
of 'them, fitteſ# to Demonſtrate the thing in hand, and ſo ſhew the 


reaſons, and uſe of each of them in the proceſs of this diſcourſe. 


And alths H. Faber in his Synopſis, p. 8. Inſmuates, that; 


£mnalytick terms ought not to be made uſe of in G'ometrical 
Demecnſtrations, becauſe that :lgebraick method ſecms to be too 
a:iicult for young beginners, yet we are of the quite contrary opi- 
muon (nay we can ſcarce douvt but that that [ngenious man would 
alſo agree with us hercin, if he ſaw the way we make uſe of thoſe 
foundations of Algebra, which 1s only of the moſt ſimple and ge- 
neral principhes of it ) eſpecialiy in this caſe, where the ſaid me- 
thod 1s by little and little inſtill 4d with the Demonſtrations 
tremſclues , and the literal Computations taugt from their fir(f 

| -» Pranct- 
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Principles, than which nothing 1s more eaſie: And this is that 

which we deſign to do, and ſo uſe the learner by degrees 

ro this ſort of Demonſtration, thereby to prepare him the bet- 
ter for the Analytick Geometry of the Moderns, which is the 

higheſt apex of the Maticmaticks. But we had rather our 

Reader ſhould himſelf find, than we trouble our ſekves any 

further to tell him here, how compendiouſly we Demonſtrate 

the Propoſitions of Geometry, by the help of theſe Analytick 

notes, without the tedious Concaten3tion of a long Chain of 
Conſequences, which would be otherwiſe unavoidable. 


XIV. 


After this way we deſign to go through the following Scheme. 
1. ' We ſhall deduce ſeveral propoſitions of Euclid, Archi- 
medes, and A pollonius from our definitions, and the genera- 
tions of Magnitudes therein propoſed ; as Corollaries neceſſarily 
flowing from them, and confirm'd only by an immediate and 
ſemaple conſequence. 2. We ſhall demonſtrate their chief Theo- 
rems ( for the ſake of which the, were forced to Demon- 
ſtrate ſeveral others before-hand, the knowledge whereof for 
their own ſake was not ſo neceſſary or valuable) without a= 
ny long ſeries of antecedent Propoſitions, or Foreign princi- 
ples, from a few direc and mirmſick Principles of thetr 
own. Whence 3. It will follow, that after this Method we 
ſhall propoſe things, and treat of them, in a more natural Or- 
der, and firſt of all deliver theſe which are moſt univerſal 
and common to all quantities, and thn deſcend to thoſe which 
in a more ſpecial manner regard Magnitude , and diſtribute and 
diſpoſe all according to certain general diſtinct Claſſes of the 
things to be treated of, and their affettjions. Hence alſo 4. 
We deduce from thoſe univerfal Theorems, by way ef Corollary, 
the Precepts of vulgar Arithmetick, and ſpecious Computation, 
which afterwards we make uſe of in particular Demonſtra- 
ricns after @ very ſhort and cempendious way ; and, fer this 
wpery reaſon, ſome Learned men of the preſent ge are of opi- 
nion, that the 7ncients often fell into that tedious and miri- 
cate prolixity in t:eir Demonſtrations, b:cauſe they woula not 
acinuwiedge the great affmity there was between page 
414 
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tick and Geometry, taking particular care not to introduce the 
Terms and Op-raticns of Arithmetick into Geometry ; tho' at 
the ſame time they mever ſcrupled to transfer the names of 
Plan, Square, Cuve, and ſuch like to numbers. 5. Laſtly, 
Having firſt Demonſtrated the firſ® and Fundamental Theo: 
rems of Filementary Geometry, we miy ſafely buil | on them 
the Praxes of all kinds of Mathematical Arts, that are moſt 
uſeful and requiſite to ſeveral Exigencies of human Life, as, 
firſs, Trigonometry both Plain and Spherical, te Conſtruct i- 
ow end uſe of the Tables of Sines and Tangents. 2. The 
Conſtruction of Logarithms, and a cempendions applcatics: 
of them to Trigonometry : --»d in thre 3. and laſs place, 
toe fundamental Precepts of Algebra, or the Analytic Art; by 
tle help wyoereof te learner may at lengrh arrive to the 
higher and more recluſe parts of Geometry, and become 
maſter thereof : Not to mention ſeveral Geometrical and A- 
rithmetical Priblems, which 2e have all along derived from 
ſeveral of our Theorems, by way of Corollary, which it 
m be ſome other time, may make an Appendix of this 
work. 


XV, 


£Lnd trus when we ſhall have Demonſtrated no: only 
the chief Theorems of the z#ncient Mathematicians, omitting 
the unneceſſary crowd of thoſe t2at ave only Suſidiary, but 
alſo have demonjiratively deduc'd re fundamenial Precepts of 
the moſt nece/]ary and uſeful Arts that flow from them, and 
that are abſtracied from matter, as of Arithmetick, Trigono- 
metry, and Alzebra; I hope none will doubt but that in 
this little Volum we have exhibited, as it were the Nucleus 
cr Kernel of the pure and genuine Matvematicks ( for thoſe 
et ner Sciences and farts which go by the name of mit Ma- 
rthematick, are moſr of them paris of natural Philoſophy, from 
tre application of Mai hematic&s to tos Phenomena of nature ) 
and ſo may juſtly bear the name of Matheſis Enuticata. 
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W XVI. 


Nor are we ignorant, nor ſhall we conceal hat ſeveral 
Learned men have both propoſed and already done, for remov- 
ing thoſe difficulties and blemiſhes of the Ancient Mathematical 
Methods we hawe juſt now mentioned. The late Admoniſh- 
ments of the anonymous Authour of LArt de Penfer, no leſs 
imngenioully thaw modeſtly delivered, Part. 4. Chap 9g. 10. 
of the ſaid Treatiſe, are ſufficiently known; as alſo the Iau- 
dable : endeavours of A. Tacquet and Honoratus Faber and 
ſeveral others above mentioned for contra&ting, new order- 
ing, and more eaſily and directly Demonſtrating the chief Ge- 
ometrical Inventions of the Ancients. There are moreover ex- 
tant of a certain anonymous Author, Elementa Geometrica 
novo ordine ac methodo fere Demonſtrata, Printed at I ondon 
about 2.6. Years ago. There are alſo F. |gnatius Gaſton Par- 
dies Elemens de La Geometrie, &c. Tranſlated into Latin 
after the third Edition, by the Famous Schmidtius Profeſſor at 
Geneva : As alſo of F. Mich. Mourgues's, of the Society of 
J. Nouveaux Elemens de Geometrie, abreges par des Metho- 
des particulieres en moins de Cinquante propolitions, &*c. 
There are alſo ſeveral o:her Eſſays of reducing the Mathema- 
ticks into a better Order and Method, the tules whereof we 
have only as yet ſeen; and even while theſe papers were im the 
Preſs, there happen d mio our hands a Treatiſe of F. Lamy's 
Entituled Les Elemens de Geometrie, ou de la meture des 
Corps, ec. Printed at Paris in 16's : ſo that we may cnly 
ſeem to ſome to do what has been done already, m endeavour- 
ing to ſhew our Reader @ new and ſhorter way to the Ma: 
thematicks. 


XVII. 


But as none can blame Jacobus le Maire, becauſe, after the 
happy arſcovery of the Magetlanck Paſſage frem the Atlantick 
into the Pacihick Sea, he would needs yet endeavour to find ano- 
ther ſhorter, which he accordingly did ; nor can they be blamed, 


who now a days conſult about finding one from theſe parts of 


the 


W . 
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the World, by the North to the Eaſt India's. Thus alſo, in an 
affair of that moment, that one or a few are not ſufficient to 
bring it to Perfection, if any one who comes after, not only m- 
wited, but alſo aſſiſted by the ingenious Endeawvours of thoſe who 
have gone before him, ſhall undertake to add to their Inventi- 
ons, to help on the buſineſs by his advices, and ſhew what 
things are capable of a further Poliſh, and the method how to 
perform it, doubtleſs ſuch an one ought not to be blamed, nor 
accuſed of arrogance, unleſs at the ſame time he endeawurs to 
depretiate the þ of others, and cry up his own as the only va- 
luable ; Which how far it is from our deſign, the work it ſelf 
will abundantly ſhew. Moreover as the ſenſes of men are 
differently affetted by different ObjecFs, and their Palates have 
different Reliſhes of the ſame thing, according to different Pre- 
parations of them : So the ſame truth takes and inſinuates it ſelf 
more eaſily with one propoſed and demonſtrated after this way, 
more with another after that way ; and we are ſo muc? -the 
more likely to ſuit the different genii of different Perſons, by 
how many mure and different methods and ways we ſhew them, 


leading to the. ſame end, of which every one may take that 
which be likes beſF. 


XVII. 


Ie therefore Publiſh, by the Divine aſſiſtance, theſe our En «+ 
deawours alſo, after ſo many other ingenious and elaborate ones 
in the ſame kind ; nor can we douvt the approbation of ſome of 
our Readers. This at leaſt we can experimentally affirm : That 
not a fey of thoſe to whom theſe our thoughts were partly pub - 
lickly read in Lectures, and partly privately taug5r (for they 
guere only deſign d for Learners) were not a little taken with 
the Conciſe brevity and facility of the Demonſtrations; ſo taat 
we may reaſonably hope to be acceptable to thoſe, to whom ei- 
ther time, or ſufficient force of genius is wanting, to run over 
the vaſt Volumes of the Ancient Mat ematicians, and compre- 
bend their prolix Demonſtrations, and long ſeries's of far fetch'd 
Conſequences ; and as for thoſe 250 have both kiſure ana gent- 
us to do ſo, this may ſerve for an Encouragement towards it , 
that after they have gone throug? the cBnief truths and praps- 


2: fetion; 
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ſitions they contain, Demonſtrated in a more eafje and ſhorter 
way, they may ſo much the more confidently adventure upon thoſe 
eclebrated and ingenious Treatiſes, from the reading whereof they 


were before deterr d by the length and almoſt inſuperable diff- 
culty of their tedious and perplext Demonſtrattons. 


XIX. 


Being now about to enter upon the matter it ſelf, 2pe will 6n- 
ly further hint theſe few things. 1. Since our whele deſion ts 
or the advantage of young Students (which oug't to be a 


Profeſſors chief Care and Study) 2we muſt not omit the Expli- 


caticn of the moſs ſimple terms; eſpecially ſace we deſign to 
deduce ſome Corollaries immediately from them, which hereto- 
fore have unneceſſarily increas d the number of Propoſitions and 
Demonſtrations. 2. To encumber our work as little as 2e can 
with words we have made uſe, eſpecially in our :nalytick Cal- 
culus, of ſome Symbols, as = for Equality, as alſo of 0 
and \_1 for Square and Refangle, and of V the common 
| Radicall ſign for the ſquare Root, with the Tine V © 


| on the top for connect ing of quantities together, the Root where= 
of is jointly taten, VN fer the Cube Ro't, VV fer 
i.e Biquadratick Root. 


XX, 


Ther the Reader may at one view ſee the Contents of the 
Jil wing Treatiſe, we have thought fit to preſent him here with 
it, Vy Way of Synopſis. It is divided in to Books. 


The jr whereof contains the chief and moſt ſcle&# Propoſt- 
trons of Vuc id's Eleaents, of Archimedes's Treatiſes of the 
Sphere end Cylmicr, as alſo of the dimzeuſion of the Circle, &c. 
briecrem thet which tieſe nthers Pave demonſtrated by a long 
end icons Series of Cor:ſequences, end for the moſt part 1- 
| gireclly, we bave bere endea@rired 16 Demcnſirate dire Fo 
Paud fe that the Demonſtration of exch Propoſiticn depends, e:- 


F 
tic 
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either on no other, and ſo is evident by its own light, or on a 


wery few of the antecedent ones. 


IL, 


After the ſame way in the ſecond Book we treat of theCo- 
nick Sections, and Demonſtrate the chief properties of the Co- 
noid, Spheroid, Cycloid, Conchoid and Spiral Lines, which 
are extant either in Apollonius or Archimedes and others, and 
what they bavve Demonſtrated by long and tedious proceſs's we 
bave here exhibited in a ſhort and eaſie Compeniinm. And 
that, 

III. 


In ſuch a method, as does not ſo much require intent and 
ſevere thinking, as a bare and eaſje inſpetion, and application 
of the Principles of ſpecious Algebra, and method of Indiviſs- 
bles. which yet, | 


IV. 


Ie don't barely ſuppoſe, and remit our Readers to other Books 
to learn (which would be too troubleſome) but in the Proceſs of 
the Work it ſelf, they are gradually, and as occaſion preſents, dc- 
rived frrm their Original Fountain, and firſt Principles. 


V 
By the ſame way alſo the moſt uſeful and neceſſary Mathema- 


tical Praxes are laid down under the names of Corallaries and 
Scholia, the Conſtruction of the Tables of Sines and Tangent: 
zaught, tht Original and uſe of the Logarithms Demonſtrated, 
and the Precepts both of Plain and Spherical Trigonometry 
deduced from their firſt Principles, &c. 


VI. 


The Praxis alſo of pure Arithmetick, and of common Deci- 
mal, and (which is ſeldom uſed) of Terracficsl , as « /o the 
Loftrine 


I T0 
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Do&rine of $ urds, are derived from their firſt Original | 


IW hereunto, 
VII. 


As a Complement of the whole Work, we have added an Intro- 
duftion to the Specious Analyſis,or new Geometry of the Moderns, 
particularly according to the Method of Des Cartes, but much 

acilitated by later Inventions, and Comprizing the Precepts of 


| the Art in ſix or ſeven Pages, but illuſtrated with above forty 


Examples m the different degrees of Equations. 

What the Reader's. opinion will be of theſe our Endeavours, 
deſign'd only for the uſe of young Students, time muſt teach us. 
The Author himſelf at leaſt, amongſt his other performances, al. 
lows theſe the firſt place. 


ADVERTISEMENT. 
- At the Hand and Pen in Barbican are Taught, Viz. 
Writing, Arithmetick, Book-keeping, Algebra, Geometry, 
Meaſuring, Surveying, Gauging, Aſtronomy, Geography, 
Navigation and Dialing. 


By Robt. Arnold. 


Perſons Taught abroad. 
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Elementa Arithmetice Numeroſe & Specioſe. In uſum _ 


Tuventutis Oxronig © Teatro Sheldoniano. Proſtant Venales 
Londini apud Dan Midwinter & Tho: Leigh ad Inſigne 


Roſe Cironate in Cameterio Divi Paull. 
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Book TI. 


Explaining the Firſt Principles of the Mathematicks; 
among which are (in the firſt place ) Definitzons, 
and ſome Conſettaries that flow from them. 


CRAP £ 


Containing the Definitions or Explications of the Terms 
which relate to the Objet of Mathemarticks, 


DEFINITION I. 


WF Athematicks is the Science or Knowledge of Quan- 
tity, and of Beings, as far as they are ſubje&t ro 
it, or meaſurable ; and may juſtly claim the Name 
a, of Univerſal, while it is cmploy'd in Demonſtra- 
ting thoſe Propertics which are common to all or moſt Puane 
zities : Put when it deſcends to the difierent Species of Quantity, 
and is buſied in contemplating the AfﬀteQtions belonging par- 
ticularly ro this or that Quantity, it is diſtinguiſhed by va- 
rious Names, and diftributed into various Parts, according 
fo the various diver{ities of the Q5jects, 
I DEFINITION 


Mathefis Enucleata : Or, 


DEFINTTLION 1L 


Uantity msy be defined in General, whatever is capable 

of any ſort of Eſtimare or Menfaration as 1mm: diately 
the=clabitudes and Qualities of Things, as e. g. the rau.cicude of 
Stars in the Heaven, or of Souldiers in an gk my, ihe length 
of a Rope, or Way, the weight of a Stone, the fwitinels or 
ſlowneſs of Motion, the Price of Commodities, ©c. bur medi- 
ately, the very things them.elves wherein thoſe Eitimuble Qa- 
lities are inherent. "Whence with the INgenious 1g Ig we 
may not incongruouſly reduce them all ro cheie four Kinds or 
Genders, viz, 1. to £ 2mita Natwralis, Natural (ue "8 Or 
ſuch 25 Narure has furniG/d us with, 2s Matter with i 
fron and Parts, the Paw and Forces of "Sake Bodies, as 
Gravity, Motion, Plzce, Light, Opactty, Perſpicuity, Hear, 
Cold, &©c. 2. ro Moral Puanta or Quantities, depending for 
the molt part on the Manuers of M:n. ar.d arbirrarious De- 
terminations of the Will; as for Ex: umple' the Values and 
Price of Things, the Digniry and Power of Perſons, the Good 
or Evil of Actions, Merits and Demerits, Rewards nd Puniſh- 
ments, Sc. 3. to D_—_— No:zomalia, ariling from the Notions 
and Operations of the Underſtanding, as e.g. the arnplitude or 
narrownels of our Conceptions, univerſaliy or get icularity, &c. 
in Logick ; the lecgih or brevity of Syllables, Accent, Tone, 
©c. in Grammar: And laſtly, to Duanta arcs Tan 
ſcendent Quantitics,, ſuch as are obvious in Moral, Notional, 
and Natural Bein25s; as Duration, #, e. the Continuation of the 
Exiſtence of any Bcing ; which in Phylicks eſpecially is named 
Time, and may be conceived as a Line,C@c. To theſe you may 
moreover add Unity, Multitude or Number, Neceſſity and Contingency, 


DEFINITION Ill. 


Umber (whereon we {hall meke ſome ay Remarks) it 

it be taken in the.Concrete, is nothing elſe than an 
Agorevgate or Miultitczde of any fort of Beings ; raken abſtract- 
edly, it is, as Enclid calls it, porvdetoy movry;, a multitude, or (as 
they call it) Lauctity of Unities, on the one hand Number, 7. e. 


Many are oppolcd to one; and in that ſenie Unity is not a Num 
"a 
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bor: On the other hand Unity may be eſteem'd a Number, 
Gnce it is no lefs (it I may be 1ll>w'd that term) ſome Duo- 
4ity than two. or three, But az we deffore or ſignifi particular 
Things, when we ſpeak of them Univerla, ly, by tne Letters 
of the Alphaber, A, B, C, (a, b, c,) ©c. as univerſal Signs or 
Symbols of themn ; to for dittinRtly and compendioully Expreſ- 
ling the 1nn, umerablc Varicty of Numbers, Men have found our 
various Notes, the moſt natural whereof, are Points diſpoled in 


particular extended Orgers, as .-. . to deuote Three; -» « - ro 


denote Nine, &c. ut that way which is moſt commodious 
for Practiſe, is by the common Notation, or Cyphers, x, 2, 
2, & 4 6, 7, 8, 9- the invention whereof, as we have it 
by Vuigar "W* (aGItION, 15 OW! 1g to the Arabians. By a very 1EW 
of theſe we exprels any rumover tho never ſo great, by a won- 
derful, tho now 2day3 familiar, Artifice z the firſt Inventor of 
them w—__ Eit:blith'd this as-an arvitrary Law, that the firſt 
of them ſhall fignifie 122iry or one; the 2d ro, &c. as oiten as 
they ſtand alone ; but piaccd in a row with others, or on the 
Icft hand of one or more ©, or noughts, (which of themlelves 
ſtand tor notbing, but fiil up empty pl: ce: ) 1 tt 1 the ſecond, be- 
tore a ought, they denote Tens; it in the 2d. Hundreds : in 
the 4h The lands, in the Il N Myriad 33 Or To of Thou! ands; 


in the 7th ſo many Thouſands of Thouſands, or Millions ; in 


the 8th Tens of Millions, &c. an1 fo onwards, increaling al- 
ways 1a dccupls Proportion, by Tens, Hundreds, Thoulands, 
2, 
\'Þ/ Gs. 


COROLLARY, L 


Ence you have a way of exprefling Or Writ! ing any SUM 

by theſe Notes, which you m 1y hear exprelicd in Words ; 

as it we were to expreſs in Notes the year of our Lord, Ons 
Thouſind Six Hundred Ninety and Nine, it is manifeſt, that 
according to the method above celcribec, by piacing 9g on the 
right hand in the firſt place, and nine again in the ſecond tas 
wards the lefr, {ix in the third, and one or unity in the fourth, 
the buſineſs will be done. Thus it will be caſte to any one 
with a lircle attention,to expreſs any Number whatſoever by theſe 
Notes; (as ſuppoſe that which Smwenterus propoſes, in Delics 
B 2 Phyſico- 


LIMI 
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Phyſico- Math. Part. 1. Probl. 75.) Eleven Thouſand, Eleven 
Hundred, and Eleven. 


COROLLARY IL 


Erce you have alſo the Foundation and Reaſon of the 

Rule of Numeration in Arithmetick, or expreth.y any 
Numbers or Sum in Words, which you ſee written in Cyphers 
which for greater eaſe may be done thus iz. beginning 
from the firſt Figure towards the right hand, over every tourrh 
Fi:ure note a Point, (including always that which was luſt 
paired); and at every {cond PunCtation or Poinr, draw ſhort 
flrokes thus *, one over the 2d, two over the fouithn,Gc. the firſt 
denoting Millions, the ſecond Millions of Millions, or Eruillions, 
the thid Trimillions, &c. and the Intercepicd Points the 
Thouſands, in their kinds, &c, | 


SC AQ@EITON. 


[ER [ cannot. omit, on this occaGon, what the foremen- 


f 11 nid J77gelins has hinted about another way of Nume- 
ration, and which Dr. al's mentions, Oper Mathema. Part I. 
P- 25. & 66, fhewing there a way ( and illuſtrating it by Ex- 
amp'es) of Numzration, and of Exprefſing the Figures ; which 
proceeds thus; whereas now adays in numbring we aſcend from: 
1:19 or x to ten (the reaſon whereof ; afrer which Ari/io:le 
maces 2 prolix Inquiry, Probl. 3, Se. 15. was taken without 
doubr from the denary Number of our Fingers) if from unity 
we proceed only to four, {which AriFozle in the ſame place tells 
us iome of the Thracians uird to do of old,) and rhence retur- 
ning back again to Unity, we ſhould proceed again after the ſame 
way; we might atcer that way obtain a vaſtly more {imple and 
ealie Arithmetiick, than we have now adays. Which , even 
hence we may conc]ude ; becauſe for Multiplication and Divi- | 
tion there would need no other Table ( or Pythagorick Abacus) 
than this ealie and ſhort one : | 

I * I once one is one; 
2. . 2 . 10 35. e, twice two are four; 
2 . 2, I2 twice three are four and two. 


3 - 2 . 21 thrice threeare twice tour and one 
Ard 
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And: altho ir is pity that we can't hope now a-days to ſubſti- 
fare this vaſtly _ way of Computing, in room of the other 
now in uſe, becauſe rhe other 15 uUniverial! Y recev 'd, aa molt 
ſorts of M bi -15-05 ard other Quantities are fitted and accommo- 
dated io the decuple Proportion ; yet it ought not to be alto- 
gether neg) lected in Mathemarticks, which might receive \ very 
great advantage hereby, eſpecially 1n "T'rigonum:- wo it the in- 
genious Invention of the Logarithm: bad NOTE already lupply'd 
its uſe therein. The whole Found:tien of this Tezra&zs or 
Puaternary Arithmetick, 18 placed only in theſe three Notes, 1, 
2, 25 40 that any On? ot them alone, or in the firſt place, 
ſhww'd denote Urs , in the ſecond place, T'ctrads, or fo many 
Fours ( or Quaternions, ) ia the third place-ſo _ S13: gr 
in the 'OUrFN p' ace fo many tmes Four Sixteens,or 64. s. Go. al- 
w-ys proceeding in a Qu adrupie Proportion, For which way 


of Nuaeration there might be found out term as commodious 
as thole V2 now uie, and which are thereby grown Familiar 


to us, a3 one, ten, twenty, 4 hundred, a thoulandy &c. whict 
ui be evident by what follows : 

Ds SR I -. - .-- « On: (Four, 
Ten, —_— 0... Druatuor, Tetras, a Daaternion® or 
Twenty, Viginti 20... , a Biquaternion 
Thirty, Trigmta 20... 4 Triquaternion 

Hundred, So 109 ... 4 Tetraquaternion 

Thaaland, Mille 1000 .. 4 Luartan 

Ten Thouſand, 1coto ©c. a Tetraquartan, SC. 


DEFINITION IW 


: Magnitude is whatever is conceived to be Extend-d or 

Continuous, or has parts one without another, and con- 
tained within ſome common 'T'eim or Ternis: wherein thar 1s 
called a Point which is conceived (as indiviiible, or) to have 
NO Parts, and fo no Magnitude, but is notwitnltandiog the be- 


ginning or firſt Principle of ail Magniuude. 
DEFINITION, W 


F we conceive a-Point (A) (Fig. 1.) to be moved towards B, 
by this m2tion it will leave a trzc2:, or dcf{crive the Mognt- © 
"= 4 niuUGE 
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tude AB of one only Dimenlion, that is Length without T,ati- 
tude, or which at leaſt we are to conceive ſo, and 1s called a 
Line : Ii that Line AB be conceivd again fo to be moved.as chat 
its extreme Points AB ſhall de{cribe ocher Lines BC and AD, 
it wiil deſcribe by that Morton the Magnirude AB CD, or (to 
denote ir more compendiouſly by the Diagonal Letters) AC 
or BD, having both length and breadtn, but without any 
depth or thickneſs, or at leaſt ſo to be conceived, ard this tis 
calied Superficies or Surface : Laſtly, if rth13 Surface AC be con- 
ceived 1o to move, e. g, upwards or downwards, that its oppolite 
Points A and C again deſcribe other Lines. AF and CH, and 
confequently each of its Lincs other Surfaces, &©c. by this Mo- 
tion there will be formed a Magaitude of three Dimentions, 
which we call a Sid or Body, which we will alſo denote by 
the two diametrically oppoſite Letters AH and DG. Bur as 
this Motion of the Point, Line, or Surface, may be various, fo 
there will be produced by them various ſorts of Lines, Sur» 
faces, and Solids : But theſe ProduQtions ſtop here, and proceed 
no further; for the Motion of a Body can only produce ano- 
ther BoJy greater than the firſt, but no more new Dimenſions. 


CONSECTARYS. 


. Oints therefore being moved thro equal Intervals in the 
ſame or a like way or trace ( e. g.in a ſtreight or tac 
ſhort trace) deſcribe equal Lines ; and 
[l. The fame or <qual Lines moved thro' the ſame Right- 
lined or Curvilinear Paths, deſeribe equal Surfaces ; and 
HE, Equal Surtaces moved according to the ſame Methods 
and Conditions deſcribe equal Solids : which, if rightly under- 
Rood, are the firſt certain and infallible Foundations af the: 
Merhod of Indivilibles. But here you muſt rake care to diſtin- 
guiſh between the way which the Line ir ſelf deſcribes, ant 
thar which its Erds or extreme Points deſcribe : For altho e. g. 
tne Point a (Fig. 2.4.) moves along in a more oblique way than 
A, and fo deſcribes a longer Line ac; yet the Line a b dejcribes 
by a parallel Motion, an equal ſpace with the Line AB, (v:z.) 
the fame which the whole Line A b, whereof they are parts, 
wou'd deſcribe, See Faber's Snopfir, p.m. 1 2. 
in | | DE El 
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DEFINITION VI. 
Bu that we may a licrle further proſecute this Genefis of 


Magnizudes (as very much conducing to underſtand their 
Nature and Propert ies) it the Point A moves to B the ſhorccit 
way, it defcries the R1Cht wine AB ; but if in any (one) other 
it Wil: deſcribe the Curve or ©: Zampounded Line ACB : From 
whence, with F. Morgues, we may infer theie 


CONSECTARYS 
I Har two Rizhr Lines (a) beginning from 


the ſame Point A, _ ending in the ſame 
Point B, will neceflarily coincide, nor can they 
comprehend or incloſe Space ;, for if they did, one mult deviate, 
aid jo would ceaſe to be a Right Line, 

il. Ina Space comprehended by three Right Lines AB, BC, 
CA, («) any two taken together, muſt needs be greater than 
any one alone, Moreover w2 may add this before hand ; 

1. In a Hi rcie a Right Line Fans from Ato B (Fiz. 2.) 
Will fall within the C cle, bccauſe the Curve Lins ADL de- 
{cribed, 2s we N.. ly m_ ter ſhew, being longer than a Right 
Liae, rauſt necelierily fall beyond it, or on the outlide ot it, 
And [2 uy, | 

IV. .A 1 "an gent, or Line (b) wiicn does not cut or enter 
mto the Circle, rouches n only in cone Point. 

"oem ir a Right Line AB (Fg. 4.) move on another 

ht Line BC, remainin 11 the {ame Poſition to it, it will 


(a) Eucl, Ax. 
I 4. h 


; Jn. a Plan Surface, yy wr. iN A Right Line being any way 


applied, will touch it with alt its point, as Faber rightly deſcribes 
its if a Right Line. be une on 2 Curve, or a Curve on a 
Right Line, &©c. they wili generate a Curve Surface, call'd Gib- 
buus, or Convea without, and Concave Within. 


DEFINIT7 ION 


F a Right Line be fixed at one of its ends A, and the other 
be moved round (#7.5.) it will deſcribe in this Motion a 
B 4. Circular 
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Circular Plane, or a Circlez and by the motion 
(4) Eucl l.1. of its end or extreme Point- B, the Periphery or 


Prop. 20. C; le BEF The fixed 
bY) Fucl.Propy, Circumference of that Circle ; e fixe 
Ib. ns 7 Point A is called the Center of thar Circle ; the 


Lines AB, AC, G@c. its Radis or Semi-Diame- 
ters; all of which are equal one to another. Any Right Line 
BC drawn from one part of the Circymference thro' the Center 
to another, 1s called the Diameter, and divides the Circle into 
rwo Semicircles BECB and BFCB., The Circumference of a 
Circle, whether great or ſmall, is divided into 360 equal parts 
called Degrees, and each Degree into 60 Minutes, &©s. From: 
this Geniture of the Circle preſuppoſed, there evidently fol- 


low theſe 
CONSECTARYS. 


I. "Þ Hat 2 Circles which cut one another cannot have the 
ſame common Center; for if they had, the Radiz: ED 
and EA drawn from the common Center E (Fig. 6.) would be 
equal to the common Radius EB that is the part to the whole. 
II. Nor can two Circles rouching one another within ide, 
have one and the ſame Center, for the ſame reaſon. 
| III, Of Lines falling from any given Point without 
4 & Gore the (Fig. 7.) Circle, and (c) paſſing thro' the Pe- 
fame Book. Tiphery to the oppoſite Concave part of it, that 
(c) Eucl.$1.3. which paſſs through the Center of it, is the 
longeſt, viz. AB; and of the other that which is 


neareſt to it is longer than that which is more remote: But on 


the contrary of thoſe which fall on the Convex Periphery , 
that which tends towards the Center, as Ab, is the leaſt, and 
the ;re{t gradually greater, and there can be but two, as AE 
and AF, or Ae and Af, equal : All which will appear very evi- 
dent by drawing other Circles from the Center A thro' B,D,E, 
and 6b, d,e, Or thus; having drawn two other Circles, from 
the Radii AB and A b, if we conceive the Radii Ab and ©b 
to move rowards the right hand, their ends will always recede 
further from one another; the ſame is alſo evident of the Ra- 
dii AB and CB, moved alſo to the right together. 

TV. Moreover (Fig. 8.) of all the Lines drawn within the 
Circle (4). the Diameter js the greateſt, and the reſt gradually 


lefs, by how much the more remoie they are from the Center,&c. 
by | Which 
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Which will be very evident to any one who contemplates a Circle 
inſcribed in a Square, as alio the Geneſis of Curvity it ſelf; as 
alſo many other ways which I ſhall now omit; -or to mention 
one more thus ; becauſe the two Radii CA and CB being mo- 
ved, in order to meet together, neceſſarily approach nearer to 


one another in their extreme Points. 
DEFINIZION VI. 


G he Aperture 'or opening of two Lines (Fiz. 9.) AB, AD, 

£3. that are both fixed at one end at A, and the other 
ends opened or removed farther and farther from 
one another, is called an Anzg/e, and uſually de- (4) _— coin 
noted by 2 Letters, D, A, B, (whereof that *' 
which denotes the Angular Point, always ſtands in the middle,) 
and meaſured by the Arch of a CirclegBD, or a certain num- 
ber of Degrees which ir intercepts. The greateſt Aperture of 
all BAC is when the 2 Legs of the Angle AB and AC make 
one Right Line, and is meaſured by a Semicircle, or 1809 De- 
orees. The mean or middle Aperture BAE or CAE, when 
one Leg EA is erected on the other AB or AC at Right An- 
oles, ſo that it inclines neither one way nor the other, (thence 
called a Perpendicular) is named a Right Angle, whoſe meaſure is 
conſequently a Quadrant (or quarter parr) of a Circle or go 
Gr. Wherefore a Semicircle is the meaſure of two Right An- 
gles: An Aperture or Angle BAD leſs chan a Right Angle (and 
ſo meaſured by leſs than 9o degrees) 18 called an Acute Angle ; 
and that which is greater than a Right Angle, as DAC (and 
ſo confiting of more than 9o degrees) is called an Obiuſe An- 
gle, Whence me may now draw theſe 


COROLLARYS. 


I WO or more Contiguous Angles (a) con- | 
. . dt 7 JN (4) Eudl. 17. 
ſticured on the ſame Right Line BU, 5777, 
and at the fame Point A (a3 DAB, and DAG cy, 
or DAB, DAE and EAC) make two Right An- 
gles, as filling the Semicircle ; and contequently, - 
II. All the Angles that can be conſtitured about the Point 


i (as filling the whole Circle) are <qual to 4 Right ones: As 
| x | ally 


LMI 
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alſo on the other ſide (a) it ewo Right Lines AB and A]3 
meet on the ſame point A of another Right Line -A C, and 
make the Contiguous Angles equal to 2 Right ones, that is, if 
they fill a Semicircle, BC will neceſſarily be the Diameter of a 
Circle, and conſequently a Right line. 

III. It one of the Contiguous Angles BAE be a Right one, 
the other CAE will be fo allo. 

IV. If two Right Lines AB, CD, cut one another in E, the 
4. Angles they make will be equal ro 4. Right ones. 
| V. And as it is evident at firſt fighr ( Fig. 10. ) that any 
Circle having one half (or Semicircle) telded on the/orher,at rhe 
Diameter ECD, the two Scemicircles EHD, and FID, muſt 
needs agree, or every wanere coincide one with the other ; ſo 
if the Angle ACD ve {uppoſed equal to the Angie BCD, chat 
15, the Arch AD to the Arch BD, having ore Leg CK or CL 
common ; the others A@ and BC being ſuppoſed before <qual], 

I. The Baſcs BL and AF., KB and RA, will be alſo equal; 
for theſe will coincide too, and therefore the Angles alſo. 

2. The Line AB being bikefed in R, the two Angles 

(c) at K will alfo coincide and be equal, and'con- 
(a) Euclid, I. fſequently Right Angles: and contrary wile, 
1. FrOp. 14s 2. Tie Angles at the Baſe of cqual (dj Legs, 
-—_ 1. CAB, CBA, and alſo thoſe below th: Legs, the 
G) Fx I. 3. Lrgs being produced to F and G, are <cqual, 
(d) lib. 1. 5. 4. Conſequently the Spaces ACL and BULL, 
ACK and BCK are equal to one another. 

5. The Contiguous Ao AED and BED infilting on equal 
Arches AD and BD are £qua) |, and Cc contra; 4s alio thoſe that 
are not Contiguous, if their Verrex's are <quidiſtzng from 
E, &©c. 

6. Ic is hence alfo manifeft, that a Perpendicular erected on the 
middle of any ine AB, inſcribed in any Circle, paſſes through | 
its Center, by what we have juſt now ſid ; and it you likewiſe 
erect Perpendiculars on the middle of any 2 Lines, ab and +»: 
(Fig. 11.) connecting any 2 Arches, or any 2 Points, a, b, m, 
that are not placed all in the ſame Right Line, thoſe 2 Per- 
pendiculars ke, 20, will d{termine ( by their Interſe@ion) the 


Center of a Circle that fhall paſs through theſe 3 Points. 
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DEFINITION IX. 


F one Right Lhe DE. cut or. paſs thro' another AB (Fig.t 2) 
þ the oppolite Angles at the top or interiection ACD and ECB 
are called bale as alſo the other two ACE and DCB : 
Whence follow theſe 


COROLLARYS. 


I. Hat the Vertical Angles are always ( a ) Equal ; for 

both ACD and ECB with the third, ACE, which is 
common to bath, Hil or are equal to a Semicircle 5 |, a 
as likewiie both ACE and DCB with the third (© 7%: 4% 
ECB, which 1s common. 

[l. wo rt e, it at (a) the Point C of the Right Line 
DE, the 2 oppoſite Lines AC and CB make the Vertical An- 
oles x and z 7 eq 121, then will AC ard CB mike one Right Line x 
tor, fince x ; and o make a Semicircle, and z and x are £qua! by 
Hypoth, o and x will alſo make or fill a Semicircle, whoſe 
Diam.erer will be ACB, 

I!I. By the fame Argument it will appear, that of 4 Lines 
(b) procecding from the ſame Point fo axro make © © 
the oppolire Vertical Angles equal, the 2 oppo» © = 
fire ones AC and CB, as allo DC and CE, will bY Schol, wh 
make each but one Riglic Line ; for ſince all the 
4 Angles together make a whole Circle, or 4 Right Angles, 
and the ſum of x and o 1s cqual (by Hyporh.) to the ſum of o 
and >, it follows, that both che one and the other will make Se- 
micircies, whoſe Diameter will be AB and DE, and to Right 


Lines. 
DEFINIZ7 ION 


N any Circle, a Right Line, as D.G, that fubtends any Arch 
of it DGB, is called che Chord of that Arch (Fig.13.) BF (a 
part cut off from the Semidiameter BC paflivg thro' the middie 
t the Chord) is called the Sagizza or Intercepred Ax, but moſt 
commonly the Verſed Sine ; and DF let fall trom the other ex- 
tremity of the given Arch BD, on the Scmidiameter art Right 
Angles, 15 called the Right Sine of that Arch BD,or of the Argle 
BCD ; 
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BCD; alſo DI is called the Right Sine of the Complement /or 
for brevity ſake, Sine Compl. ) of that Arch DH, or Angle 
DCH, &c. but the greateſt of all the Right Sines HC ler Fall 
from the other extremity (or end) of the Quadrant (which is 
indeed the fame as the Semidiameter of the Circle) is called 


the whole Sine or Radius; laſtly, BE is called the Tangent of the 
Arch BD or Angle BCD, and CE its Secant: W hence Mathe- 


maticians, for the fake of Trigonometrical Calculations, have 
divided the whole Sine or Radius of the Circle into 1002, _ 


I 0000, 100000, 1000 ©00, 10000 0000, parts, thence? 
to make a proportionable Eſtimate of the number of Parts in 


the Sine, Tangent, or Secant of any Arch, &c as may beſeen | 


in «the Tables of Sines, Tangents, and Secants. From theſe 
Suppoſitions and Explicatiens of the Terms, we ſhall now in- 
fer from this Definition the following 


COROLLARY S. 


) 4mongthe I JN equal Circles (and fo much more f.) * 
reſt Vid. Eucl. one and the ſame) as the _ orfe 
28 ©& 29 lib. meters BC and bc are equal, fo ailo i» © 
3,and alſopart- that the Right Sines DF & Df,of equ | s. 
Y Oo nd bd, or equal Angles BCD aiid bed, «liv the 
s  TangentsBE and be, and Secants CE :nd © e, and 
Subtenſes or Chords DG and 4g, alſo the Sagitiz or inter. vid 
Axes BF and bf, of double the Arches DBG and 4 b g.. &c. will 
be <qua], and fo conliſt of an equal number of Parts of th. waols 
Sine or Radius, &c, which both is evident from what we have 
faid before, ard may be further evinced, it one Circle be con- 
ceived to be pur on the other, and the Radius BC on the Ra- 
dius bc, that fo they may coincide, by reaſon of the «quality 
of the Arches BD and bd; and ſo of 'all the reſt. And © 
contra, 

If. In unequal Circles, the Sines, Tangents, &c, of equal 
Angles BCD or bed ( Fig. 14.) or {imilar Arches, or Arches 
of an «qual number of Degrees, BD and bd, will be alſo ſirai- 
Jar or like, &%c. z. e. the Sine df conſiſts of 4s many parts of 
2's Radins bC, as the Sine DF does of its Radius BC, Ec. e. g. 
it the Radius BC be double of the Radius P , each 
. thouſandth part of the one, will be double of each thou- 
ſand't 
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ſ:neth part of the other, but they are alike 1000 in each; be- 
cauſe the degrees in the Circumterence of the little one, parti- 
cularly in the Arch bd are but half as big as thoſe in the Arch 
BD, and yet equal in number in both. . Thus alſo 1f the Sine 
DF contains 700 of the 1000 parts of its Radius B(7, df 
will alſo contaia 700 of the 1000 parts of its ſmaller Radius 


' bc, and in like manner the Chords DG and dg, and the Tan- 


genis BE and be, &c. contain a like number of parts, each 
of its own Radius. 


SC HOLION. 


T may not be amiſs here to note by the by ( altho it may 
ſeem more proper to be taught after the Do&rin of Pro- 
portions) that if, v. g. the degrees of a greater Circle be each 


; of them reſpeQively double, or triple, or quadruple, &c. of the 
: degrees of a leſs Circle, according as the Radius of the one is 
| double or triple to the Radius of the other, then, at leaſt as far 


as Mechanical Practice can require, you may find the Arch of 


' 2 greater Circle equal to the whole Periphery of a lefs, viz. 


if you take reciprocally that part of the greater Periphery, 


Which ſhall be as the Radius of the leſs to the Radius of the 


greater, or as one degree of the leſs Periphery to one degree 
of the greater. e.z. if the leſs Radius bc be half the greater 
BC, and fo alſo the Periphery , and each of the degrees of the 
one, be one halt of the Periphery, and of each of the degrees of 
the other, one halt of the greater Periphery will reciprocally be 
equal to the whole leſs Periphery, or 180 degrees of the one to 
260 of the other, Cc. 

2. The ſame (ar leaſt in this caſe where the Radius cb is 
double of the Radius CB) may be done alſo Geometrically by 
the ſame reaſon. Having deſcribed Circles on each Radius , 
{uppoſe the Radius CB (Fg. 15.) fo to move with an equable 
motion about irs Center c, as to take or move the Radius of 
the greater Circle c b along with 1t,and coming, v.g. to I. ſtops 
that alſo at 1,.and going iorward, to II. ſtops that again at 2, 
&c. Hence it will be maniteſt to any attentive Reader, thar 
when the les Radius CB ſhall have deſcribed the Semicircum- 
terence B, II, II. the greater Radius cb having moved to 2, 
Will have deſcrived preciſely a quarter of its circuntference ; 

and 
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and if ſtill the lefs Radius C. IV. moves on to-the right hand, My 


and continues to carry the greater c 4. along with it onwards 
the ſame way, it will neceflarily follow, chat in the ſame mo9- 
ment as the Radius C. IV. (togerher with c 4.) fall come to 
its farſt ſiruation in B, baving deſcribed a whole Circle, the op- 
polite Radius c 4 will be come to 5, and have d-icribed half 
its Circle, having moved all alony wich an equal Motion. 
Hence it is evidenr, that the whole leaſt Circle an{wers exact- 
ly to half the greater, and halt of the firſt to a quarter of the 
laſt; as alio the Quadrant B. II. to the Octant ( or Sth. part ) 


do. &c. whence any Arch being given, as B. I. in the leaſt |] 


Circle, if you draw thro' I the Radius of the greater Circle 


c I. you'l cut cft an Arch b 1, equal to the given Arch in mag- | ; 


nitude, but only halt in the number of degrees. 
[. 3: Hence follows naturally that celebrated Propoſition of 
cid, that the Angle at the Center BC. I. or BC. Ii. is double 
of fide correſponding Angle at the Periphery bc. 1. or bc. 2, &c. 
which in this caſe is manifeſt, and in the other 2 (Fig.16.) of the 
wholes or remainders DCD and DPD it is alſo (a) certain ; which 


is true alſo of the parts BCD and BPD to be + 


(4) Eucl. Þ> added or ſubtracted by the firſt Caſe. 


20. b. 3. 4. Hence we have a new way of biſefting any | 


- vp P'9* oiven Angle CDE., or Aich CE (Fig. 17.) viz. 
it you make CB equal to the Leg DC, 2d 


from this, as Radius, deſcribe an Arch BF equal he the Arch | 


CE, and draw DF. 
And with the ſame facility we might obrain the Trri- 


| ſection, if the greater Radius being triple to the leſs, was thus 
_ carried along by an equable Motion, as we have ſhewn how to *' 
do already in a double Radius; and rhis at firſt fight may teem | 


very probable. 
Bur whether 'the triple Radius be immediately carried roun1 


by the ſimple Radius CB, or by means of the double Radius | 
cb, neither the one nor the other will cauſe an equable ' 
Mcotion. For in the latter Caſe, while the Radius cb deſcribes 

the quadrant Bb, the R:dius d e will nor deſcribe ſo much as | 
A © +" ny but while c þ with the ſame velocity deſcribes | 


the other Quadrant bf, the Radius de wiil come tog, de- 


ſcribing an Arch as much greater than a Quadrant as the for- 
mer 
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muſt needs be equal :) fo it the Pa 
; Cut traniver{ly (or ſlpingly a crofs) do other Right Line E F, 


4) is a Kight Angle, in a Segment leſs than a 
* Scmicircle ( Num. 2.) is an obtuſe Angle, and 3; 
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mer was leſs. In the former caſe on the contrary, the Radius 
CB moved on to D beyond a Quadrant, While de was carried 
from B to e, Lut if the Ridius CD moving on, ſhould again 
carry de along wirh ir, the one would deſcribe the ſame Arch 
«B, while the other would deſcribe one leſs than before. 
Hence the Angle at the Cone ACE (Fg. 19.) upon 
the Arch AE, is equal to the Angle 4DB at the Periphery, 
upon double that Arch AB. *" 
6. Hence the Argle 4DB in the Semicircle ( Num. 1.) 


(4) Eucl, 2Is 


in 2 greater (Num. 3) an Acute one, becauſe 


\; the Angle at the Center ACE upon tis balf Arch, is equal to 
the Angle ADB pr. preced. 5. and 3s a Right Anple in the firſt 


Caſe, Oviufe in the ſecond, and Acute 1a the third. 

7. Hence Anz ics in the {zme Segment, or (6) 
on equal Segments of equal Circles, or on the 
ſame or cqual Saber , are all cqual z '2nd & contra. 


DEFINITZ7ION| Xk 


Hen 2 or more Lines 4B and CD are fo continued as to 

keep always the ſame diitance trom one another (whoſe 
Gerelis may be conceived to proceed from the unjform* Motion 
of 2 Points 4 and C, always keeping the ſame diſtance from 
each other) they are called Parallels: But as it evidently fol- 
lows from thits Dcfinition, that (a) thoſe Lines which are Pa- 
rallel to one third, are parallel ro one another |, : 
(lince adding or ſubrraQing equal Intervals to or mg "m 
from other <qual ones, the ſums or remain ders 6 


ls are Right Lines and 


(5) Eucl, 26 
and 27. lib, 2, 


youl have theſe 


COROLLARYS. 


[of HE Angles (b) which we call Alternate b) Eud. 1ib, 


ones, GHR and HGI (Fig. 21.) are 1, 29, 
equal by Corollary I. Defmition X, i1rce the diftances 
GK and HI, which are the R'ght ines of the ſaid Anples, 
are {uppoled cqual. | 11. The 
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Il. The External Angle EGA ts alfo equal to the Internal 
oppoſite Angle GHR, by ConſeCt. 1. Definit. 9. becauſe that | 4 I” 
External Angle EGA is equal to the alternate Vertical one |, qt 
HG]. 0 
I. The ſame Internal Angle GHR, with the other internal ir 
oppoſite one on the ſame {ide AGH (as well as the External one... g 
EGA, by Corel. I. Definir. 8.) are equal tro two Right ones, 'F 
IV. On the contrary, If any Right Line EF (4) cutting 7 
2 others AB and CD tranfverſly, makes the 'Þ 
ap 5 29 alternate Angles GHK and HGI equal, theit |} 3 
74) of ' Right $1nes, by Conſet, 1. Definit. 10. will be © 2 
equal, and conſequently the Lines AB and CD parallel: and 
the ſame will follow, it the Exrernal Angle be ſuppoſed equal | - 
ro the Interna!, or the 2 Internal ones on the ſame fide equal 2 
to 2. Right ones; ſince from either Hypotheſis the former will $ 
immediately follow. p01 
V. From whence it appears more than one way (b) That | 
the 2 Internal Angles of any Triangle ( e, g. H,G ,K,Þ 
which will ſerve for all) taken together, are __— 
two Right ones, and the External one GHD is equal 
zo the two Internal oppoſite ones. For we might either conclude 
with Euclid, that 1, 2, 2, together make 2 Right ones, by 8 
Conſe#. 1, Definit. 8. but 2=!11 and 3=111 pr. 1 and 2 of: 
this, therefore J, II, II =2 Right ones; or with others, 1, þ 
4 gc —=2 R: but 1=Tand 4 = or. I | of this. Theres! 7 
fore, ©c. or more briefly with F. Pardies, 1==I pr; 1ſt of this,” 
but 1, II, III, rogether = to 2 Right ones, by the 3d of this; Þ 
therefore 1, II, HI = 2R.Q-E D. 0 


(a) 1ib, 1. 
Prop, 32, 
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FF a Right Line AB (Fig. 22.) be conceived to move from 7 
the top of a plain Angle CAD with a motion always nar" : 
le] ro its ſeli, fo that ar oneend A it ſhall always touch the Leg p 
267 and all along cut the Leg AD, while at length being come 7 - 
to F, it ſhall only touch thar Leg with its other end B, and q- 4 
fall at length wholly within the Angle CAD : It will deſcribe 

t 

< 
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» rms 


by this' motion within the Legs CAD the Triangular Figure | 
FEAF, and without them the Triangular Figure BAF ; its paris | 
vil them af continually increaling, and the other without Þ 


w 


UMI 
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al 7 £6 continually decreaſing ; but with all its Parts, or the whole 
at |? Line, it will deſcribe the Quadrangular Figure AEFB : Conſ:- 
ne , quently if the Other Leg AD of the given Angle CAD (Fig.2 3.) 

or any part of it AB, be moved along the other Leg remaia- 
al ing parallel to it ſelf, i will allo deſcribe a Quadrilateral Fi- 
ne... gure, Which will be alſo equilateral, it the Line deſcribing it 

- AB, be equal to the Line AE according to which it is direCted ; 
7 but if either of the Lines, as AD be greater than the other, rhe 
*7 oppoſite Sides will be only equal ; for the deſcribent or deſcrib- 
® ing Line is always nece{larily equal to its ſelf, and the Points 
27A, B, D, moved with an equal Motion, deſcribe alſo in the 
7 ſame time equal Lines AE, BF, DG. From theſe Geneſes of 


al 7 Quadrangles and Triangles we have the following 
al 8 : 
il Z C O NSECTARIES. 


48 1. Heſe Quadrilateral Figures are alſo Parallelograms, 5. e. 
co they have their oppolite Sides Parallel ; (a) becauſe 
0 © the Line that deſcribes them is ſuppoſed to re- 
4/7 main always parallel to its ſelf, and the Points 
© AandD, orA and B, to be always equidiſtant. 
7 I. Becauſe the 2 Internal oppoſite Angles (5b) A and E, 
jf .] andalſo Eand F, &%. are equalto 2 Right ones, | 

= by Conſe&. 2. Defmit. 11. if one Angle v. g. that (0) The firſt 
2 OE > Soy g 5 part of the ſame 
. | ar A be a Righr one, all the others muſt neceſ- 'p9pojr. 
:  farily be fo too | in which caſe the quadrilateral 
. = and equilateral Figure AF is called a Square, and the other 
> AG an Oblong, or ReQangle :| if there be no Right Angle, the 
© oppoſite Angles tranſver{ly or croſs-ways, a and f, or 4 and g 
7 are equal, becauſe both the one and the other, with the third 
2 (e) make 2 Right ones {in which caſe the quadrilateral Equis 
18 lateral aF is Called a Rhombus, but the other a g a Rhomboid- 
® III. The Tranſverſal (or Diagonal) Line (c) 


(4) Schol. Prop. 
34. lib, I. 


|: in any Parallelogram, divides it into two equal ge Frog 
© Triangles AEF and FAB; for all the Lines and r/ Prop. 

, Angles on each fide are equal, and as the deſcri- 

, © bent (Line) AB moved thro' the Angle EAF upon the Line AE 
. deſcribed the Triangle AEF; ſo the Line EF, equal to the 


; 4 tormer, moved after the ſame way, thro' the Angle AFB alſo 
; = equal to the former Angle, upon the £qual Line FB, mult 
/ C | nece{{irily 


MI 
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neceſſarily deſcribe an equal Triangle; or, inſhort, all the In: 
diviſibles a f, or their whole increaſing. Series, are neceſlarily 
equal to the like number of Indiviſibles F b, increaſing recipro- 
cally after the fame way. he 

IV. All Parailelograms that are between the ſame Parallels 7 
AB and CF (Fig. 24.) 7. e. having the ſame Altitude (a) and 7 
the {ame or equal Baſes, as CD or CD and cd, 4 
are equal among themſelves; for they may be 7 


(a) lib. 1. 
Prop. 25 & 26 


AB will neceflarily be equal to all and each of the Indiviſibles E 
ab; tor they all along anſwer one to the other both in num- þ? 
ber and magnitude. | 


SCEHEBLIUMN by 
Fre you have a Specimen of the Method of Indiviſibles, ve 


introduced firſt by Bonaventura Cavallerius, and {ince much 


$3 
gk 
£ 


Facilitated; and altho theſe Indiviſibles placed one by another, 


or as it were laid upon an heap, cannot compoſe any Mag- » 
nitude, yet by an imaginary Motion they may meaſure it, and 
as it were, after a negative way, demonſtrate the Equality of 
two Magnitudes compared together, viz. if we conceive a cer- 
rain rumber of ſuch Elements in any given Magnitude, and þ: 
thence conclude that in another conſiſting of the like Elements, 
ordered or ranked after the {ame way, there can be neither 5* 
more nor leſs in number than in the firſt ; thence follows theic #7 
Equality, &c. t 

V. Hence therefore it is alſo Evident, thar Triangles upon |: 
the ſame and equal Baſes as CD and cd, and placed between the 


ame Parallels, are neceſſarily equal, becauſe they are the half I 
of equal Parallelograms AD and ad, by the 3d Conſetary of this 1 


Definz:t;on. 


VI. F. Mourgues ingeniouſly concludes from hence, viz. be- i 
cauſe the 2 Internal oppoſite Angles (4) on the fame fide in © 
(aStib.1. Prop, Y Parallelogram, are equal ro two Right ones, !: 
27&:8,04;, and foall rogether equal to four ; that therefore | 
(6) 1ib.1.Prop, the three Angles of any Triangle ABC (Fg: | 


22. etherwiſe. ' 


gy, 


25. Which may. always be compleared into a | 
Parallelogram) 
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Parallelogram-)are equal to balf of thoſe four,or to two Right ones. 
This may be yet more briefly conceived thus; the Angles b4- 
c 1-4 ( the ſum of the two inferiour ones) = to two Right 
ones; but a=alternate d : theretore b + 6 + a= to two 
Right ones, Q. E. D. LO 

VII. Becauſe it is manifeſt in Rectangular Parallelograms, 
if-the Altitude AB, and Baſe BC ( Fig; 26. ) meaſured and 
divided by the ſame common Meaſure, be conceived to be 


(multiplied or ) drawn one croſs the other, that 


the * Area AC, thereby deſcribed, will be 


divided iato as many little {quare Meaſures or 
Area's, as the number of their Sides multiplied 
together would produce Units ; therefore the A- 
rea of any other Parallelogram will be after the 
like manner produced, it the Bafe be multiplied 


| by the Perpendicular heigth , equally as if is 


JMI 


were a Rectangle of the ſame Baſe and Alti- 
tude. 

VIII. Conſequently alſo you may have the 
Area of any Triangle, by Conſe&ary 2 and 5. if 
the Baſe be multiplied by half the Perpendicular 


* This 3s ma- 


nifeſt from its 


Geneſis ; for 
the five parts of 
the Line AB by 
7s motion along 
the -part of the 
Baſe BE , de- 
ſcribes «5 little 
Squares, and 
moving along 
the following 

part, deſcribes 
five more, © ce 


the heighth, 


beigth ; or, the whole Baſe being multiplied by 
if you take the half of the product. 


DEFINITION XII 


TNUT as there are various Species of Triangles, while firſt: 
IJ with relation to their Sides, one is called Equilateral, as 
ABC ( Fig. 27.) becauſe all 1's Sides are equal; another Equi- 


crural or Iſoſceles, as DEF, becauſe it has two equal Sides DE and. 


EF, while irs Baſe DF may be either longer or ſhorter; and a 
third 1s called Scalenum, as GHI, becauſe it has all its Sides un- 
equal; then again in reſpe& ro their Angles, one is called 
ReAangled, as a, b, c, becauſe it has one Right Angle at a; 

Another Obtuſangled, as d, e, f, becauſe it has oneobtuſe An- 
gle at d; a third is called Acuteanglcd, as g, h, 5s, becauſe all its 
three Angles are Acute : So each of theſe kinds has its pecu- 
liar properties, which we ſhall parily hereafter demonſtrate in 
their proper places, and partly deduce here as = 
CON- 


C 24 


- 


Mathefis Enucleata : Or; 
CONSECTARYS. 


I. AE Equilateral Triangles are alſo Equiangular, and con: © 
| ſequemly Acutangled; for , having found a Center * 
for three Poinis, and the Periphery A, B, GC, ( ſee Fig. 2.8. ) F 
by Conſe. 6. Definit. 8. the three Arches AB, BC, and AC, * 
anſwering to equal Chords z and conſequently the three Angles # 
at the Center O are equal, by Conſe#. r. of Definir. 10. and ® 
therefore the three Angles at the Periphery alſo, as being half 
of the other, by the 3d Conſe&ary of the ſame Definition. Each i | 
Angle therefore is qne third part of two Right ones, by Conſe8. 7 
6. Definit: 12. two thirds of one Right Angle, 5. e. 60 degrees, 7 
and conſequently Acute. : 
II. It follows alſo by the fame Reaſon in an I{/celes Triangle, 
that the Angles at the Baſe oppoſed to equal Sides are equal, 
and(a) conſequently Acute; for having circum- i 
(<) Ub. 1. «ſcribed a Circle about it, equal Arches will cor- 
7 y- the reſpond to the equal Chords DE and EF, and i 
ame” otherwiſe _ 1 
demonſtrared. Equal Angles at the Center DOE and FOE will 
correſpond ro them, and equal ones at the Peri- i 
phery DFE, and FDE to theſe again. And ir is evident that 
each of theſe are leſs than a Right Angle h. e. an Acute one, Þ 
becauſe all three are equal ro two Right ones. Wherefore it 
the third 1s a Right Angle, the other rwo at the Bafe will ne- | 
c:Harily be half Right ones. | 


SCHOLIUM. 


TE will here (a) ſhew by way of Anticipation, the # 
truth of the Pythagorick Theorem, eſteemed worth an He- - 

' catomb ;: Which hereafter we will demonſtrate after other dif- 
ferent ways, viz. In a Right Angled Triangle BAC (Fig. 29.) the ® 
Square of the greateſt Side oppoſite to the Right Angle, is equal to 
the Squares of the other two Sides taken together. For having des bw 
ſcribed the Squares of the other two Sides, AC 4 E, DE ab 7 
( taking ED= AB) and the Square of the greateſt BC c<, | 
it will be evident, that the parts X and Z, are common to each, | 
and that the two other Triangles in the greateſt Square BAC | 
and BDs, are equal to the two Triangles bac and Cd c which B 
remain 
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remain in the two Squares of the lefler Sides; and fo the whole 
truth of the Propoſition will be evident, while theſe two things 
are: undoubtedly true: 1. "Thar the Side of the grearelt Square 
BB will neceſfarily concur wich the Extremity of the leſs Db, and 
the other Side of rke greateſt Square C c with its Extremity 
will preciſely touch the Continuation ot the Sides of the two 


” leaſt Squares dEa; as you'l ſee chem both exprefled in the Fi- 
{ gure. 2. The ſaid two Triangles are every way equal ; for the 
* Angles at C with the intermediate one at Z,, make two Right 
| ones, therefore they are equal; but the Side C4 is equal to 


the Side cd, and CB to Cc, and the Angles at 4 and 4 


= Right ones. Wherefore if we conceive the Triangle ABC to 
= to be turned about C, as a Center to the right hand, it will 
* exaQtly agree with the Triangle © dc, and the Point B will ne= 
} ceſſarily fall on the continued Line 4 E, as agreeing with the 


Line 4 B. Hence it is now evident, that Ca = BD, and be- 
cauſe b a is alſo = bD, and the Angles at a and D Right ones. 
Where, if we conceive the Triangle bac to be moved about 
b as a Center, untill b a coincides with bD, and a c with DB, bc 
will alſo neceflarily coincide with b B ©. E. D. 

To this Demonſtration of Va» Schooten's, which we have thus 
illuſtrated and-abbreviated, we will add another of our own, 
more like Euclids, but ſomewhat eafier, which 1s this : Having 
drawn the Lines (as the other Figure 29 directs) the A ACD 
being on the ſame Baſe AC with the Square ATI, and berween 
the {ame Parallels, is neceflarily one half of it, but it is alſo halt 
of the Parallelogram CF being on the ſame Baſe with it, viz. 
DC; therefore this Parallelogram = = 4T. In like manner 
AABE is half the BAL, and alſo half the Parallelogram BE, 


$. therefore BE=XDAL : therefore CP + BF that is the D of 


BD=to the two QDa AI+ AL. ©D.E. D. For becaule the Side 
BE occurs to, or meets the Side LK, and the Side CD the Side 
TH continued, it yet more apparently follows; becauſe the An- 
gles aand b, and alſo c and d, are manifeſtly equal, as making 
both ways, wich the Intermediate or z, Right Angles. There- 
fore the A BAC being turned on. the Center B and laid on BLE 
will exactly agree With it, and turned on the Center C and laid 
on CID, will agree with that alſo, &c. 


C 2 | DEFL 


Mathefis Enucleata : Or, 


| DEFINITION XIV. 
1A ReCtilinear or Right Lined Figures that haye 


more than three or four Sides (to the latter: ſort of 
which, there remains to be added another Species beſides Pa- 
rallelograms, call'd Trapeziums, whoſe Angles and Sides are un- 
equal, as R, L, M, N, Fig. 30.) are called by one common 
Name Poligons, or Many-ſided and Many- Angled Figures, and par- 


ticularly according to the Number of their Sides and Angles, Pen- 
tagons, Hexagons, Heptagons, GC. All whereof, as alſo Trapezia, 
being reſolvible into Triangles by Diagonal Lines, (as may be | 


ſeen in the 2 1 and foregoing Fig.) you have theſe 
CONSECTARYS. 


1. \/ OU have the Area of any Polygon by reſolving it into ji 


Triangles, and then adding the Area's of each Tri- | 


angle found by GonſeR. of Definition I2. into one Sum. | 


TI. The Area of the Trapezium REMN (in the firft of the b 
. Fig. 30) whoſe two oppoſite Sides, at leaſt KL and MN, are 7 
Paraljel, may be had more compendiouſly, if the Sum of the b 


Sides be multiplied by half the common heigth RO. 
SCHOLIUM 


| wa we have the foundation of Epipedomerry or Maſuring 


of Figures that ſtand on the ſame Baſe, and Ichnography ; © 


in the PraQtiſe whereof this deſer7es to be taken ſpecial Notice of, © 
that to work ſo much the more Compendiouſly, you ought to © 
divide your Figure into Triangles, fo that (Fig. 31.) 2 of their | 
Perpendiculars may (as conveniently can be) fall on one and the | 
ſame Baſe. For thus you'l have but one Baſe to meaſure, and ' 
2 Perpendiculars to fand the Area of both : But for Ichnography, * 
the diſtance of the Perpendiculars from the neareſt end of the 
Baſe muſt be taken ; which we ſhall ſuperſede in this Place and 


Diſcourſe more largely on hereafter. 


2. This reſolution of a Polygon into Triangles may be | 
pertorm'd by aſſuming a point any where about the middle, |. 
and making the ſides of the Polygon the Baſes of ſo many |: 

7 Triangles; . 


{ 
} 


rs 
A 


TY Z 
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S Triangles 3 (fee the 2d Figure markd 31) wherein it is evi” 
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> dents 1 That all the Angles of any Polygon are equal to 
” twice ſo many right ones, excepting 4, as the Polygon has ſides ; 


for it will be refolv'd-into as many Triangles as it has ſides, and 


2 each of theſe has its Angles equal to 2 right ones. Subtract- 
| jog therefore all the Angles about the Puint M (which always 


- make 4 right ones by Conſe 2. Def. 8.) there remain the reſt 
| which make. the Angles: of the Polygon. 2 All the exc: nal 
* Angles of any right lined Figure (e, e,e, ©c.) are always 


| 1, equal to 4. right ones; for any one of them with its Contiguons 


F p S-- 
£3 0 on .,” pO = 
OE: be ER RY > RS Kd Wa bot 2, BP LY, 


> internal Angle is equal to-2 right ones pr. Conſeft. 1 of the ſaid 
"7 Def. and fv altogether equal co twice ſo many right ones as there 
> are Sides or internal Angles of the Figure. Bur all the inter- 
” nal Ones make alſo rwice ſo many right Ones, excepting 4 


”* therefore the external Ones make thoſe 4. 


kd 


__—_ > W- WW _YCI"” x. 
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Mong all theſe plain Figures thoſe zre call'd Regular whoſe 
Angles and Sides are all equal, as among trilateral Figures 


| the Equilateral Triangle, among Quadrilateral ones, the Square, 
= and in other kinds, ſeveral Species which are not particulariz'd 
bs by Names ; but all others in whoſe Anples or Sides there is 
any inequality, are call d Irregular : Tho' ſome of theſe alto, and 
7 all the other may be inſcrib'd in a Circle, Whence you have 


theſe 
CONSECTARYS. 


& 1. "oO Areas of the Regutar Figures may be obtained yet 


; eaſter, if having found their Center (by Conſe&. 6. De- 


Ge fanit. 8.) you draw from thence the Right Lines CB, CA, &c. 
= (Fig. 32.) till there be form'd as many Triangles ACB, ACF, 


&c. as the Figure has Sides ; for ſince all theſe Triangles have 


-— their Baſes AB, BF, as ſo many Chords, and their Altitudes 
* CD, CG, as ſo many parts of intercepted Axes DE and GH, 
- and alſo equal pr. Conſe. fr. Definit. 10. and fo by Conſe?. 5. 
© Defiur. 19. are equal among themſelves; one of their Area's 


being found and multiplied by the number of Sides, or half the 


= Altitude by the Sum ot all the Sides, you'l have the Area of the 


"i = lafa 
A, Walls 
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whole Polygon : For it is manifeſt from what we haye already : 
faid, and very elegantly Demonſtrated by F. Pardies, Thar ay © 
Regular Polygon inſcribed in or circumſcribed to a Circleyjs equal toth,\ 
| Triangle A7,2, one Legg whereof is equal to the Perpendicular height] 
let fall from the Center upon any Side, and the other to the whole Pe. 
riphery of the Polygon. Now if the Triangles into which the Poly. 
gon is reſolved,do all ſtand on the fame Right Line Aa,(Fig. 32) 
and are all equal and of the fame heighth, to which the Per. 
pendicular AZ, is equal, it will neceffarily follow, that each pair | 
of Triangles ABZ, and ABC, BZF and BCF, &c. are equal 
among themſelves, pr. Conſe&. 5. Definit. 12. and conſequently | 
the Sum of all the former will be equal to che Sum of all the 
latter, that is, the Triangle Aza to the Polygon given. PE 
IL. Since Regular Figures inſcribd in a Circle, by bi. - 
ſetting their Arches AB, BF, &c. may be ealily' conceived * 
to be changed into others of double the number of Sides, (as 4 
Pentagon into a Decagon, &c.) and that ad Infinitum; a Circle 
may be juſtly eſteemed a Polygon of infinite Sides, or conſiſting © 
of an infinite Number of equal Triangles, whoſe common Al. 
 titude is the Semidiameter of the Circle : So that the Area 


any Circle is equal to a Right Angled Triangle (as AZa) one! 

of whoſe Sides AZ is equal to its (4) Semidia- | 
(a) Archimedes meter, and the other Aa to its whole Circum-: 
of the Dimen- ference. | | | 
fion of the Circle, Prop. I. 


SCHOLIUM. 


T may not be amiſs to note theſe few things here, concer- | 

ning the Inſcription of Regular Figures in a Circle. bh 

1. Having deſcribed a Circle on any Semidiameter AC, (a) 

(Fig. 33+ N. I.) that Semidiameter being placed '' 

(a) Euclid, in the Circumference, will preciſely cut off one | 

ſixth part of ir. and fo become the Side of a Re- | 

gular Hexagon : and fo the Triangle ABC will |! 

be an Equilateral one, and conſequently the An- | 

gle ACB and the Arch AB 6o Degrees, by Conſ. 1. Definit.1 7. | 

IT. Hence a Right Line AD, omitting one point of the di- * 
viſion B, and drawn (6b) to the next D, gives you the Side of a 
Regular Triangle inſcrib'd in the Circle, and 

(5) Eucl. 2d ſubtends twice 60, 7.e. 12.0 Degrees. _ b 


Corol.', of the ſame: | 


Prop. I 5, 
lib, 4. 
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” JI. If the Diameters of the Circle AD and DE (N. 2.) cut 
® ne another at Right Angles in the Center C, rhe Right Lines 
” AB, BD, &c. will ve the Sides of an inſcribed Square ABDE : 
' For (&) the Sides AB, BD, ©c. are the equal 
Chords of Quadrants, or Quadrantal Arches, and (c) Eucl, 6. 
the Angles ABD, BDE, &c. will be all Right - 5b. 4. | 
ones, as being Angles in a Semicircle ( per Schol. | 
6. Definit, 10.) compoſed each of two half Right ones, by 
 Conſe&. 2.. Definit. 19. 
* IV. Euclid very ingeniouſly ſhews us how to Inſcribe a Re. 
oular Pentagon alſo, Lib. 4. Prop. To & IT. and allo a Quin- 
 decagon (or Polygon of 15 Sides) Prop. 16. But though the 
| firſt is too far tetch'd to be ſhewn here, yer ( iuppoling that ) 
| the ſecond will eahly and briefly follow :_ | 
' . In a given Circle from the {ame point A ('N. 2.) inſcribe a 
- Regular Pentagon AEFGHA, ard alſo a Regular Triangle 
* ABC; then, will BF be the Side of the Luindecagen, or 15 
\ Sided Figure. For the two Arches AE and EF make together 
' 14.4 Degrees, and AB 120: (a) Therefore the difference BF 
, will be 24, which is the 15th. part of the Circumference. 

V. The Invention of Rena/dinus would be very happy, if it 
could be rightly Demonſtrated ; (as he tuppoſes it to be 1n his 
- Book of the Circle) which gives an Univerfal Rule of dividing 
the Periphery of the Circle into any number of equal Parts re» 
quired, in his 2d Book De Reſol. & Comp. Mathem. p. 367, 
> which inſhort is this : Upon the Diameter of a given Circle AB 
- Fig.34.) make an Equilateral Triangle ABD,and having divided 
. the Diameter AB into as many equal Parts, as you deſign there 
- ſhall be Sides of the Polygon to be Infcribed, and omitting two, 
'. e.g. from B to A, draw thro' the beginning of the third from 
- D, aRight Line, to the oppoſite Concave Circumference, and 
7 thence another Right Line to the end of the Diameter B, which 
-* the two parts you omitted ſhall touch thus , e. g. for the 
= Triangle, having divided ABinto three <qual parts, if emitting 
'* the two B2, thro this beginning of the 3d you draw the Right 
- Line DIIl, and thence the Right Line jj1.B, which will be the 
Side of the Triangle ; and io 1V.B will be the Side of the 
1 ©quare, VB the Side of the Pentagon, ©c. 


N. B. 


w | Mathefis Enucleata : Or, 


N. B. The Demonſtration of theſe ( Renaldinus adds, P.368.)M, 
we have {ſeveral ways proſecuted in our Treatiſe of the Circle : © * 
| Some of the moſt noted Antient Geometricians, have ſpent a , 
great deal of pains in the Inveſtigation and EffeRtion of this | | 
Problem, and ſeveral of the Moderns have loſt both time and # 
pains therein: Whence, we hope, withour the imputation of | f 
Vain Glory, we may have ſomewhat obliged Poſterity in this E 
point. | : 


DEFINITION VI. —_ : 


of the Plane of any Parallelogram AC (Fig. 25.) be concei- n 
ved to move along a Right Line AF, or another Plane AF. 
downwerds, remaining always Parallel to its ſelf ; there will. be K. 
generared after this way a Solid having fx oppoſite Planes Pa- #1.) 
rallel, two whereof, at leait, will be equal ro one another, | ny 
whence it is called a Paralelepiped, and particularly a Cube or = 
Hexaedrum, it the Parallelgram ABCD that deſcribes it be a | ot 
Square, and the Line along which ir is moved, AE, equal to The 
the Side. of that Square, and Perpendicular to the deſcribing M 
Plane, and conſequently all the fix Parallel Planes comprehend- Mz: 
ing this Solid, equal to one another. But if the deſcribing or Wan 
Plane Deſcribent (Fig. 36.) -be a Triangle or Polygon, the So- ig 
lid is call'd a Priſm, it a Circle, it is called a Cylinder. Now from 
the Geneſis of theſe Solids you have the following 7 


CONSECTARYS. 


L WF the Planes or Parallelograms Deſcribent (a) ABCD and 
abcd (Fig. 27.) are equal, and their Lines of Motion ,; 
AE and a e alſo equal ; the Solids thereby de- 

(a)Eucl.l.x 1: ' ſcribed, viz. Parallelepipeds, Cylinders, and Priſms, ſy 

p.29,20,21 (which will therefore have their Baſes and heigths i 

equal) will be equal among themſelves ; be- 

cauſe the deſcribent Indivifibles of the one, will exaltly anſwer, 

both in number and pofition, to thoſe of the other, as we have 
already ſhewn in Parallelograms ; Conſequently therefore, 

IT. . Any Parallelepiped (b) may be divided by | 

(b) Eucl. 1, a Diagonal Plane BDHF ( or a Plane paſſing | 

11, P.28, thro' itz Diagonals) into two equal Priſms ; forby i; 

| | Conſe 
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) | ConſeRt. 2+ Defimit. 12. the Triangles ABD and BCD, are equal, 
$ and are ſuppoſed to be moved by an equal Motion thro' .cqual 


2 - ſp ACTS. TOR | . ' 
's | JIL And fince it is evident, even by this Geneſis of them, 
d E that in Right Angled Cubes and Parallelepipeds, if the Baſe 
of W ABCD ( Fig. 38.) being divided into little {quare Area's, be 
is ÞÞ multiplied by the heigth AE, divided by a like meaſure for 
fa length, after this way you may conceive as many <qual little 
* Cubes to be generated in the whole Solid, as is the number of 
& the lictle Area's of the Baſe multiplied by the number of Divi- 
® ſions of the ſide AE ; you may moreover obtain the Solidity of 
t Fany other Parallelepipeds, that are not Right Angled ones, 'by 
F. & mulciplying their Baſes and Perpendicular Heigths together. 
& ' IV.Moreover ſince every Triangular Priſm is the half of a Paral- 
* Mlelepiped, and any Multangular Priſm may be reſolved into as nia- 
, Bny Triangular ones, as its Baſe contains Tria:.gles : you may 
YT Mobtain the Solidity (or Solid Contents) either of the ce or the 
Wother, if you multiply the Triangular, or Multaoguiar Bale of 
Sthem into their Perpendicular Heigth. 
EB V. After the ſame manner you may likewiſe have the Syli- 
dity of a Cylinder, which may be conſidered 43 an Infinite 


Y WAngled Priſm, juſt as the Circle is as an Inkinit-Angled Pas 
OS 


DEFINTITZ ION XVIL 


| * 
TT F any Triangle ABC (Fiz. 30. N. 1.) be conceived to move 
L with one of its Plane Angles C, from the Vertex or top of 
i Solid Angle ( determiced by two Planes aAb and cAa 
n Woined together in the common Line Aa) wich a motion always 
-- (parallel co it ſelf ; fo that its extreme Angular Point A ſhall al- 
” Ways remain in the Line Aa, but with its Sides AB and AC 
1s Wall all along raze on the two Angular Planes, till at- length 
'* Wt falls wholly within the Solid Angle : by this ics motion ic will 
'* {eſcribe within the Solid Angle, the Figure we call Pyramidel, 
© Whoſe Baſe will be the Triangle ab e, and its Vertex. A will 
lo deſcribe without it another Quadrangular Pyramid, whoſe 
/ FommonVertex will be the ſame A,but the Baſe cheQuadrangleCb, 
3 ſpcſcribed by the Side of the moveable Triangle BC: The firſt Py= 
/ (mid it will deſcribe with itsTriavgularParts, afy continually in- 
'-* EL. = crealing 


Que 
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crealing from the point A, and ending in the Triangle ac :;| 
but the latter Pyramid will be deſcribed by, the remaining part, | 
continually decrezſing downwards from the whole ABC, an: 
the Quadrangular Trapciza þ&yds at length ending in the Righ| 
Line 6 c: $0 that in the mean while the faid Triangle with in| 
whole ſpace deſcribes, according to what we have ſaid before 

the Triangular Priſm compoſed of thoſe two Pyramids. Fronſ 
'. this Geeelis of Pyramids you'l have the following | 2 


CONSECTARYS. 


I O*f what ſort ſoever the Deſcribing Triangles are ABC 

ABT (N. 2.) fo they are equal ; and whatever the 
Solid Anyzics are, comprehended under the Planes abA, and 
acA, ALA and ACy, fo they are accommodated to the Plan: 
Angles A and F, and ſuch that, &c. | | 


DEFINITION XVIN.. 


may be exhibited another caſier Genefis of Cones and}; 

Pyramids,but it reſpe&ts only the Dimenſion of the Surface 
and not of the Solidity of them, wiz. If you have a fix'd point A 
that is not in the Angular Plane BCDEF (F9g.4.1.) and a Rgtiff 
Line AF let fall from that point to any Angle of the Plane,be con 
ceived to move round the ſides BC, CDF &c. This Plane byE 
its motion will deſcribe as many Triangles ABC, CAD, @E:| 
- as the Angular Plane has Sides. And theſe Triangles all meet 
ing at the point A, make that Solid which we call a Pyramid 
Now if inſtead of the Angular Plane there be ſuppoſed a Cir 
cular one, (or an Angular one of Infinite Sides) the Solid thence 
produc'd is called a Cone, whoſe Surface is equal to Infinire Tri 
angles, conſtituted on the Baſe BCDE, and whoſe Solidiy| 
would conſequently equal an Infinite Angled Pyramid of thi 
ſame heigth. And after the ſame manner by the motion of the 
Line AF, rcmaining always Parallel to it ſelf about Parallel 
grams or Triangular Planes, will be generated Parallelipiped,# 
Priſms, and Cylinders. But as one Pyramid will be produced} 
more upright than another, according as the point A ſtand 
more over the middle of the Plane BCD, &e, (Fig. 42.) *F 


reſpeciF 


Schemes for ray 
Regula " 
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tefpeAs it more obliquely : So in particular a Cone is called a 
right Cone, when the line AO being let tall to the Center of the 
circular Plane (otherwiſe cali'd the Axis of the Core) conſtitutes 
E on all ſides-rigat Angles wich it bur it is call'd an Ob/:que or Sca- 
| ne Cone, when the Ax ſtands obliquely on the Baſe. Which 
diſtintion may alſo be eafily under 20d when apply'd ro Cylin= 
Lders, tho' 2 right Cone and Cylinder may alſo be conceiv'd to be 
Loenerated after another way, azif for the one a Triangle ard for 
Ethe other a right angled Parallelogram AOB and LAOB be - 
Ele conceived ro be moved round a line AO conſidered 
*.; immoveable ( whence it is call'd an Ax ;) and 
®alfo a truncated Cone may be formed if a right (OO 
Zanoled Trapezium, 2 + %* ofe S:des are parallel #9 E 4 Cm. 
| Wnt Sc. And 5 we have deduc'd c So- —I- BOP. 
Midiry of theſe Boctes fr:m 16 foregoing Geneſis, 
Bo their external Sur. aces, as elfo oi Frifms and Parallelepipeds 
may eaſily be fcvud from 'he pretent Geneſis, by any one who 
Fattentively conſiders the foll,wing 


COROLLARYS. 


|, Clnce the whole extcraal Surface, except the Baſe, of any 

Pyramid is nothir.g {ut a Syſtem of as many Triangles 
ABC, CAD @&« as i & Pyrarud has Sides ; if the Area's of 

thoſe Trianglcs { paru:elj round by Conſe. 8. Def. I 2. be added 

Winto one Sum, you'l have the Superficial Area of the whole 

Pyramid. 

F IL. If a Pyramid be cut with a Plane 8, c 4, e, parallel to 
Its Baſe BCDE (Fig. 41.) The Surface of that truncated Py- 
ramid comprehended bu.ween the prallel Planes may be obtain'd 
it having found the Surface of the Pyramid Abc de cutoff from 

Ethe reſt by Conſe#. x. you ſubiract it from the Surface of the 
whole Pyramid, | | | 
| IT. The external Surface of a right Pyramid that ſtands on 
fa regular Polygon Baſe is equal to a Triangle, waoſe Altitude 

$i equal to the Altitude of one of the Triangles which compoſe 
at, and its Baſe to the whole Circumference of the Baſe of the 

EPyramid, | 236-0 | 
| IV. Therefore the Surface of a right Cone, by what we 
thave already faid, is. equal to a Triangle whoſe heighth is the 


LMI 
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ſide of the Cone, and the Baſe equal to the Circumference «/ 
the Baſe of the Cone. 

V. The Surface of a truncated right Cone, or Pyramid ;| 
equal to a Trapezium which has 2 parallel Sides the loweſt offff ! 
which is equal to the Perifery of the Baſe, and the other to the 
Perifery of the Top or upper Parr, and the heigth, to the inter. 
cepted Part. ; | | 

VI. The Surface of a right Cylinder or Priſm is equal to? 
Parallelogram which has the ſame height with them, and for ® 
its Baſe a right line equal to the Perifery of that Cylinder of 
Priſm. F 


DEFINITION KXIX. 


F a fſemicircular Plane ADB (Fig: 4.3. N. 1.) be conceived ili 
move round its Diameter AB which is fixr, as an Axis, by 
this Motion it will deſcribe a Sphere, and with its Semicircun{ 
ference the Surface of that Sphere ; every part whereof is equal 
diſtant from the middle Point of that Axis C (which -is ther: 
fore call'd the Center of that Sphere.) Now if (N. 2.) thi 


| ſemicircular Ambitys (a) be conceived to be divi 
(4) Archimedes ded before that revolution, firſt into 2 Quadrant 
Ib.” 1. de Cono AD, and BD, and- then each of thoſe again int 
© Cyl. Prop. : I , 
52. Coroll, f AS many parts equal in Number and Magnicudy 
Prop. 23. as you pleaſe, and having drawn the Chords AF 

FE, ED, &©c. let the Polygon AFEDGHB lo 


ſcribed in the Semicircle be conceived together with it to bi 


turn'd 2bout the Axis AB: then will A 1 F, and B 4 F di j 


ſcribe 2 Cones about the Diameters F f, and H h; and the Tr 
pezia abont the Axes 1, 2, 2. C, C 2, and 24, will deſc, 

ſo many truncated Cones, and the lines AF, FE, G&'c. fo manſ'* 
Conical Superficies, by the Antecedent Def. and fo the whole Pc 
lygonal Plane AFEDGHB a Conical Bady inſcribed in th 
Sphere, and contain'd under only Conical Surfaces. And as ani 
attentive Perſon may eaſily perceive ſuch a Body to be leſs chaff 
the ambient Sphere, and irs whole Surface lefs than the Surface 
the ambient Sphere ;+fo he may as eaſtly trace theſe following 


——_— 
Þ 4 
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' CONSECTAYS. 

l I WF the Arches AF, FE, &t. be further biſeted, and a 
y Polygonal Figure of double the number of Sides inſcri- 
Y bed in the Semicircle, and conceived to be moved round after 
" | the way we|bave already fſhewn, the Pleudoconical Body hence | 
E ariſing, will approach nearer and nearerto the Solidiry of the 
Sphere, and the Surface of the one to the Surface of the other, 
and hence (if we continue this Biſeftion, or conceive it to be 
© continued ad Infinitum) you may infer. | 
| 1I, That a Sphere may be look'd upon as much a Pſeudoca- 
| nical Body, conſiſting of infinite Sides, and it's Surface will be 
| equal to the infinite Conical Surfaces of that Body; which we 
1, will take further notice of below. | 18: 


1 


DEFINIZ10N XX 


F the Diameter AB of the Semicircular Plane ADB (Fg. 4.3: 
N. 2.) be conceived to -be divided into equal Parts (as here 
-Wthe Semidiameter AC into 2.) and it the circumſcribing Pa- 
.nWrallelogratns CE, 2 E, 1G on the tranſverſe Parallels CD, 2 e, 
1f be conceived together with the Semicircle ic ſelf to revolve 
Mabout the fixed Ax AB ; it is evident that there will be formed 
#from the Semicircle a Sphere as before, and from the Circum- 
Wſcribed Parallelograms, ſo many circumſcribed Cylinders of e- 
Wqual heighth: but if all the Altitudes or Heighths of theſe are 
Ebilected or divided into two, ard fo make the number of circum» 
ſcribing Parallelograms double , there will be formed (by mo- 
1 Wving them round as before) double the Number of Cylinders of 
Whalt the heighth , bur which yer being taken together, approach 
ch nearer the ſolidity and roundneſs of the Sphere, than the for- 
e&r, which were fewer in Number (+:z.the fix latter Parallelo* 
- .Mgrams approach nearer to the Plane of the Circle than the three 
former) and thus it that biſection of the Altitudes be conceived 
o be continued ad infinitum, the innumerable Number of thoſe in- 

anitely little Cylinders will coincide with the Sphere it ſelf, More- . 
over if you conceive any Polyedrous or Multilateral Figure to be 
circumſcribed about the Sohere (which we here endeavour to de- 

) Nineate by the Polygon ABCD N. 4. circumſcribed about the Cir- 

; | ce) 
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cle) and the Catia Angles thereof to be cut by other Planes a}, 
which ſhall couch the Sphere ; it is manifeſt there will thence 4. 
riſe another Polyedrous Figure,the Solidity whereof will approach 
nearer tothe Solidity of the Sphere, ard its Surface to the Sphe. 
rical Surfice than the former , and if the Angles of this be a. 
pain in like manner cut off, there will ſtill ariſe another new $9. 
lid , and new Surface 2pproaching yet nearer to the Solidiry and 
| Surface of the Sphere than the former, &e. and ſo after an ini. 
nite Proceſs they will coincide wich the Sphere and irs Surface 
themſelves, Whence flow theſe ; 


COROLLARYS. 
1. FE Sphere may. be conſt owt as A Polyedrous Figure 


or as conliſting of innumerable Baſes, z. e. compoſed 
of an innumerable Number of Pyramids,all whoſe Vertex's mee! 
in the Center, and ſo whoſe common heigth is the Semidiz 
meter of the Sphere, and the ſum of all the Baſes equal rothi® 
| Superficies of the Sphere. ; 
| IE: If you can find a Proportion between a Cylinder of th: 
fame heigth with any Sphere, and whoſe Baſe is «qual to th 
* | greateſt Circle of, rhac Sphere, and innumerable Cylinders cir 
cumſcribed about ir, as we have juſt now ſhewn ; then you 
may alſo obtain the Proportion betrwcen the ſaid circunſcrib! 
Cylinder and the inſcrib'd Sphere : Which to have here hinted 
may be of ſervice hereafter in its proper place. 


DEFINITION XXL. _ | 


Here remain thoſe Bodies to be confider'd which are call 
Regular, which correſpond to the Regular Plane Figure 
.- and as' rhoſe conliſt of equal Lines and Angles. ſo theſe likewik 


are- comprehended under Regular and Equal Planes meeting i V 
equal folid Angles; and as thoſe may be Inſcribed and Circuny © 
ſcribed abour a Circle, ſo may the latter likewiſe in and abou ly 
a Sphere. But whereas there are infinite Species of Regulaſ Y! 
Plane Figures, there are- only five of Regular Solids ; the fir pl 


whereof is contained under four Equal and Equilateral Triar 
gles, whence ir is nam'd a Tetraedrum ; the fecond is terminate 
by fix equal Squares, and thence is call'd Hexaedrum, and othe! 

| Wi 
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2M wiſcca Cube; the third being compreherded under eight Equal 
a and Equilatzral Triangles, is call'd an Ofazdrum ; the fourth is 
< | contained under twelve Regular and Equal Pentagons, and ſo is 
16. nam'd a Dodecatdrum ; the hith, laſtly, is contained under twenty 
| Regular and Equai Triangles, and is thence nominated an Tcoſa- 
3 i adrum. Pefices theſe fave forts of Regular Bodies there can be no 
nd otherz for from the concourſe of three Equilateral Triangles 
16.8 ariſes the Solid Angle of a Terratdrum, from four the Solid An- 
ace gle of an Ofaedrum, from five the Solid Angle of an Icoſazdrum ; 

EZ from the concourſe of four Squares you have the Solid Angle 
= of an Hexatdrum ; trom that o& three Pentagons you have the 
© Solid Angle cf a Dodecazdrum ; and in all this ColleCtion of Plane 
= Angles, the Sum does not ariſe ſo high as to four Right ones, 
| Bur four Squares, or three Hexagons meeting in one Point, 
make preciſely four Right Angles, and fo by Conſe#. 2. Defmit 
$. would conftiture a Plane Surface, and not a Solid Angle. 
Much leſs therefore couid three Hepragons or Octagons, or four 
| Pentagons meer in a Sold Anple, to form a new Regular Body 
| tor thoſe added rogether would be greater than four Right An- 
gles. Bur now, for the Meaſures of theſe five Regular Bodies, 
take the three following 


CONSECTARYS. 


I Q\Ince a Tetratdrum is nothing elſe but a Triangular Py< 
ramid, and an Octzedrum a double Quadrangular one, 
their Dimenſion is the ſame as of the Pyramids in Schol. of De- 
finit. 17. 

II The Solidity of an Hexaedrum may be had from Conſe#, 
J- Defmit. 13. | 

Ill. A Dodecaedrum confifls of twelve Quinquangular Py- 
ramids, and an Icoiaedrum of twenty Triangular ones, all the 
Vertex's or tops whereof meet in the Center of a Sphere that is 
conceived to circumicribe the reſpe&tive Solids, and contequent- 
ly they have their Altitudes and Baſes equal: Wherefore ha- 
ving found the Solidity of one of thoſe Pyramids, and multi- 
plied it by the number of Baſes (in the one Solid 12, in the 0- 
ther 20) you have the Solidity of the whole reſpeQive Solids. 
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DEFINITION XXII. 


Eſides theſe Definitions of the Regular Bodies, we may a. 


Fr 
I 


fo form like Idea's of them from their Genefis, whit 
particularly Honoratus Fabris has given us a ſhort and ingeniouſ 
Syſtem of, in his Synopſis Geomerrica , p. 149. and: the folloy 
Ing. | — 
L Suppoſe an Equilateral Triangle ABD to be inſfcrib'd in 
Circle (Fg. 4.4. N. 1.) whoſe Ceater is C, whence having cog 
ceived the Radii CA, CB, CD, to be drawn, imagine them 1 - 
be lified up together with the common Center C. fo thar th; ] 


"4 


4% 
gt 5 
ID. 
FX 


point C aſcending Perpendicularly, at length you'l have the Lin 
EA, EB, ED, equal to the Lines AB, BD, DA, Atter thi] 
way there will be generated, or made a Space conlifting of foul. 
Equal and Equilateral "Triangles, which is call'd a Terracd;n 
Hence we ſhall by and by eafily demonſtrate, the quantity 
the Elevation CE, and the Proportion of the Diameter of thM. 
Sphere EF to be Circumſcribed to the remaining part Ci 
and {o the reaſon of the Euclidean Geneſis propoſed ib. 1, 
Prop. 12. 

IL Much like this, but ſomewat eaſter to be conceived, is thi 
Gencfis of the Ofaedrum, where by a menral raiſing of the CK 
ter C ( Fig. 44. N. 2.) of the Square ABDE inſcribed in 3 
Circle, together with the Semidiameters CA, CB, CD, Ci 
until being more and more extended they at length become 
Lines AF, BF, DF, EF, all equal among themſelves, and i 
the ſide of the Square AB or BD; and ics manifeſt, that by th 
like extenſion conceived to be made downwards to G, the 
wiil be formed eight equal and regular Triangles, which wi 
all concur in the two oppoſite Points F and G, We migt 
allo deduce another Geneſis of the Octaedrum from a certfſh.; 
Section of a Sphere, and alſo give the like of a Hexa&drum « 
Cube : but we have already given the eaſieſt, of the one, eq; 
that which is alſo common to Parallelepipeds; and that of 1) 
other jult now given is ſufficient ro our purpoſe, 


| ole; 
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is 
ou Containing the Explication of thoſe terms, which relate 
WH to the affetlions of the Objeds of the Mathematicts, 


ng DEFINITION XXII. 


ET Very Magnitude is faid to be either Finite if it hasany bounds 
= NT) or terms of its Quyaniiiy ; or Infinite if it has none, or at 
Wcalt Mmdefintte if thoſe buurds are not determined, or at leaſt not 
Wiconſidered as ſo; as Encl;d often fuppoſes an Difinite Line, or ra= 
ther perhops, an Indefinite ore, 2. e. conſidered without any re« 
Wation to its bounds or Ends: By a like diitinction, and in reality 
he fame with the former, all quantity is either Meaſurab/e, or 
Buch thar ſome Meaſure or other repeated ſome .number of 
TT imes, either exactly meaſures and fo equals 17, (which Enc!id 
and other Geomerricians emphatically or particularly call Meaſur- 
Ing) or elle is greater; or on the other {ide Immenſe, whoſe 
\mplitude or Extenſton no Finite Meature whatſoever, or how 
Wany times ſoever repeated, can ever equal: In the firſt Caſe, 
Won the one Hand, the Meaſure (viz. which exactly meaſures 
Wy quantity) is called by Euclid an aliquot Part (aj or imply a 
Part of the thing meaſured : as e. g- the Length 
pf one Foot is an aitquot Part of a Length or (a) 146. +, 
ive of 10 Foot. lu the latter Cafe the Mea» D*/- 1. 
ure (which does not exactly meaſure any Quan- 
ty) is called an Aliquant Part, asa line of 2 or 4. Foct is an 
liquant part of a Line of 10 Foot, Now therefore, omitting 
har perplext Queſtion, whether or not there may be an infinite 
2gnitude, we ſhall here , reſpecting what is to our purpoſe, 
leduce the following 


GCONSECIARY. 


Very Meafure, or part ſtritly fo taken, is to the thing 
Mcatured, .or ics whole, .as Unity tro a whole number, for 
har. (which is one) repeated 2 certain number of times, is tup- 
Poled exattly to meaſure the other. | 
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wy 
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[ F the ſame Meaſure meaſures 2 different quantities (whether 


1 


the- one can exatly Meaſure the other or not ) tho, 
Quantities are ſaid to be abſolutely Commenſurable , but it thy? 
can have no common Meaſure ; they are called Incommenſurabl:; 
Notwithſtanding which they both retain one to the other a ca} 
tain relation of Quantity, Which is call'd Reaſdn or Proportion, i 
we ſhall further ſhew hereafter. In the mean while we hay 
hence, as an infallible Rule to try whether Quantities can admit 
a Common Mealure or not, this oF 


GCGONSECTARY. 


— IL 

Hoſe Quantities are Commenſurable, whereof (a) one 

to the other, either as Unity to an whole Number, or & 
one whole Number to another, for either one 6 
wW - - them is the Meafure of the other, zs a!ſe of 
7,8, ©? feif, and then it is ro that other as Unicy to 
Number by the Con/*&. uf the preced. or el 
they admit of ſome third Quantity for a cormmon Meaſur 
- which will be to either of them ſeparatciy as Unity ro ſome Nun 
- : therefore they are one to another as Number to Nun 
er. 4 


TINA 


DEFINITION XXV. 


F 2 Quantities of the ſame Kind, conſidered as Meaſures or 

of the other, being applyed one to the other, exaQtly agrei 

or are exactly equal every way, (as e. g. 2 Squares on the fanf$1.;; 
common Side, or wo Triangles whoſe Lines Angles and Spacf®,, 
exactly agree and conicide) or at leaſt may be equally me wa 
ſured by a common Meaſure applyed to both) as e. g. a Squiiyy,; 
and an Oblong, or a Rhombus, or Triangle, each of who __ 
Area's were 20 ſquare Inches, altho' they do not agree in Lin ;, 
and Angles; the firſt may be called Simply Equal, and the oth ,F 
totally equal, or equal as to their wholes: But-if one be greater ant ner; 
the other leſs, they are Unequal, and that which exceeds fih 
called rhe greater, and that which 1s deficient the /ef, and thi* * 
| pI 
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p part by which the leſs is exceeded by the greater, in reſpe& t0 
rhe greater 1s call'd Exceſi, in reſpe& to the leſs Dgfe#. and by a 
Zcommon Name they are call'd the Difference. All which as they 
"are plain and eaſy, fo they aftord us a great many ſelt-evident 


ee Truths which are uſed ro be calld Axioms, as theſe and the 


| they M fl 

ab 

vabe CONSECTARYS. 

a cer} | 

", 2, He whole is greater than its Part, whether it be an Ali” 
: han quot ar aliquant Parr. 


may 11, Thoſe Quantities which are equal to a third are equal be- 
Zwixt themſelves. | 
Z 1I.. That which is greater or leſs than one of the equal 

ZQuantities is alſo greater or leſs than the other. 


= IV. Thoſe Quantities which, being applyed one to the o- 


Ine Mt her, or placed one upon the other, eirher really or mentally, a- 
Of pree; may be eſteemed as totally equa!: And on the Contrary, 
Ne ( 


V. Thoſe Quantities which are totally equal will agree, c. 


&To which might be added {everal others which we have already 
'q made uſe of and ſuppoſed as ſuch in the preceding Defmirions. 
re 


DEFINITION XXVI. 


"Here are moreover Addition, Subtrafiion, Multiplication and 
Diviſion, which are common affe&tions of all Quantities 


y Fum ; which is eithbcr done fo, that the whole (which is corn- 
monly called the Sum or Aggregate) obtains a new Name, or el/-: 
by a bare connexion of the Quantities to be added by rhe Copu- 
Zlative and, or the uſual Sign + (5. e. plus or more) as for E:- 
ample 2 Numbers . . . and ; . . . (ſuppoſe 3 and 4) added 
bf together make the Sum . . « - « . : (ve. 7, or which is the ſame 
E thing 3-4. ;) and this Line——— added to this other —— 
"= ——gives the Sum-———— which is nothing but the z 
W Lines joyn'd, or taken together. But now if we would creat 
1 of theſe Lines, or any other 2 Quantities to be added, more ge= 
4 nerally ; by calling the'firſt a (s) and the latter (5) we may 
"Y fly write their Sum 4-5-6. 
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SCHOLIUM 2 


Aving thus explained the Term of Addition, theſe and th 

like Axioms emerge of themfclves : If to equal _ 
you add Equal the Sum will be Equal :, but if to Equal you add unequy 1 
the Aggregate will be unequal, &C. Mureover ir may not be.amiſs * 
admoniſh the Tyro of theſe 2. thing*, 1. Ir Addition may be { {eel 
the vaſt uſefulneſs of that very Ingenious tho? familiar Inventing ? 
mentioned in Defiur. 3. for here by we may colle&t into one Sug 
nt only Tens, and Hundreds, but Thouſinds, Millions, bil 
riads. as tho* they were only Units ; which we will lluftrare if 


an Example. 


x 
8 ( 
2: 
DEFINITION XXVI. I, 
Ubtre&ion is the raking one Quantity from another (of i 
tame kind ;) which 1s fo performed that either the remaind$ of 
obtains a new Name, or by a bare ſeparation of the SubtrahenM 4h 
by the privative Particle leſs, or the uſual Sign — Which ſtand Sy 
for it, as e.g. . . . or three being ſubtracted trom . . . . tit 
or 7, the remainder or. difference is . . + . or 4 and this Lif « 
Subtrated from that — leaves = the 
Now it we would {ignify this more generally either of the 11] 
Lines, or the Number above, or any 2 Quamiities wharſorl 
tt are to be Subtracted one from the other, by naming . 
Brit (a) and the Jarter (6) we ſhall have the remainder a —# 
Herein are evident theſe and the like Axioms : If from eq 
 Daantties you Subtrat Equal ones, the Remainders or Dyfferences i 
be equa/', Here it wii! be worth while to take notice of, tro 
this ard the preced. Defrait. the following - 


CONSECTARYS. 


to 
" FF a negative Quan _ be added to fr ſelf conſidered M ner 
- politive (a5 — 3 to.-}-3 or —@ to | a) the Sum wif Sig 


for to add a Privation or Negative 1s the ſame rhing 
Subrratt a Pofitive, wherefore to join a Negative and Pu 
': together, 18to Make tne one to deſtroy the other. 


F Y 
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Z 1. If a negative be ſubtrafted from i:s poſitive ( — a from 
Za) the remainder will be double of that politive (+ 2 a ) 


"x 34 
us 


Z for ro ſubtract or take away a privation or negative, is to add : 


% - > 


ks 
! the that very thing, the privation of which you take away; for _ 
tiny > really that which in words is called rhe addition of a Privation, 
equi.) is in realiry a Subtraction, and a ſubtraion of it, is really an ad- 
is 17 dition 3 and what is here call'd a Remainder, is indeed a Sum or 
{eel Aggregate; and what is there call'd a Sum, is truly a Remains 
tink der. Thus, 


cl NI. If the poluive Quantity (+a) be taken from the pri- 


6 


Mt vative one ( —4 )) the remainder is double the privative one 
2b (— 24) ſince, taking away a politive one, there neceſfarily 
® ariſes a new Privation which will double that you had before. 


= Hence, 
*Z IV. You have the Original of the Vulgar Rules in Literal 
Z Addition and Subtraction : IF che Signs of the unequal Duantities 
are different, in the room of Addition you muſt ſubtraft, and in room 
= of Subirafitn add, and to the ſum or remainder, prefixz the Sign in 
= the firft place of the greateſt, 'in the next of that from which. you 
and Subtra&t : but if the Signs are both the ſame, and the greateſt quan» 
I tity to be ſubtratied from the leſs, you muſt, on the contrary, ſubtrat 
[in | according to the natural Way, the leaſt from the greater, and prefix: 
= the contrary Sign to the Remainder : Which Rules you may ſee 


he Illuſtrated in the foilowing Examples : 


0 þ " Addition Subtrafion. 
= 4b — 24 from 2 a+ b from 2a +26 
ou 2b—+54 Subſt. a—b Subſt; 2 a+ 2b 


Ce eee een 3) 


Tb+2 « R. a +26 - R. a—b 


NOTE. 

7 B<=® Inſtead of the Authors 4th Confect. as far as1t relates 

& to SubtraRtion, which may ſeem a little perplexr, rake this ge- 

& neral Rule for Subtraction in Species, viz. Change all the 

# Signs of the lower Line, or Subtrahend, and then add the 
} Quantities, and you have the true Remainder, 


D 4 . SC H 0- 
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SCHOLIUM. 


N this Literal SubtraQtion, we have not that conveniency | 
which the invention of Vulgar Notes fupplies us with, that Þ 
from the next foregoing Note'we miy borrow Unity, which i 
in the following Series goes for 10, &c. This is done in Te. 
tractycal Subtraftion only with this difference, that an Unite 
here borrowed goes only for 4. That the eaſinefs of this O- 


peration miy appear, we will add one Example, wherein from 
this number, —— 1232002210222 | 
you are to ſubtract this, 321012321223 


> 


ZIOJ2JJ2JOOJ 


Whereever therefore the inferiour Note is greater than the 
ſupertour one, the facility is much greater here than in com-| 
mon Subtraction, becauſe never a greater number than 3 is to 
be ſubtracted out of a greater, than 4. and'z : but it the in- 
feriour number be greater than the ſuperiour , you borrow if 
unity from the left hand, which is equivalent to 4.; the, reſt is 


perform'd as in common Subtra&ion. 


DEFINITION XXVII. 


Ultiplication, generally Speaking, is nothing- elſe but a | 
Complex or manifold Addition of the ſame quantity, Þ 

wherein that which is produced is peculiarly call'd the 'Produ8, 
and thoſe quantities by which ir is produced, are called the 
Maultiplicand -and the Multiplier : The firſt denotes the Quantity 
which is to be multiplied, or added ſo many times to its felt ; 
and rhe other the Number by which it is to be multiplied, or 
determins how many times it is to be added ro it ſelf, The 
fame terms are applyed moreover to Lines and other Quan- F 
tities. Bur here are two things to be chiefly noted; x. That | 
the Multiplication of one number by another, or of a Line by 
a Line, may be conſidered as having 2 dcuble Event; for the | 
Product may be either of the ſame or a different kind, as,e. s- Þ 
when . . . . 4 is multiplied by 2 . . . the produt may be | 
conſidered either as a Line, thus,;:;.;.....-.. or 8 þ 
2 | 
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a Plane Surface in this Form, 0-5 . Whence it is alſo 


icy | named a Plane Number, and the product is conceived to be 
hat © formed by the motion of an erect Line AB, canfitting of 2 
ich | equal parts, along another BC, conſiſting of 4. equal parts, and 
Fe. © conceived as lying along. So alſo the Mulrtiplic. ion of Lines 
Ute (eg- of the Line A *—Em—— B by the Line B EP 
O. | may be conceived to be fo performed, that the Product alſo 
om @& ſhall be a Line, e. g. C———— D ( concerning 
| the uſefulneſs of which Multiplication in Geomerry , we ſhall 
E have occaſion to ſpeak more hereafter ;) or {o, tha! the Pro- 

® dud ſhall be a Plane or Surface, arifing from che motioa of 

© the ere Line AB, along AC, conceiv'd as !/.og along; as 
he we have already ſhewn»+ Bur as for the moſt part chefe Plants 
m-& ſo produced are called Reargles, if the Lines that form them 
to are unequal , but if they are equal they are call'd Squares, 
:n- @ (otherwiſe the Powers of the given Quantities ; ) and in this 
ww i caſe the Lines that form them are called Square Roos ; (o alſo 
i; 7 if thoſe Planes are multiplied again into a third Quantity ( as 
@ either a Line 'or a Number) there will ariſe Solids, and parti- 

| cularly if that third Quantity be the Roet of the Square, the 

© Product is called a Cube, &c: The other thing to be noted 

” is, That both theſe ways of Multiplying eicher Numbers or 

a © Lines, are expreſfled by a very compendious, tho arbitrary way, 
ry, © of Notation, viz. by a bare Zuxtapoſition of the Leuters which 
2, © denote ſuch and ſuch Species of Quantities, as, e. g. if for the 
he & forementioned Number or Line AB we put a, and for BC 
b, the Product will be ab; or it the Efficients are equal, as 
| 4 and 4 the Square thence produced, will be as or a* ; and if this 
or & Square be further multiplied by its Root a, then the Cube thence 
ie @ produced will be qaa or 43, ©c, Which being premiſed, you 
n- & have theſe following T | | 


"| CONSECTARIES. 
x | 1. lh a Poſitive Quantity be multiplied by a Poſitive one, 

L the Product will be alſo Politive z farce to multiply is ro 
x | repeat the Quantity according as the Multiplier dire&ts: Where- 
2s | fore to multiply by a Poſitive Quantity, is to repeat the Quan- 
| ties poſitively 5 as on the other fide , to multiply by 
| beT 4 
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a Privative, is ſo many times to repeat the Privation of t| tha 
Thing : Which we ſhall ſhew further hereafter. 
I. Equal Quantities (a and a) multiplied by the fame 4),of 

contrariwiſe, will give equal. Products ( a band 2 b orb a). # 
III. The fame Quantity ( z ) mulriplicd by the whole Quan-{s 1 
tity (a+ bc) or by (a) all its parts ſeparately, will gre 
equal Produtts. Alfo 
(0) Back Ji. IV. The whole (+6 ) whether it be mul. 


Nt, - ttplied by (b) it ſelf, or by its parts Epurach | 
prop. 2. will give equal Products. | F 
SCHOLIUM I. i 


d 


T He Vulgar Praxis of Numeral Multiplication, is foundedlf 
on theſe two laſt Conſearys, as e. g, to multiply 126 
by 3 3 you firſt multiply 6 by 3, then 2, 5. e. 20by 2, than 
I, z2.e. I00 by the ſame, and then add each of thoſe partial 
Products into one Sum : In like manner being to multiply 2438 
by 23, you firſt multiply each Note of the Multiplicand by 
the fi:F of the Multiplier ( 3) and then by the ſecond ( 2 )Þ 
(5. e. 20) &c. which is to be done likewiſe after the ſame man 
ner in Tetractical Multiplication ; only in this latter, which 
is more ea({ze, you have nothing to reſerve in your mind, bu 
all is imm«diately writ down, ( (which might alſo be done in 
Vulgar Multiplication) as may be ſeen by this Example un-F 
derneath, as alſo the great eafineſs of this fort of —— : 
tion, beyond the common way, becauſe there is no need ol 
any longer Table than that we have ſhewn page 7. 


Fry FEA da... As. A. gm——=—Y p—_———_ EY 
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SCAHOLIUM I 


bs It is manifeſt from whar we have ſaid, 

F the Baſe of a Parallelogram be called ny and its Aſlri- 
rude a, its Area may be exprefled by the Product ab, 
by Cor/. 7. Definit. 12. 

It. If the Baſe of a A beb or eb, and iis Altitude a its Area 

will be half ab or half e ab, by Conſeary 8. of the ſame De- 

finition. 

© 11. If the Baſe of a Priſm or Parailclepiped or Pyramid be 

© half ab or ab, and its Altirude c, the tolid Contents of thar 

= Priſm will be half abc, and of the Paralielepiped abc, by Con- 

= {4.2 & 4. Def.16. and of the Pyramid $abc,vy Conſe 3, Def. 17. 


DEFINITION XXIX. 
Di: , in general, is. a manifold or complicated Sub- 


traction of one quantity (which is called:the Diviſer) out 
of another (which is called the Dzvidend ) whoſe multiplicicy, 
or how many times the one 1s contained in the other, is ſhewn 
! by another quaatiey ariſing from that Diviſion, which 1s there- 
bt fore called the Dore or Duotient. Here alſo the Drwsſor 1s of the 
ins fame kind with the Hinidns, or of a difterent kind, e. g. of the 
1n- ſame kind if the RT .... : (227 be divided by 
«N {2 ) whence you'l have the Quoticas: .--. (4) or dividing 

m7 The aforementioned Line C D by the Line AB youll again bave 

the Line BC ; but of a different kind, if the plane number a- 


—_ 
Un & ]. 


bove found . . . - or the Rectangle ARCD be divided by 
7 a RetroduRtion, © or a moving backwank again the erect Side 
E AB, by whoſe motion the ReQangle was firſt tormed, that {9 
E the Line BC may remain alone again. Bur both theje kinds 
E of Divifion as they bave their pecuitar Dithculizes in Aritame- 
= tick and Geometry, which we ſhall further elucidate in their 
| proper Places ſo they may be univerſally and very eaitly per- 
” formed in Species (or by Letters) which will be fufiicient to 
= cur preſent purpoſe z or by a bare feparaiion of che D.viſor 
3 from the Dividend, if it be aQually therein included 3 or by 


| PINCY 
DacIinNs= 


UMI 
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placing the Diviſor underneath the Dividend with a Line be- 5 


tween. - Thus if a b be to be divided by (b) the Quotient will : 
be a; if by 4, the Quotient will be (5); but ifF 


4 or ab be to be divided by c which Letter fince it - is not ©. 
found in the Dividend, cannot be taken out of it ) the 


Quotisnts are. — and = 5. ce. a or «b divided by c, after the 
c c 


ſame manner as if 2 were to be divided by 2 ; which Diviſor, 
 fince it is not contained in the Dividend, is uſually placed un- | 


der it, by a ſeparating Line thus, 3, 2 divided by 3. 
SCHOLION. 


piece of paper by it ſelf, after this way : 


122 212 I1OI 
Dzvifor, Double, Triple. 


and then moving that piece of Paper to the Dividend, note, | 


which of thoſe three Numbers comes neareſt to the firſt Fi- 


gures of the Dividend ; for that barely ſubtracted gives the Re- | 


OW difficult Common Divi—Gion is, eſpecially of a large 
4 Dividend by alarge Divifor, is ſufficiently known : but | 
how eaſily it is performed by TetraCtical Arichmetick, we will * 
barely bring one Example to ſhew. IF the Produ&t found in 
Schol. x. of the preceding Definition, 1200 202 22 be again to bo 
be divided by its Multiplier 113 3, it may be performed after the 
uſyal way, but with much more eaſe, as the following Opera- 
tion will ſhew ;z or according to a particular way of Weigeliu, © 
by writing down the Diviſor, and its double and triple, in a 


Fe writs, 
re Etje br X'>  L RSS g< > be 44s ; 
CES DR RE AD LEE; oY 


t 


Gs 


mainder, and will denote the Quotient to be writ down in it; 


proper place ; as the operation itſelf will ſhew better than any ; 


words can. 


HHAHXHH 
# FEZXRX 


JFXZBIAY 
FXOBXGBYNXN (321032 
IXZFFZZZ 


AFXXNERY, 
IHIY 


Dhaa 2 fn FA 


| C 
Þ 


oy wry A; ot fade ow 2 
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bee BY © 

A ; ( Thus after Weigelins's way: 

"I 

the IK | 
/ X|# 

he  BY19#5 | 

= Jxpg | x 8J.XX| 221033. 

Ir, & | 

n. © 

__ DEFINITION XXX. 
£- . > . A 1 * 
LE XeraFion of Roots is a Species of Diviſion, wherein ©te Quo- 
7 tient is the Root of the given Square or Cube, &c. But 


© the Diviſor is not given, neither is it all along the ſame (as it 
i in Diviſion) bur muſt be perpetually found, and they are ſe- 
3 veral. And as the Squares of Simple Numbers 1, 2, 3, &C. 
$i *z. 1, 4, 9, I6, dyc. and their Cubes 1, $, 27, 64, &c. 
© may be had immediately out of a Mulciplication Table, as alſo 
= their Roots, without any further trouble ; and likewiſe in Spe- 
© cies, as the Roots of the Square aa or a*, or of the Cube aaz 
Z or a}, are without doubt (a); ſo if the Square Root be to be 


&, | extracted out of de, or the Cube Root out of fg m ( becauſe the 


” 


FC ſetters are different, and no one can be taken for the Root) the 
Square Root is commonly noted by this Sign yd e, the Cube 
Root by this /C, or '3,f gm, 8c. as allo in Numbers that are 


not perfe& Squares (as e.g. 2, 2, 5, 6, 7» $, 10, II, IF, 


NN HE EGn ger HO 

> OI RTS FIR; 

3.5 4536 ODDS) 5, 2.4] RS Ws, > 
7 TICS $3 ge: ©" ASS 

Rn ee ares ; 


co, i= fy | 
'E 17,.19, G@c. ) we can no otherwiſe expreſs the Square 


F, Roots , then after this manner 2, 7, V19, &c. and in 
= thoſe that are not perfe&tly Cubical ( as all between I, 8, 
27, 64, Sc.) we can only expreſs their Cube Roots 


. after ſome ſuch manner, y/c. 7, or 37. Vc.61,or 361 Sc. 


E Which forms of Roots in ſpecious Computation, we call Surd 
; Luantities, in Vulgar Arithmetick Surd Numbers, i. e. ſuch as 
| Cannot be perfe&tly expreſſed by any Numbers; altho we have 
7 Rules at hand to determine their Values nearer and nearer ad 
| Infinitum. 
* Theſe Rules accommodated to Square and Cube Numbers, 
E &c. which otherwiſe are more difficult ro be comprehended, 
* Pear plain and caſe to him, who multiplies a Root _ 
V 


UMI 
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For he will have as 


dratically, then Cubically, &c. 
CONSECTARYS. 


I. £ 0 
trating the Square Root, all expreſſed in theſe few Notes : 
aa + 2ab-bb, 


Il. The Cube of the fame Root, a New Theorem, and 
at the ſame time a Rule for Extrafting an 
rained in this Theorem : 


a3 2aab + 2abb + bbb, 
SCALIA L 


as it relates to the Rules of Extraction, conſider, 1. 


that Square by Diviſion. 


each of which gives a particular note of the Roor. 
out of the Square a a by a ſimple Extraction. 
Root, the next following part of the remaining Claffis muſt 


be divided by 24, the double of the Quotient juſt now found, 
and that nothing ſhould remain after this Divifon (for. now we 


Arithmetick. 


by 2 Letters (called therefore commonly a Binomial) firſt Quz: I 


HE Square of any afſumed Root, as alſo, Prop. 4. i 
2. Eucl. and at the fame time a general Rule for Ex. 


y Cube Roor, Con 


Hich that we may more plainly ſhew, eſpecially as far| 


That the Root of the Square aa + 24 b += bb is already known p 
(for we aſſumed for the Root the Quantity ab) ſo that now 

we are. fo ſee which way this Root is to be obtain'd out of T 
It wil! preſently appear, thar the 
firſt Note of the Root a, will come out of the firſt part of the 
Square a a, and the other part þ muſt be obrain'd our of the 
remainder 24b--bb ; and fo as there are 2 Notes of the Roor, 
the Square muſt be diſtinguiſh'd as it were into 2 Claſſes, 
Then iris 
manifeſt, that the firſt Nbte of the Root (a) may be obtain'd | 
Now it is «- 
vident, if I would have by Diviſion the other Note of the 


have the whole Root a-|-b) you muſt not only fubtrac the 
Product of the Diviſor and this new Quotieni, but alſo the 
Square of this new Quotient: Which is the. Vulgar Method 
and Rule for the Extraction of Square Roots taught in common | 


Likewiſe 
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Likewiſe if vov would extrat the Root of rhe above-men« 
toned Cube, which we alreadv know, having formed it from 
ab, it is manifelt, that the firſt Note of the Root 4 will come 
out of the firſt part of the Cube a3, and the other 6, wuſt be 


& obtain'd cur of the remainder 3abb-j-bbb, and fo, as there are 
| two Notes of the Roor, the Cube muſt be diſtinguiſh'd, as it 
E were into two Claſſes, each of which will give a particular Note 
© of the Root, Now it is manifeſt, the firſt Note of the Root 4 


@ is obtained by ſimple ExrraCtion of the Root out of the Cube 


= aaa. It is moreover evident, if I would have by Diviſion the 
Z other Note of the Root b, the next remaining part muſt be di- 
= vided by 3a (the triple Square of the precedent Quotient, or 
= thrice the precedent Quotient multiplied by it felf ) and, that 
= nothing ſhould remain after this diviſion {for now we have the 
EZ whole Cubc Root a-j-b) you muſt nor only ſubtract from the 
remaining Dividend the ProduCt of the Diviſor, and the new 


© Quotient (3446, but alſo the Produdt of the Square of the new 


| Quotient, and ti ice the precedent Quotient ( 3abb) and more- 
Z over the Cube of rhat ne' Quetient b3 : Which is the Method 
| of extracting Cube Ryuots in Vulgar Arithmetick. 


SCZOLIUM IL. 


LRom what we have 1.54 you have alſo the Reaſon of ano- 
ther rue in A:ichmeiick which teaches how to approach 


| contiuually nearer and nerrer ro the Square and Cube Roots of 
E numbers that are not cx.6t-.,;vares and Cubes ; viz. by adding 
| to the given Number perpeiually new Claſſes and Cyphers or 
$ Os, tWO at a time, ts the Square, and rhree to the Cube, and 
| ſo continue on the operaiivui as before ; which will add Deci- 
8 mal Parts to the |. zrals b.\cre found 5 and the next opera» 
E tion (it you add a izcond Canis of Cyphers) will exhibit Cen- 
| tefimal Parts, ard {> on 4d tjmiino:. For Example, IF I would 


have the Square Root of 2 pretty near, I can aſſign no nearer 
Whole Number thin 1. Bur by adding a new Clfle of 2 Cy- 


| Phers, Z.e. multiplying the given Number by 100 ( whereby 
} the Root is miiliiurd by To) you't have 14, nearly the Roat 


ik 


4 of. 200, thai is, 14 or 1.4; much nearer the Koot of 2 than the 
& former ; and thus you may always come ncarer and nearer ad 


| Infmitum, but never to an exact Root. For if you cculd have 


the 


LMI 
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the exact Root of 2. ,or 3, or 5, &c. in any Fraction wha 
ſoever, thar Fraction muſt be of ſuch fort, that its Numeraty 
and Denominator being ſquared, the FraQion thence arifin 
mult exactly equal 2 or 3, or 5, ©&c. that is, its Numer 1 
ror muſt be exactly double, or trible, or Quadruple, &c. iff x 
of the D-nominator ; which can never be, becauſe both af y 
Squa:es, and in a Series of Squares no ſuch thing can happaſſfd t 
Hence you have theſe F 


CONSECTARYS. EF 


HI. _ it is a certain mark of Incommenſurability, if on ol 
quantity is 1, and other they2,or y/2, or 5, fo 

IV. Thar cheſe ſorts of Quantities are netwithſtanding Conf be 

. menſurable in their Powers, z. e. their Squares are as 1 and Mt 
or 35 a number to a number. | i of 
V. Thoſe Quantities which are to one another, as 1 a 
Vy/2, or as 2 and the yy3 are incommenſurable in Pow 
alſo. Which being rightly underſtood, you may eaſily compy 
hend ſeveral (a) Propofitions of lib. 10 Eucl. eſpecially aft 
ſome few things premiſed concerning Reaſon and Proportion, 


no 

SCHOLIUM, III. of 

; | | qu 

Rom what we have ſhewn may eaſily be concluded, thi is 

to any propoſed Quantity whatſoever, which Euclid ci 9 

(b)) Rational, and for which we may always put I, © or 
there may be ſeveral others both commenſurable (4) Euc2. 1. ab 


and incommenſurable, and that either fimply or £70P-9101l ſec 
© - . . | 12, 12 &, N: 
in power fo; thoſe which are commenſurable to G) 1b. 8 


a Rational given Quantity, either Simply or on »:f. 5, 6, W'"* 


ly in Power (which, e.g. are to 1, as 2, 2,4, $,9, 10, 11 led 

&o.%, 5, 1, &c. or as V2, V2, V4, V5, v5, wh 
1, &c.) are called alſo Rational: but thoſe which are Incot by 

menſirable both ways (z.e. both ſimply and in power) as (vv = 
0 


VV, &c. ) are called Irrational. In like manner the Squs 
of a given Rational Quantity (as I) is called Rational, uW® 
Quantities commenſurable to it ( as 2, 3, 4, 5, &c. 45 
&c. QO ) are called alſo Rational; but incommenſurable on Par 
(V2, VVs5, &c.) Irrational.,and the Sides and Roots of the q 


more Irrational. DEF 
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nat | 

or DEFINITION XXXIL 

fn ' A Ny Quantities whatſoever of the ſame kind, whether com- 
ervl menſurable or incommenſurable, equal or unequal, ad- 


. of mit of a twofold reſpe&t or relation of their magnitude, one 
iM whereof, when only the difference or exceſs of one above ano- 
palſf ther is reſpe&ted (as IO which is 3 more than 7) is called an 
Arithmetical Reaſon or Reſpe& ;, the other, wherein reſpeCt 1s ra- 

| ther had to the Amplirude, whereby one 1s contained once, or 

© 2 certain number of times in the other (as 2 is contained thrice 

in 10 and 5; part more) is called Geomerrical Reaſon, or by way 

on of Emphaſis, only Reaſon, and by others Proportion z and this Rea- 
ca fon or Proportion, it the lets 1s exactly contained a certain num- 
on} ber of times in the greater (as 9 in 6, or 4. in 12) is generally 
| called, on the part of the greateſt term, Mulriple, and on part 
| of the leſs, Submultiple, and particularly in the firſt Example 
double, when 6 is taken in reſpect to 3,and /ubdup/e when 2 is taken 
in reſpect to 6, in the other ersple and /ubrriple, Ec." It the 
ſefs be contained in the greater once or more times, unity only 
remaining over and above (as 2 in 4 and 4. ing) the Reaſon 
or Proportion is called Superparticular and Subſuperparticular, and is 
noted by the terms Se/quzi & Subſeſqui, joyning the ordinal Name 
'of the lefler Term; as the the Reaſon of 4. to 2 is called Sef- 
WW quitertian, and contrariwite Subſe/quitertian; the Reaſon of 9 to 4. 
thi is called double Se/gniquartan, and contrariwiſe Subduple Subſequi+ 
calf quartan, &c. Tt laſtly, the lefs be contained in the greater once, 
© or a certain number of times, ſeveral units remaining over and 
18 above, it is commonly called Superparizene Reaſon and is expreſ- 
i ſed by the word Super or Subſaper, joyned with the adverbial 
" Name of the remaining Paris, and the ordinal Name of 
; W'he lefler Term; thus, e.g. the Reaſon of 7 to 4, is cal- 
1:88 1ed Sypertriquartar, 12, to 5 double Superbiquintan, Sc. but 
when the Quotient ariſes by the divilion of che greater term. 

on by the lefs, and is commonly expreſſed in the ſame words, ic is 
vi allo commonly called by the name of Reaſon (e. g. 2 15s the name 
of the Reaſon of 6-to 3, 22 of 9 to 4, or contrariwiſe, &c. ) 
as alſo the quotient ariſing by divifion of the Confequenr by 
the Antecedent (as & is the firſt caſe, $ in the latter) by which 
W name the antecedent Term of the Reajon being multiplied, pro- 
Quees jrs Conſequent 5 which is evident by naming any Reaſon - 
k o 
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e or 5, or o, &c. Thus if the antecedent Term be called aor;® 
&c. the Confequent may be rightly call'd 'ea or eb, oa or ". 
8&c. and becauſe in an Arithmetical Relation we only reſpe thel 


excels of the firſt above the following, or of the following 4 "| F 
bove the foregoing (which may be called x or 3) if the ante 


cedent ( which may he called 2 or 65) be leſs, the conſequent} 
may properly be called a--x or bz ; but if it be greater, thf 


other will be a—x or b—z. 


CONSECTARYS. 


I. E may hence readily infer, that if the Diameter q / 


any Circle be called a the Circumference may bi 
called e a, ( for whatever the proportion is berween them, i 
may be exprefled by the Letter e) and the Area, according 1 


ConſeFFary 2. Defmition IJ, will be ; 3 £44, | 


IL. If for the Baſe of any Cylinder or Cone you put ! 244 
and the Altitude (b) the Solidity of that Cylinder may be righl 
expreſſed by 1eaab, by Conſe. 5. Definit. 16, and of i 
Cone by 3 e a ab, by Conſe. 4. Defmit. 17. 


DEFINITT ION XXXII. 


BE 


S the Identity ( or ſameneſs ) of ſeveral Geometrical Re | 


ſons uſed to be cuiled Geomerrical Proportionality, or en 


pnatically Proportion ; {o the fimilitude (or likeneſs ) of ſeverl 
Arithmetical Reaſmms, 1s defervedly call d Arithmerical Proportion * 


li:y, or by a particular Name Progreſſion ; and conſequently tho 
Propreſſionals, or Arithmetical Proportionals, which exceed one any 
ther by the ſame difference, either uninterruptedly or continually 
as 2, 5, 8, II, 14, &c. aſcending, or 30, 28, 26, 24, 1 
LO, Bcc. deſcending ; or in:erruptedly, as 2 and 5, 7 ardlq 
11 and 14. &©c. aſcending ; or 20 and 26, 24 and 20, If 


and 13. &c. deicending: For which, and all other in wha: ci 


ſoever, we may univerſally pur this (or ſuch like) contiaui 
Progreſſion, v. g. a, ax, a|-2x, a4-3X, &c. aſcending z q 
a, 4—=x, 4—2x, 4—2}Xx, ©c. delcending,but in an interrupt 


Progreth IN, V+ B. b and b 4-2: and Cc and cz, cand C—=Jp d ali 3, 
cog 


bz, Se. deſcending. Whence you have this 


ill 


eaf 
s "4 
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"& A NY. Difference being given, the following Terms of tne 
| Progreffion, contioually proceeding from the firſt afſumed 

jr given one, may be found ; as alſo ſeveral Antecedents that 
erruptedly follow rhe given or afſuined ones, viz. by adding 
Br ſubtracting the given Difterence to or from the tormer Terms 


Bo find the latter. 


DEFIN-77TO0 N XXXUE 


N like manner, ſince Reaſons are ſ:1d to be the fame, which 

have the ſame Denomination of Reaſon, thoſe quanriues 
ill be proportional which continually aſcend by the ſame de- 
omination of Reaſon, as 2,4., 8, 16, 32, 64,0. or deſcend, 
> $1, 27, 9, 2, 1- there by the D:nomination of the 
eaſon 2, here 2; or thar aſcend interrupredly, as 2, 4; 2z 
W:5, 10, &c. or deſc:nd, as 40, 10; 28, 7 520, F 39, 
W, ©. Whence you have theſe 


CC ONSECIAT 


Aving two Terms given, or only one with the D:no- 
| mination of the Reaſon ( e.g. the Term 2. with the 
|Wcnomination of the Reaſon 3, or univerſally rhe farlt Term a 
ith the Denomination of the Reaſon e) ir will be eafte to find 
many more Terms of the Geometrical Progreſſion or Pro» 
drtior: as you pleaſe, viz. by always multiplying the Antece- 
nt by the Denomination of the Reaſon, that you may have 2, 
1 18, 54, &c. or a,e a,ea, ea, &c. in continued, or 2 and 
4 and 12, 5 and 15, &c. and ace a, beb, ded, &c. in 
continued or interrupred Proportion. 


Thus having rightly underſtood what we have faid in this 

3 and 21 Defouztion, there will follow theie Corollarys as lo ma». 

7 Axioms. | 

an 

M8 IT. That equal Quantities have the ſame proportion to the 
| | E 2 ſame 
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ſame Quantity ( @ ) and the ſame has the like to equal Quy 
ritie?. 

[1]. But a greater quantity has a greater Reaſon to the ſany 
(8) than a leſs, and the ſame has a greater proportion it 
leſs Quantity than to a greater. 

IV. Oa the contrary, thoſe that have the ( y ) ſamepy 
portion to the ſame quantity, and that likewiſe the fame tothe 
are equal. 

V. But that which bears a (#) greater proportion to 
ſame is greater ; but that ro which the ſame bears a preat 
proportion 1s lets. 

VI. Proportions equal to one third (s) are alſo equal ama 
themſelves, ©. 


DEFINITION XXXIV. 


Ere remain two things to be taken notice of : Firſt ti 

If any whole ( quantiy ) be fo divided into two eq 

parts ( ) that the whole, the greater part a 

(a) Eucl.lib. the leſs are in a continual proportion ; ti 
Prop. 7. (whole) is faid to be cut in extreme and m 
(8) prop. 8. Reaſon. 2. In a continual Series of that kind; 
(y) prop .9. Proportionals (e. g. 2.4. 8. 16. 32,0c. or a, 
(>) prop. lo &a, ca e#a, ©c.) the Reaſon of the firſt T 
) 16. to the third (8) (= to 8, or @ to e*a) is pt 
ticularly called Duplicate, and to the 4.th (! 

or e*a) Triplicate, &c. of that Reaſon which the ſame firit Te 
has to its ſecond, or any other antecedent of that Series to! 
Conſequent : But generally theſe Duplicate and Triplicate R: 
ſons, &%. as others alſo of the firſt Term to the third or four 
of Proportions continually cohering together , ( whether t 
are the ſame as in the foregoing txamples, or different a 
theſe, 2, &, 6, IS, Or a, ea, eia, eioa, Ec. VIZ. if the nat 
of the firſt Reaſon be e, of the ſecond i, 

(a) Eucl. D-- the third o, &c.) I fay, the Reaſons of the i 
fenit. 2. lib 6 Term (2 or a) to the third ( 6 or era) % 
(B) Eucl. De- to the 4th (18 or ea) are faid to be compout 4 
finit. 10, 1.5. ed of the continual intermediate Reaſons. | 
Now from our general Example, what EF: 

ſays, is maniſcſt, 


Cop 
» 
i 
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Hat the denomination of a compounded Reaſon ariſes from 
the Multiplication of the denominations of the given 
Simple («) Rezſons 5; as the denomination of the reaſon com- 
zounded of both (viz. a to eia) is produced by multiplying the 
Wicnomination oj. the firſt Reafoa e by the denomination of the 
econd Reaſon z, and the denomination of the Reaſon com- 
zounded of the three (viz. a to eioa) is produced by the deno- 
mination of the firſt Reaton e , multiplied by rhe denominc= 
jon of the ſecond Reaſon 5; and the Product of theſe by the 
denomination of the third Reaſon o, &c. : 


CONSECTARY IL 


O chat it 1s very eaſie after this way, having never {o many 
Reaſons given, whether continued (as 2 to 3, 2 to 6, or 
"Ws, 4, ea, Or interrupted or diſcrete (as 2 to 2, and 5 to 10, 
\Wr- to ea, and þ to 5b) ro expreſs their compeunded Reaſon : 
n the firſt caſe it eaſily obtain'd by the bare omiffion of the in- 
ermediate I'erm or Terms ( 2 to 6, or a to esa;) and in 
he other by multiplying firtt of all the Names of the com- 
pounding Reaſons among themſelves (14 and 2, e. and 5.) and by 
Whe Produc} (3 or ez) as the name of the Reajon compourd- 
Wog the firſt Term (2 or a) that you may have the o her 6 or ea) 
vr (if any one had rather do fo in this latter caſe) by turning 
be diſcrete or interrupted Reaſons into continued ones, by 
Wnaking as 5 to 10 in the ſecond Reaſon, fo is 
he Conſequent of the firſt 2 to 6, or as b _ (e) Eucl., 
0 3b, ſo ea toeia,) and then by re- 6. Def. 5. 
erring the firſt 2 to the third 6, or 4he firſt @ 
o the third es a, &c. In a word therefore, any Dup!''-+2 | 
Wicalon may be appoſitely expreſſed by @ to e*a, and Ti... ce 
Dy a to eq, the one immediately diſcernible by a doubl:, the 
Fother by a triple Multiplication into itſelf ; as you may alſo 
geommodiouſ]y, ard denute others compounded , e. g- of 2 by 
Fato c5a, of 2 by atoex5 04, KC. 


C S. 
2. . E 2» SCHO- 
0 . 
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SCHOLIUM. 


TE wilt here advertiſe the Reader, that tho the Names, 
duplicate & triplicate Reaſons,&c. are chictly appropria 
to Geometrical Proportionality,yet the Moderns have allo acc 
modared them to Arithmetical alſo ;' as e. g. That Arithmeti 
Progreſſion is called Duplicate, whoſe Terms are the Squares, 
Numbers A-ithmctically Proportional (2:8 I, 4+ 9, [6,2 
&c.) and Trip/icate, whoſe Terms are Cubes, ( &c. as 1, 
27, 04, CC _ | 


DEFINITION XXXV. |: 
& ND now at Icngrh we may underſtand what Magrinl | 


Gcometers particularly call ike, or ſimilar, Wherew# 
General one number may be faid to be like another, one Y 
Line to another, one obtuſe Angle to another, a Triangl: 

a Triangle,” and the like ; but an Acute Angle i i5 not like Bo 
Obruſz one, nor a Triangle like a Parallelogram, or a rift 
Line like a Curve one ; or a Square like an Oblong,&c. Ya 
mong th ie Figures which may after that rate in general be; 
t> be ks, there 18s notwithftanding a great deal of difhai fs 
rude ; erefore in 2 ftrit Senſe we call only thoſe Right L LS 
ed Fieur 8 ſimilar or like (a) which have each of their Ang 
Teſpe&ive.; equal to each of the other (as Aand A) B and? I 
Cand T, &c. Fig. 48. ) and the Sides about thoſe equal 4 
gies Froportional, vi2, as BA to AC, to BBY to FC, &65:. 
and among Solid Uipures thoſe are ſaid. to be Similar, ex 2 
whoſe Planes are re{peEtively Similar one to the other, andeqi 
in numÞ>er on both Ga ; 25,0. 8. the Plane AC is 4milar toil : 
+" aj IC, and CG to CH, ©c. and fix in number on bay 
IUCFe. 
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Book TI. | 
Section IT. 


| Containing ſeveral Propoſitions demonſtrated from 
# the foregoing Foundations. 


I o_ ”—_— 


CHAP. I. 
Of the Compoſition and Diviſion of Quantities. 
Propoſition T. 


- HE Sum and Difference of two unequal Quantities ad- 
C ded together, make double of the greateſt, 


Demonſiratton, 
Suppoſe a be the greateſt, þ the leaſt, then will their Sum 


(+ A 


And their Difference a — b 


| - Their Sum 
| 27, QLE, D. 


CONSECTARY. 


_ C— 


2. 4, by Conſetary T. Defmition 


_ by a bare Subſumption («) you have 


the truth of Conſe. 1. Definit. 8. that 2 (@) Eucl. hib. 


uncqual contiguous Angles on the ſame Right 


WT ae 


Line, ACD and ACE (Fig. 49.) 5. e. if we call 
the Right Angle BCD or BCE (a) and the dif- 
ference between the one and the other (b) ab 


and ab, make 24, 5. e. are equal to 2. right ones. 


E 4 


6. Definite. 1. 
(8) lib. 11. 
Def. 9. : 
(a) Eucl,y}3. 


d. is 


P roe 


% 
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Propofi tion Il. 


F the Difference of two unequal Quantities be ſubtraQe4 
' from their Sum, the Remainder will be double of the leaſt 


fp 
Demonſtration, = 

If from the Apgregate or Sum a +5 | f 
You ſubtract the Difference BT a h Q 


The Remainder will be os O + 26, by Cr : 
ſefary 2.. Definition 2.7. Q. E. D- =. .* = 
Propoſition 11T. 


Ur if the Sum or Aggregate be ſubtralteed from the pi 


ference, the remainder is fo much leſs than nothing, a bi 
is the pflouble of the laſt Quantity. 


Demonſtration. 


For if from the Difference | a —b 
You ſubtraft the Sum or Aggregate #4 >... Of b 


The Remainder will be = 0 — gy, by Con-Þ 
 feciay 2 of the aforeſaid Definition. Q, E. D. s 


Propoſe tion IV. 


F a Poſitive Quantity -be multiplied by a Negative one, 0 fy x 
contrariwiſe, the Product will be a _— Quantity. l 


; ; ' TL; 


Expolitt 10M, 


If 2—b 3s to be multiplied by C; it is certain, that a multiplied i vu 
 byc, makes a © a Poſitrve Duantity, by Confedt. 1. Definir, 28. W = 
Moreover b by the ſame c (a Negative by a Poſt tive) wall make = —bc; {ve 
and fo the whole Produ& of a—b by +c, 31 be ac—bc. | Saves 
$, D 

Oemon' |. 
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Oemonſltration. 


< Suppoſe a—b=e; therefore e c will be = to the Produ&t of 
t  ;—b by c: and fince a=b is =e by the Hypoth. adding on 
both ſides bh, you'l have a=e=+b. by Schol. Definit. 26. and 
multiplying both fxdes by c, a 6 = ec|-bc, by Conſe. 2: 
Definie, 2.8. and by further ſubtraCting from cach ſide þ co, you'l 


have «6 —be=eg, that is, to the Product of a—b by c. 


QED. 
CONSECTARY, 


\Ince ac=þ c is the Product of a — 6 by «, it is manifeſt 
Er Y alſo, that if 4c — be be divided by 5, you'l have a—b for 
Eithe Quotient ; and fo always a Poſitive Quantity (as ac) di- 
vided by a Poſitive one, c, will give a Poſitive Quotient ; but 
#2 Negative Quantity — b c divided by a Polttive one, Will 
ETive a Negative Quotient. C1 | 


; Propofation V. 
j F a Negative Quantity be multiplied by a Negative one, 


2 the Produc will be Poſitive. 
| Expolitton. 
& Suppoſe a—b is to be multiplied by —« ; ir is certain, that 
multiplied by — c will give the Negative Quantity = a c, 
"BBY Prop. 4. but — b multiplied by' the fame —c will produce 
be, and ſo the whole Product will be —a c 1-6 c 


A Demonſtration like the former. 


© bel 
"ny 

Ys 

"I 


48 Suppoſe a — b =e, then will —e c = the Produdt of a—b 
WY —c: and ſince a—-b is =e, adding b on both ſides you'l 
5 (Ve 4=e-b, by Schol. Defmit. 26. and multiplying both ſides 
y —c, you have ao = —ec —bco, by Prop. 4, and Conſe#. 
# Definit. 2.8. and by adding bc 'on both tides, you'l have 
"= TT; 


| 
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— 4c OE===——_— ſ. ©. to the Product of «— b by 
Q. E. D. 


CONSECTARYS. | 


I. ince therefore a—c+be ariſes from a — b by 
it is manifeſt, that if — ac be be divided again bl 

—c, you will again have a — b, and conſequently a Negatinf 
Quantity divided by Negative, will give a Politive Quorienſ 
but a Poſitive, Quantity b c divided by a Negative one, yift 
give a negative Quotient —b, 5 | 
IL We have therefore the Foundation and Demonſtration 
the Rules of Specious Computation, in the multiplication ai 
diviſion of Compounded Quantities, viz- that the fame Sig 
multiplied rogether (as +- by + or — by — ) give bs 
but difterent (as + by — or — by +) give the Sign <# 
Which Rules the following Examples will [Iluſtrate, as al 
ſeveral other we ſhall meet with in the following Chapter. | 


+ a— 


Multiplication. 7 
—ab—bb —d bd + 


F em" 5 
15dd—20de—1odf bm 
: "_ 34g+4ge —22f | ba, 
15 dd —20 de + 10df—3 dg + 42e—2þ | 


Divifn. 


 aa—bh ac-=ad—be bd | Pt 
by «+6 (=1]1y "= 


e + d e == & 
CHAP. 


* 


The Elements of the Mathematicks, 59 
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} AAP. K 
of the Powers of QUANTITIES. 


Containing (after a compendious Way) moſt part 
| of the 2d Book of Euclid ; and the Appendix 
of Clavius to £3b. g. Prop. 14. ' 


Propoſition VI, 


*F FF any whole Quantity be divided into two: 

; I parts (a) the ReCtangle contained under the (4) Zucl, 11b.2, 
ZE whole, and ore of its parts, is equal to the Square P70. 3. A.C, 
*Þ of the fame' part, and the Rectangle contain'd al/o the third, 
=Þ under both the- parts. 


; Demonitratton, 
| | Let a+ b repreſent the whole ab 
| b one part of it, or a the other. 

'ab bb the Rectangle, aa + ab the Redtangple. 
: ( See Fig. 5o. ) Q. E. D. 
| Propoſition VII. 


F a whole Quantity be divided into two parts 

(8) the Square of thz whole is equal to the (&) Eucl.Prop. 
* Squares of both thoſe parts and 2 ReCtangles ' 4. /ib, 2. 

& Contained under them, 


Demonſtration. 


. ER TE OO 
NE 


| This is evident from the prec:ding, and may morcover thus 
i} 2ppear further, | 
Let 
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Let the Parts be a and b, then will the whole be « Ib 
Which if you multiply by it ſelf ab 


- aa ab | 
ab 4-4; 


You have the Square a 2 a b--bþ 
(See Fig. 51. N. 1.) Q.E D. 


CONSECTARYS. 
I, _ you haye the Original Rule- for Extra&ing «f 


Square Roots, as we have ſhewn after Definition 20, 
and' here have further Illuſtrated in Scheme N? 2. 
Il. Hence ir naturally follows, that the Square of double any 
Side is Quadruple of the Square af that Side taken ſingly. 
II]. Hence alſo you have the addition of ſurd Numbers, 
in general of ſurd Quantities, by help of the following Rule 
(ſuppoſing in the mean while their Multiplication : ) Suppoſe 


theſe 2 Surdsy/8 and y18,or more generally 7 5aa and / 2 "1 
are to be added together ; firſt add their Squares 8 and 18.9: 
then double their ReQangle (144) that is, multiply ir by 
the 4, and then the double of this /576, 5. e. having ex 
trated the Square Root, (24) and added it to the Sum of th 
firſt Squares (26) the Root of the whole Summ (50) viz. V 50, 
3s the Sum of the two ſurd Quantitics firſt propoſed, 


SCHOLIUM. 


TIUT' if it happens that the Root of the double Product car 
not be expreſſed by a Rational Number (as, when tix 
propoſed Quantities are Surds, as 3 and y/7, to whoſe Square 
3+7, #.e. io, you muſt add the double Product of y/7 by 
V2, s.e. /84, which cannot be expreſſed by a Rational Nun 

ber then that double Product muſt be joined under a Suri 
Form, or Radical Sign, to the Sum of the Squares (chus, vi; 
io+y84) and to this whole Aggregate prefix another Rad 
cal Sign, thus, 10-84. ; or alſo you may only {imply jou] 
the Surd Quantitics propoſed by the Sign + thus, / 3-1/7 
Here alſo you may note, that the two Surd Luantities propokiſt 
QF 


» 


—_ 
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1 the firſt caſe of ConjeFary 2. are called Communicants z in the - 
other caſe of this Scholzum, - Non-Communzeants : For in this caſe 


"Þ cach quantity under the Radical Sign may be divided by ſome 


Square, and have the ſame Quotient (e.g. 8 and 18, may be 


| divided the firſt by 4, the other by g, and the Quotient of 


both will be 2 ; likewiſe 7544 and 2744 may be divided, the 
one by 2.54, the other by gas, the Quotient of both being 3 ; 
and then if the Quotient on both fides be left under the Radical 
Sign, and the Root of the dividing Square ſer before ir, the 
ſame quantities will be rightly exprefled under this form : 2/2 
and 3V/2, alſo 5ay3 and gay} ; and then the addition is 


| ealie, viz. only collecting or adding together the Quantities 


prefixt to the Radical Sign ; fo that the Sums will be of the one 


| 52 and of the other 8av3, which are indeed the ſame we 
' have ſhewn in Conſe#. 2. For if contrarywiſe we ſquare the 


Quantities that ſtand without, or are prefixt to the Radical 


Sign, and then fer thoſe Squares (25 and 64.4a) under the Ra- 
W dical Sign, multiplying by the Number prefixt to it, you'l 


have for the one 50, for the other y 1 92.44 ( Conſe8, after 


| Schol- Prop. 2.2.) | 


Propoſition VIII. 


F any whole Quantity (iz. Line or Number) be divided 
(a) into two equal parts, and two unequal | 


| ones, the ReQtangle of the unequal ones, toge- («) Eucl. & 
| ther with the Square of (the intermediate part or) Clav. 5. 


the difference ot the equal part from the unequal 


one, is equal the Square of the half. 


An Univerſal Demonſtration, 


Suppoſe the parts to be a and a, and the who'e 24; let one 


| of the unequal Parts be 4, the other will be 24—b, and the dif- 
| ference. between the equal and unequal part a—6. 


LINAL 
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"The equal ones 2a—b Difference a—b 
bb | a—b 


—— 


—ab--bb | 


aa—2ab-\-bli 
The Sum will be 4 (the other parts deſtroying one another) 
Q. E. D. (Vid. Fig. 52.) 


Propoſition IX, 


FF to any whole Quantity divided into two equa! parts (4) 
E@ you add another Quantity of the ſame kind, the Red 
angle or Product made of the whole and the part added, muk 

 tiplied by that part added, together wich the 
(s) Encl. ſquare of the half, will be equal ro the Squared 
Clav. 6. . the Quantity compounded «f that 'half, and thi 
part added. | 


ReQaavgle zo tf aa—ab 


Demonſtration, 


Ler the whole be called > a, the part added b, then the 
quantity compounded of the whole and the part added will bt 
—_ ; and that compounded of the half and the part added 
4 ; þ 

The Quantity compounded of the whole, and the part add 

15, 2 a + b the half a Comp. a | 

Multip. by the part added b a a + 

p " = aa-4 

ab —+MW 
2ab--bbA of the half au=Qaa1-246 

AFod. Fig. 53.) ' Q. E'D. 


Propoſition X. 


F a Quantity be divided any how into (6) two parts, th 

Square of the whole, together with that of one of its party 

(b) Eid. 6 is equal to two Rectangles contained under th 

Clav.prop.7Jl.2 whole and the firſt part, rogether with the $quars 
| of the other part. 

| The 


Ar: 
G; 


TY 
16 


> 


= 

3 non anll "Wi 
*+-* ** 
*. 


ODD if No: 7: b ; 
be 22436 WPaT2 
TH Bb =: bb , 


HOO D222 -<-<2--=- 


»- Co 


ay 


Rn 28 = III OR PI 37 


Ei 


: 
ule. 
Add th 
yr. and j 
he Root 

Ouantit: 


at, A 
% 
= 


59 by 
dy to 
Ily Ext 
Ir 4.0, 

ler 18 
he requ 


FUuT 
þ if 
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The Univerſal Oemonſtration, 
et a be one part and 6 the other, the whole a5 


a+ b the whole. The whole a +56 
a the firſt part *® ab 
aa ab cabad | || 
= ab +bb 
14-4-2ab the double retangle © of the whole aa-|-24b-þtb 
6 bb the of the other part * add aw 7 
hs 2099-1 = to the Sum .+* . « 24a+2ab-+tb 
( Vid. Fig. 54+N* 1.) | Q.E.D. 
CONSECTARY. 


: 
Ence you have the Subtraction of Surd Numbers, or more 
generally of Surd Quantities, by help of the following 
Quile, 
Add the Squares of the given Roots according to Conſeft, 2. Prop: 
7. and from theisx Sum ſubtratt the double Reftangle of their Roots 
he Root of the Remainder will be the difference ſought of the given 
Ouantities. | 
| As, if the /$ (BC) is to be ſubtracted fromy 50 AC (Frig- 
54, N® 1.) you mult add 50, z. e. the whole Square AD) 
nd 8,(z. e. che other Square ſuperadded DE,) and the Sum will 
de 58, equal to the two ReQtangles AF and FE + © GH, by 
this Prop. I find therefore thoſe two ReGangles by multiplying 
5obyy8, and then the Product 400 by 2 or 4, there- 
dy to vbtain the double Rectangle y/ 1600, 7. e. (having attu- 
ly Extracted the Roor) 40. This double Rectangle therefore 
dr 40, being ſubtracted out of the ſuperiour Sum, the remain- 
ler 18 will be the QGH, and fo its Root (vz.v18) gives 


he required Difference berween the given Surd Quantities. 


SCHAHOLION. 


LIUT this Sudtrection may be periormed yet a ſhorter way, 
L) if cach quantiry under its Radical can be divided by ſome 


ſyuare, 


64 Mathefis Enucleata : Or, | 
ſquare ,ſo that the ſame Quotient may come out on both ſd, 
that is, if the Surd Quantities are Communicants, as e. g. 4/; 
(the number 50 being divided by 25) is equal to 54/2 y 
v8 to 2/2 ; for then the numbers prefixt to the Radical $i 


being ſubtracted from one another Gi 2v/2 from <V/2) ju 
have immediately the remainder or difterente 34/2, 5. e. vi 
Bur if the propoſed Quantities are nut Communicants (as if 1 
y2 is to be ſubtracted from y/7) the remainder may be brig 
expreſſed by means of the Sign — thus, 7—wV/3,0r accord 


to the foregoing Conſetary, thus, V/ 10=—y 84. » 


P ropoſation Xl: 


F any Ouantity be diuided into ttp0 parts, ( & ) the Duding Ore 
I R:angls contairied under the whole and one of its parts, togil 
with the *quare of its other parts, will be equal to the Square of if * © 
Duantity compounded of the whole and the other part. E 


Demonſtration, 
Suppoſe a 5 the whole. 
b one part. 


\ ab+tbthe ReQangle of theſe two: 
mule, by 4. 


4.4b--4bb. the Quadruple Rectangle. 1h 
Add aa the Square of the other parr. ; 


Sum aa-4ab+tb 


The Quantiry compounded of the — a-2b half 


a--2b 


—— meant — WORE RR ES TT! 


aa-]-2ba 


2ba+4bb 


(a) Eucl. & m——_—_— S 
Clav. prop. 8. 4 ab aba+4 + qua 
| Square of rhe Compound Quantiry Q. Wand 
id. Fig. 55.) Wie 

P ropaſi 


and the firſt part 
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Propoſition XII. 
. F any Quantity be divided into two equal parts (2) and 


into two other unequal ones, the Squares of the unequal 
parts taken together will be double the Square of | 
half the quantity, and the Square cf the difference, (8) Eucl & 
viz. of the equal and uncqual part, taken ro- Clav. prop.g. 
gether. 


Demonſtration, 


| Suppoſe the equal parts to be a and. a, the difference (5) the 
Wgreater of the unequal Parts to be a-+b, the leſs 4—b. 


q E The greater part a--b 1 Theleſs a—b ' | Difference 


ab , a—b 4 | b 


Qaal-2ab+bb aa—2ab+bb ang; Ha . 
Sum of theſe 2aa45-24bb | 
| | Sum aaS bb 


ES QED. (Vid. Fig. 56.) 


5A 


$9 : 
4 Propoſition XIII. 
16 to any whole Quanticy (=) divided into two equal parts 
[#4 there be added another Quantity of the ſame kind, the 
Square of the Quantity compounded of the whole, and the 
$quantity added, rogerher with the ſquare of the 

quantity added, will be double the ſquare of the (a) Eucl. © 
half the quantity, and the ſquare of the Sum of Clav. x. 

the balf and the part added taken together. 


Demonſtration. 


Suppoſe the whole to be 2 a, the half parts aand a, the 
quantity added b ; then the quantity compounded of the whole 
and the quantity added, will be 2a-}-b, and that of the half and 
the quantity added a-b, 
2; F ; Comr. 


Ml 
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2a+b 

) 24--b 
aa—\-2ab 

= 2ab7-b00 


! poor ns” "9" 
Qu. added, bb 


DR DD —— —— 


Comp. of the whole 
and quantity _ 


— 
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[Hall 


Qu. compouded of hi 
and qu. added, 1 


an 


DaaJ-2ab-44 I 
6G, 


th 
tl 


a 
a 


144 


Sum 244-246 
Manifeſtly the half of A 
mer Sum. *Q.E.D. ; 


Sum cada $4-26 


CHAP. 


III. 


Of Progrefſion, or Arithmetical Proportionals: © 


Propoſition 


XIV. 


F there are 2 Quantities in continued Progreffion , oo WM 


Arirhmetical continued Proporti 


1s double of the middle Term. 


Demonſtration, 


Such are e.g. a, ax, a-|2x aſcending, 


Or 4, 4—X, 4—2.x 
By Defmition an the Sum of 
2a+2x, in the [atten 24—2x 
the: middie Term Q.E.D. 


Propoſition 


tion, the Sum of the Extreni 


deſcending. 


the Extremes in the ii 


in both manifeſtly doubk 7 


XV. 


F there are 4 of theſe Continued Proportionals, the Sun 


the Extreme Terms is equal to the Sum of the mt 


"L erms. 


ſ 
lil 


LO 
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Ocmonſtration. 


Such are e. g- 4, ax, a- 4x, a]-3x, &c. aſcending, or 
| 4, 4—=X, 4=* 2X, A—Jx,XC deſcending; in the one the Sum of 
the Exiremes 13 neb-2., | in the other 24—3x; and allo of 
the means 24-|-2x and 24—2x Q., E D. 


Propoſition XVI. 


E TF there are never fo many et theſe continued Proportiona's, 
L the Sum of the Extremes is always equal-to the Sum of 
Zany 2 other of them, equally remoare from the Ex:remes, or 
F © allo double of the niiddle "Term, it the number of the Terms 1s 

2) odd. 


Demonſtration, 


| Suppoſe a, ax, a-|-2x, a-l-2x, a+4x, a-ſ-5x, a-|-6x, 
CON 4, AX, A—LX, a= Xx, d—4x, A——F Xx, a=— "6s, and 
Fa Sum of the Exrremes, as aiſo of any 2. equally remote from 
he Extremes, and the double of the middle Term is in the 


m1: 
Wf:clt Series Pi 2:08 in the latter 24—6x, &c, QED. 


"W 


SSCAHOLIUA LK 


OR can we doubr bur that this will always be fo, how 

far fever the Prog: effion be continued 3 it you conſider 

What the laſt Term contains in it ſelf the firſt, and moreover the 
Cifterence fo many times raken, as is the number of Terms EX» 
cepting one, but that the firſt has no difterence added to it; 
End therefore tho the laſt fince one contains one difference lets 
Shan the laſt + the ſecond on the contrary has one more than 
the firſt, and conſequenily the Sum! of the one will neceffarily 
mW* £qual to the Sum of the other; and in like manner thelaſt 
Xcepr two, contains two Differences lefs than the laſt ; bur, 
Pn the contrary, the third exceeds the hr{t by a double Diffe- 
Fence, the double Difference being added to jr, ©. as is ob- 
f&$'ous to the Eye in our firſt univerſal Example. Hence you 
lave theſs 


8 


fs 


F 13 | CON: 
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CONSECTARYS. 


I, OU may obtain the Sum of any Terms in Arithmetical - 
Proportion, if the Sum of the Extremes be multiplied {# 
by halt the number of 'Terms, or (which is the ſame thing) half = 


the Sum by the number of Terms, 


II. To obtain therefore the Sum of 600, or never ſo many i 
ſuch Terms, you need only have the Extremes and the number i 
of Terms: So that you have a very compendious Way of pro i 
ceeding in Queſtions that are ſolvible by theſe Progreffions, i, # 


having the firſt Term and Difference of the Progreffion giva,7 


you can obtain the laſt, negleing the intermediate ones. 


[1]. But you may obtain the laſt Term,by Mulriplying the give F 


given Difference by the given Number of Terms leſſened by&7 
Unity, and then adding the firſt Term to the Produtt ;; as ut 
evident from the preceding Scholium. Ph 

TV. Hence we may eaſily deduce this Theorem, that the Sunſt 
ot any Arithmerical Progreſfion beginning from o, is ſubduptj 
of the Sum of ſo many Terms, equal to the greateſt, as is th: 
number of Terms of that Progreffion. For if the firſt Tem 
1s 0 and the laſt x, and the given number of Terms a, the Sun 
of the Progrefſion will be 5a x, by Conſe#. 1. but the Sum 07 
ſo many Terms equal to the greateſt, ax. QE.D. $4 


SCAOLIUM I. 


Ow if any one would be fatisfied of the truth of this li 
Conſe. without the liceral or ſpecious Notes,let him conſid, 


that it the firſt Term be ſuppoſed to be o, the laſt ( whateraſ® 


it is). will be the ſum of the Extremes. The laſt therefore mu 
tiplied by half the number of Terms, gives the Sum of the Pr 
greifion, by Conſe8. 1. and the ſame laſt Term multiplied bl 
the whole number of Terms, gives the Sum of fo many Tem 
equal to the greateſt. Burt that this muſt needs be double ot tit 
precedent *tis evident, becauſe any Multiplicand being mulciplich® 
by a double multiplier,muſt needs give a double Product. Now 
this ConſeQary will be of ſingular Ute to us hereafter for UV*Ii 
monſtrating ſeveral Propoſitions, fo the three former are the v8 


ſame PraQtical Rules of Arichmetick, which are commonly mw 
ut 
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uſe of in Arithmetical Progreffions; for the Illuſtration whereof 
Swenterus gives us ſeyeral Ingenious Examples in his Delic. part 


I. Queſt. 70. &c. 


CHAP. IV. 
Of Geometrical Proportion in General, 


J Propoſition XVII. 


1 T F there are three Quantities continually ( « ) Proportional, 
15s . . 

ol the ReQangle of the Extremes, is equal to the Square of 

= the mean Term, 


Demonftration. 
Such are e.g. a, ea, ea,| The mean Term, es 


The Extremes «4 e4 


ReQtangle a> 


SCHOLIUM, | 
6 Mien if three Quantities on each fide are-in the ſame 


Continual Proportion, as 
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the ReCtangles of the Exrremes made Croſs-ways, are equi 
to the ReCEtangle of the mean Perm ; being every way e*4þ, 
Whence by the way may appear that Propoſition'of Archimed, 
(B) That theSurface of a Right Cone is equal to the Circle,whoſe Radiucy 
a mean Proporiional between the Side of that Cone and the Semidiameter iS 4 
the Baſe. For ſuppoſe EF to be a mean Pr, 
(e)Eucl.17!. portional between the fide of the Cone BC (8 
6 & 20/7.7. 57.) and the Semidiameter of the Baſe C) 
(8) lib. 1. de fince an equal number of Peripherys anſwer vi 
Spher. £5 Cyl, an equal number of Radit'in the fame Props 
Prop. 14. tion; half the. Product of the firſt Line BC inf 
| the laſt Periphery, 2 e 2a b (thar is, by Conjal 
4. Definit. 18. the Surface of the given Cone) will be equaly ( 
| half Product of the mean Line into the mean Periphery, ; ufir 
(i. e. by Conſe. 2. Definit. 15.) to the Area of the Circle ofbe 
the mcan Proportional EF. Q. E. D. | be 
The fame Propoſi.in of Archimedes may alſo be Demonſiyz38W 
ed after this Way : If the {ide of the Cone BC be called 6, nth: 
the Semidiameter of the Baſe a Yo that the Periphery may, bj wi 
Conſe. 1. Definit. 31. be 2ea, and ſo the Surface of the Cone 111 
by Corje&. 4. Definit. 18. eab) the Vab will be a mean ,propr 
tional between b and a, by this 17th Propoſition ; which bei 
taken for Radius, the whole Diameter will be /2ab, and the I: _ 
rTiphery 2evab:; therefore by ConſeF. 2. Definit. 15. half the Ref 
dius 4 ab multiplied by the Periphery (fince y/ab mulriplicd, vim 
Vab receflarily produces ab) will give you the Area of the Cri be 
cle by that mean (a) Proportional, equal to the Surface of ti7 
given Cone, which before was cxprefied in the ſame Ter 
Q. E. D. | BB 
Hence alſo naturally flows this other Propoſition, That th 
S:rface of the Cone (32*ab) is to 11s Baſe (3 4b) as the Side of of 
the © one (e*b) is to the Radius of the Baſe 6, as may apper] ba, 
trom the L'erme. | | Z 15 t 


ou ropoſtt 708 X V III. Uh 


(a) hb. \. de F (b) 4 Quaniities are Proportional, ci 
Spher. & Cyl. continuedly or dircretely , the Product off 
grop. 15. the Extremes is equal to the Produ&t of ttW 
C4) Eric. 16 Means. 7 
1,09 8&1 9.7. Oro 


bo 


\ 
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qui : 


ned 

mg Suppoſe one Continual Proportional, a, ea, e*a, e3a. 
ter i Extremes ea | Means e*q 

Pr. | a ea 

-,. | 

58 Zope ——— — — 
ll - Prod. e3aa=Prod. e3 aa. Q.E.D. 


Tr vi 


mo SCHOLIUM, 

ner 

Wo» N this Theorem is founded the Rule of Three in Arithme- 

WW tick ; fo called becauſe having 2 Numbers, (2.5.8.) it 

4 finds an unknown fourth Proportional. For altho this fourth 

e (FF be, as we have ſaid, unknown, yets its Produtt by 2 is known, 
becauſe the ſame with the Product of the Means, 5 and 8. 

8 Wherefore the Rule directs to multiply the third by the ſecond, 

a that you may thereby obtain the Product of the Extremes : 

ne which divided by one of the Extremes, wiz. the firſt, neceſſa- 


7 7ily gives the other, 7. e. the fourth ſought. 
m1 


Propoſition XIX. 
EZ FF 2 Products (on the other fide) ariſing from the Multipli- 


BY cation of 2 Quantities, are equal, thoſe 4 Quantities will 
22 be at leaſt dire&tly Proportiona'. 


Demonſtration. 


© Suppoſe eb be the equal Product of the Extremes, and e a 
7 of the Means ; the Extremes will either be eb and a, or eand 
(BZ ba, or band ea, asaifo the Means. But what way foever euher 

C is taken, there can be no other Diſpoſition .or placing of them, 


FE. than one of the following. 


: 00 a & 4 
'B — : 
i 2 ——— ea b.; or inverlly, 
—_—  # #8 


nm——— a te 
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— 
ba ba 
P 
6, or inverſly. 


e: or inverſ]y. 


aA 
« ba; or inverting the Order of them 4 


In all theſe Diſpoſitions there may be immediately ſeen 
Geometrical Proportion , by what we have in Definition 11l8hci 
and 33+ > 


| CONSECTARSY. 
T. A $ we have ſhewn one Sign of Proportionality in Mm 


Definition of it, viz. That the fame Quotient will 
riſe by dividing the Conſequents by the Antecedents ; fo nf 
we have another Sign of it, viz. The Equality of the Produtt 


of the Extremes and Means. , 

JI. By a bare Subſumption. may hence appear the Truiff 
of Prop. 14+ lib. 6. Euclid. atleaſt partly: Which we ſhall ji 
more commodiouſly ſhew hereafter, YO Re 


Propoſition XX. 


: by there are never ſo many Continual Proportionals, the Pro-|i 
duct of the Extremes is equal to the ProduCt of any 3 a 


:he Square of the mean or middle 'Term, if the Terms are od. 


Demonitration. 


Sch are e. g- 4, ca, 6a, 3a, ea, e5a, e%a, &c. and the 
Product of the Extremes, and of any two Terms equally remote] 


{116 Means that are equally diſtant from the Extremes, as allot 


from WM 


The Elements of the Mathematicks. ſe: 
Whem, and the Square of the mean or middle Term, every 
A where e544. QED. : 


SCHOLIUM I. 


EX TOR can there be any doubt but this will always be fo, 


how far ſoever the Progrefſion is continued ; i© - + con- 
der that the laſt Term always contains the firſt, » ay of 
Reaſon, ſo many times multiplied as is the place of that 'Ferm 
n the rank of Terms, excepting one, Altho cherefore +. laſt 
erm'but one is in one degree of its Reaioa lefs th1r» iſt, 
he ſecond on the contrary, 1s in one more 1ha- *'1 "@» 
vre the Produdt of the one will nec. flari! a 
rodutt of the others Thus alſo the |: , 


Degrees of Proportion lower than the !, ». 


ing to be multiplied into that, exc 4s + hi it 42 > 


Y ff the Proportion, &c. as may be icen wou Uuvorui Wakes, | 
ence you have the following 


CONSECTARIES. 


F Aviog ſome of the Terms given in a Continual Pro- 
* IL L portion (e.g. ſuppoſe 10) you may eaſily find any 
ther that ſhall be required (e. g. the 17th } as the laſt; IF 


{the 2 Terms given, being equally remote jrom the firſt and 
hat required ( as are e.g. the eigth and tenth) be multiplied 
dy one another, and this Product, like that allo of the Extremes, 


Þþe divided by the firſt. 


l 


oi 


J 


] 


= IT, But this may be performed eaſter, if you moreover take 
gn this Obſervation, That it, e.g. never ſo many places of pro- 


Portionals, paſſing over the the firſt, .be noted or marked by 
Vrdinals or Numbers according to their places (as in this uni- 
perſal Example ) 
_ a, ca, ea, ea, eta, fa, e%a, 


+ Do ©. AA, 


| The place of the 7th Term is (e. g.) VI. (and fo the place of 


ny other of them being leſs by Unicy than its number is among 
Ihe Terms) and alſo compoſed of the places of any other equal- 
| diſtant trom the Extremes, ce. g. V. and I. IV. and 1l. or 
wice III. &c. pl | 


HT. Here 


JMI 
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of a Compendious Way of Arithmetick, never enough tt} 
praiſed. For if, e.g. a rank of Numbers from Unity, c 


nually Proportional, be figned or noted with their Ordinals, avi 


have ſaid, as Logarithms, 


I, 2. 4- $. 36. 32. 64. 128: 256, Sc, 
I. 1. 1. IV. V. VI. Vil. ViIE 


and any two of them (as 8 and 32) are to be mulcipligd 


gether ; add their Logarithms III and V, and their Sum V] 


gives you the Logarithm of their Product 256, as the Tit 
equally remote from the 2 given ones and the firſt, and þ 
whoſe Product with the firſt (which is Unicy) 5s. e. it telf Þ 


be equal to the Product of the Numbers to be multiplied ; 4 


contrariwiſe, if, e. g. 128 is to be divided by 4, ſubtraGtingt 


III: Here you have the Foundation of the Logarithmy, ;Þ 


| bom 


ne! 
Ol 


Logarithm of the firſt II from the Logarithm of the ſecond ith 


the remaining Logarithm V points out the number ſought | 


ſo that atter this way the Multiplication of Proportional 


by a wonderful Compendium, turned into Addition, and ti 


Diviſion into Subtration, and Extration of the Square Ri 
into Biſeting or Halving, (for the Logarithm of the Squ 
Number 16 being Biſe&ed, the half 11 gives the Root ſoug 
4) of the Cube Root into Triſeion (for the Loogarithm ft 


Cube 64. being Triſe&ted, the third part gives the Cub 
Root ſought 4). 


SCAOLIUM I 


Hat we may exhibit the whole Reaſon of this admiril 


Artifice {which about 25 years ago was found out iſ 


the Honourable Lord Zohn Naper Baron of Merchiſton in Scotl 


and publiſhed ſomething dithcult, but afrerwat ds render*d mul 


eaſier and brought ro perfection by Henry Briggs, the rſt 5 


vilian Profeſlor of Geometry at Oxford.) I ſay that we mi 
exhibit the whole Reaſon of it in a Synoplis, after an ealie wi 


when its uſe appear'd ſo very Conſiderable in the great Nu 


bers in the Tables of Sines and Tangents, nor yer could tht 
be uſeful without mixing vulgar Numbers with them, efpeca 
ly in the Practical Parts of Geometry, the buſineſs was to 
| COMMU! | 
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iF&mmodate this Logarithmical Artifice to them both. Firft 
0 \W-crefore that Artiſts might aſſign Logarithms ro all the com- 
on Numbers proceeding from x to 1000 and 10000, &s. 
 phey firſt of all pick out thoſe which proceed in continued Geo- 

Ecetrical Proportion, and particularly, tho arbicrariouſly, thoſe 


which increaſe in a Decuple Proportion, e.g. I. 10. 100. 1000. 

0000, &c. 

# PÞut now to fit them according to the Foundation of Conſeg. 
>. 2 Series of Ordinals in Arithmetical Progrefſion, we do'nt 
nly ſubſtitute the fimple Number 1, 2, 3, ©c. but augmented 
yith ſeveral Cyphers after them, that ſo we may alſo aſſign 

Heir Logarichms in whole Numbers to the intermediate Num- 

Scrs between 1 and 10, 10 and 100, &©c. Wheretore, by 

Wis firſt Suppolition, Logarithms in Arichmetical Proportion, 

\Bnſwer to thoſe Numbers in Geometrical Proportion, after the 


ay we here ce, 


[ E. 20 100 
Log. ocoo0009 | Ioo0000co0 | 20000009 
1009 100c0 
| 2c000000 | 40000200, &c. 


= 


ds that they alſo exhibit certain CharaQeriſtical initial Notes, 
hereby you may ſee, that all the Logarichms between xr an1 
© begin from ©, the reſt between 10 and 100 from 1, the 
Wcxt from 100 to 1000 from 2, &c. | 
& The Logarithras of the Primary Proportional Numbers being 
thus found, there remain'd the Logarithms of the intermediate 
Numbers berween theſe to be found : For the making of which, 
frer different ways, ſeveral Rules might be given drawn from 
he Nature of Logarithms, and already ſhewn in Conſe. 3. 
ee Bripg?'s Arithmetica Logarithmica, and Gellibrand's Trigonometr1a 
Fritannica ; the firſt whereof, chap. 5. and the following, ſhews 
t length both ways delivered by Neper in his Appendix. Bur 
e buſineſs is don2 more {imply by A.Ulacg. in his Tables of Sines 
$&c. whoſe mind we will yet turther explain thus : If you are 
d find, e. g. the Logarithm of the Number 9g, between 1 and 
0, augmented by as many Cyphers as you added to the Lo- 
iFﬀFarithm of 10, or the reſt of tke Proportionals (h. e. between 
; | I OC ©OOOO 
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10000000 and 100000000) you muſt find a Geomey, 
Mean Proportional, viz. by multiplying theſe Numbers togay 
and extraQting the Square Root out of the Product, by 
17. Now if this Mean Proportional be lefs than 9 augmm 
by as many.Cyphers, between it and the former Denary N 
ber you muſt find a ſecond mean Proportional, then bety 
this and that ſame a third ;, and fo a fourth, &c.- but if | 
Sreater, then you. muſt find a mean Proportional betwey 
and the next leſs, &c. till at length after ſeveral Operai 
you obtain the number 9999998 , approaching near 
9000Cco00. Now if between the Logarithm of Unit j 
Ten (5, e. between © and Io000000) you take an Arith 
tical Mean Proportional ( 05000000) by BiſeAing their $ 
by Prop. 14. and then between this and the fame Logarithy 
Ten, you take another mean, and fo a third and a fourth, 
at length you will obtain that which anſwers to the laſt abt 
mentioned, viz. 9. See the following Specimen. 


A TABLE of the Geometrical Proportionals »betm 

T2 and 10, augmented by 7 Cyphers, and of 
Arithmetical Proportionals between © and x00000 
being the Logarithms correſponding to them. 


| Geomerrical | Arithmetical 
Mean Pro- Lopar. mean 
portionals. Proportzonals 


EAT: Az. 
0 


31622777 | Firſt, ©5000000 
56234132 Second, 07500000! 
74989426] Third, 08750000 
86596435 | Fourth, [093750001 
| 93057205 Fifth, | 09687500 
89768698 | Sixth, 09531250 
91399327 (Seventh, { 39609375 
| 90579847 | Eighth, 09570312 


90173360| Ninth, 09550781 
09541015 


89970801 | Tenth: 


CRTC 
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Which is thus made: In the firſt Table a Geometrical Mean 
oportional berween 10 050 000 and 100 000090 
be firſt Number of it; then another Mean between that and 
ame laſt 100000000, gives the ſecond ; and fo to the 

h, 93057205. Which, fince it is already greater than the 
yenary, another Mean between it and the precedent fourth, 
omes in order a fixth, but ſenſibly lefs than the Novenary. 
herefore between ir and the fafth you will have a ſeventh 
-an yet greater than the Novenary ; and between the ſixth 

] ſeventh, an eighth, fomwhart nearer to the Novenary, but 
yet ſenſibly equa}, but ſomewhat bigger ; moreover between 
fixth and eighth you will have a ninth, between the ninth 

d fxth a tenth gradually approaching. nearer che Novenary, bur 

© ſomewhat ſenſibly differing from it. Now if you con- 
we this inquiry--of a mean Proportional berween this tenth, 
ſomewhat too little, and the precedent ninth as ſomewhar 

> big, and ſo onwards, you will at length obtain the Num- 
8999 9998, only diftering rwo in the laſt place from the 
ovenary Number augmented by ſeven Cyphers, and conſe- 
xntly inſenſibly from the Novenary it ſelf. But for the Lo- 
rithm of this in the ſecond Column, by the ſame proceſs you 
eto find Arirhmetical Mean Proportionals between every 2 
-garithrns anſwering to every two of the ſuperiour ones,till you 
jd, e. g. the Logarithm of the tenth Number 09541015, 
&©d fo at length the Logarichm of the laſt, nor ſenſibly differ> 

Bo from the Novenary, 09542425. 

&5 Thus baving found, with a great deal of labour, but alſo 
With a great deal of advantage to thoſe that make uſe of them, 
e Logarithms of ſome of the numbers between 1 and 10 and 
oO and Ioo,. &c. you may find innumerable ones of the other 
Wccrmediate Numbers with much lefs labour, viz. by the help 
| ſome Rules, which may be thus obtain'd from Conſe&. 23 of 
e precedent Propoſition. The Sum of the Logarithms of the 
bmber Multiplying and the Mulriplicand, gives the Logarithm of the 
oduF, 2. The Logarithm of the Diviſor jubtrated from the Lo- 
arithne of che Dividend, leaves the Logarithm of the Duotient : 
Fe Logarithm of any number doubled, is the Logarithm of the Square, 
Pipled of the Cube, &&c. 4. The half Logarithm of any number is 
ve Logarithm of the Square Root of that number, the third part of 
of the Cube Root, £c, Thus, e. g- it you have found the L.o- 
far t:hm 
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garithm of the number 9, after the way we have ſhewn, by! 
ſame reafon you may find the Logarithnr of the number 5 (, 
by finding mean Proportionals between the ſecond and the {; 
number of our Table, and berweeri their Logarithmz, &, 
and by means of theſe 2 Logarithms you may obtain ſeverz| 
thers : Firſt, ſince 10 divided by 5 gives 2 ; if the Logarih 
of 5 be ſubtracted from the Logarithm of 10, you'l havey 


Logarithm of 2, by Rule the ſecond. Secondly, fince 10 ni 


tiplied by 2 makes 20, and by g makes go, by adding 1 
Logarithms of 10 and 2, and io and g, you'l have the [; 
garithnis of the numbers go and 20, by Rule 1. Thi 


Since 9 is a Square, and its Root 9, half the Logarithm of M 
gives the Logarithm of 2, by Rule 4. ſince go divided bi 
gives 3O, the Logarithm of this number may be had by (| 
rracting the Logarithm of 23 from the Logaricthm of go, 


Rule the ſecond. Fitthly, 5 and g ſquared make 2:5 and} 
the Logarithms of 5 and 9g doubled, give the Logarichn; 
theſe numbers, by Rule 3: In like manner, fixthly, the Su 


of the Logarithms of 2 and 3, or the Difference of the i 


garithms of 5 and 3o, give the Logarithm of 6, and the 
of the Logarithms of 2 and 6, or 2 and 9, gives the Fo 
rithm of 18 ; the Logarithm of 6 doubled, gives the Log 


richmof 36, &c. And after this way you may find and reduce 
to Tables, the Logarithms of Vulgar Numbers from 1 to 100% 


' 
{ 


(as in the Tables of Serauch. p. 182, and the following) oi 


102000 (1s in the Chiliads of Briggs) Butas to the mann - 
deducing the Tables of Sines and Tangents from theſe Lygth * 
rithms of Vulgar Numbers, we will ſhew it in Scho/. of Pf 


55, only hinting. this one thing before-hand ; that this Arti 


of making Logarichms is elegantly fer forth by Pardzes in hi 
Elements of Geometry, px 112. by a certain Curve Line then 


called the Logarithmical Line; by the help whereof he {uppn 


Logarithms may be eaſily made; and having found tho 


the numbers berween 1000 and 109c0, he ſhews, thar all: 


thers may be eaſily had berween 1 and 1009. Whereforeti 


ſhall Diſcourſe more largely in Schol, Definit. I 5, lib. 2. 


F ropuſiti 


Rea 
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Propoſition XXl. 


wr the firit Term of never ſo many Continual Proportionals, be ſub- 
s afed from the laſt, and the Remainder divided by the name of the 
Reaſon or Proportion leſſen d-by Unity the  ——_ will be equal to the 
Sum of all except the laſt. 


Demonſtration, 


e 4 
ea 


+ he laſt Term leſs the firſt e*a——a 


Divided by the name of e — 1 | * Duote, && AMA 
| the Reaſon leflend e—r1 e2aÞeaa ; 

| by unity. e—1 {| And it is evident from the 
e—1 ; Operation, that the fame 
e— I | will always happen tho the 
e— 1 | number of Terms be con- 
e— 1 \ tinued never ſo far. 


CONSECTARYS. 


Herefore in adding never fo great a Series of Geo- 
metrical Proportionals, ſince it is enough that the 
firſt and laſt Term, and the Name of the Reaſon be known, 
y this Prop. and having found ar leaſt ſome of the Terms of the 
Proportion, any other mey be afterwards found, whoſe plice 
will be compounded of the places of the two Antecedent ones, 
according to ConſeF. 2. Prop. 20. viz. by Multiplying the Terms 
{anſwering to the two above-mentioned places, and dividing rhe 
""WProdu&t by the firſt Term ; thence ic will be very eaſie to add 

a great Series of Proportionals into one Sum, tho the particular 
ſeparate Terms remain almoſt all of them unknown. 


SCHOLIUM 
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SCHOLIUM. 


{ li are the ſame Practical Arithmetical Rules concern, 
| Geometrical Progreſhions ; for the illuſtration of wh; 
Swenterus in Delic. has given us ſo many pleaſant Example, | 
x. Prop. 59. and fol. Firſt of all;thar famous Example is of 
kind which relates to the Chequer-work'd Table or Board 
fling Dice on, with its 64. little Squares, which Dr. 5; 
has -rar{lated out of the Arabick of Ebn Chalecan, into Li 
in Oper. Mathem. part. t. Chap. 21. for the illuſtration of whi 
we have heretofore compoſed an Exercitation, and ſhall h; 
only note theſe few things : If there are ſuppoſed 64. Term 
doub'e Proportion from Unity, and the firſt of them, ng 
with thcir local Numbers, are theſe that follow ; 


: .4 4 S & 2» 64 228 
I 1 O01 1V V VI VII 


You may have the Term of the 1th place, 8192, by mi 
riplying together the VIth and VIlth place; and the Tr 
of the XXVIrth place, by ſquaring or mulciplying this new ? 
duR again by it ſelf, and moreover the Term of the [! 
place, by multiplying that Product again by itſelf ; and fur 
more the Term of the L.IXth place, by multiplication of the nin 
ber laſt found by the number of the VIIth place, and lf 
the Term of the LXIIId place (5. e. the laſt in the propoſed 
ries) by multiplying this laſt of all by the number of the Ilan 
place. | | 

II. Moreover you may, by this Art, colle& infinite Ser 
of Proportional Terms into one Sum, altho ir is impoſfibl 
rum over all the Terms ſeparately, becauſe infinite. e. p. in} 
continued Szries of FraCtions, decreafing in a double Propy 
tion 3 4, 3 15. 35 Oc. ad infinitum, it you take them ball 
wards, you may juſtly reckon a Cypher or ©, for rhe il: 
Term (for between 4 and © there may be an infinite Num 
of fuch Terms) and the infinire Sum of theſe Terms will 
preciſely equal to Unity ; for ſubtrafting the firſt o, fromi\l 
laſt 3, and the remainder 5 being divided by the name of 8 
Reaton- leflened by 1, 5, e. by 1. which divides nothing, " 
| QQuot 
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Quotient 3 is the Sum of all the Terms excepting the laſt, by 
Prop. 21+ and fo the laſt } being added, the Sum of all in that 
Series will. be I, Now if the laſt js not 5 but 1, the Sum of ail 
ne will neceflzrily be 2 ; if 2 be the laſt, the Sum of all will be 
big 4; in 2 word, it will be always double the laſt Term. 
8 11. And ſince in this cafe the Sum of alf the precedent Terms 
FW is £qual ro the laſt Term, the one being ſubtracted from the 
| Wother, there will remain nothing, 7. e. z—}—Z—1— 4, &c. 
in Infinitumi, is = oz and allo 1—3—;, &c or 2—I—j—4, 
&c, =O: 

IV: In like manner the Sum of infini'e Fractions decreaſing 
in triple Reaſon in an infinite Series (5 - 53 + 5 + 83, &c) 
will be equ:1 to x: for if. from che laſt 5 (again in an inverted 
O:der) you ſubtract the frlt o, and the Remainder 5 be divided 
Eby the name of the Reaſon leſfen'd by Uanir, z. e. by 2, the 
E Quotient 3 will be che Sum of all the antecedent Te1ms, and 
Fadding to this laſt 4 or } the Sum of all will be} or 4. 
= V. Thus an intinite Series of Fraftions decreaſing from } in 

Ia Quadruple Proportion (7 - 1; | {4s &c. ) is equal to } ; 
E&for ſubrraGing the firlt o from the lait F, and the 1emaincer 
| being divided by the name of the Propartion., 1. e. by 
2, you will have 75 the ſum of =)! excepr the laſt, and aiding 
alſo the laſt 7 or 53, you'l have the whole Sum 43 or }, 


VI. Thus alf> an infinite Series decreaſing from & 1n a Quin- 


tuple Proportion (5+ 33-|-535, &c5) is equal to 2 : 3d-33 +304, 
Kc, is equal to; cc, and 10 any Series of this kind is equal 
ta Fraction, whoſe Denominator ts leſs by an Uni than the 
Denominator of che laſt FraCtion in that Series. 

\ VII. Generally alto, any infinice Series of Fractions decreaſing 
Kccording to the Proporiton of the Denominator of the Juſt 
Term, and having a common Denominator leſs by an unite 
Withan the Denomirator of the laſt Term ( eg. 334-3, &c. 
vr $-13]-&, &c: or 3-74, &c.) is equal 10 Unity, after 
Wihe ſame way a5 the Szrics ConſeCt. 2 which may be compre- 
nended under this kind, ard which may be demonſtrated in all 
Its particular caſes by the ſame method we have hither:'o made 
ſe of, or alfo barely fabſutned from ConfeQt. 4, 5, ard 6. 
For fince T-þ1-4-.1, &c, is equal ro 1; 343-3 will be equal 
(0 3, or I, and ſon the rtft; 


3 VIIL 
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VIII. Particularly the ſum of ;3-+;g+;;:3, &c, decreaſy 
in a Quadruple Proportion, is equal to 3; and the ſum of E 
3533, &c. is equal to 5; ; and the ſum of ,]+;3+,}, x 
decreating in Oltuple Proportion, is equal to z: For ſubtragi 
the firſt Term o, and dividing the remainder by the name ; 
the Reaſon lefſen'd by I, ze. by 3, the Quotient #; gives tþ 
ſam of all except the laſt. This therefore (viz. 53) being vfſM/ 
ded, the fum of all will be 55 or $3: In like manner ;2 bejy 
divided by the name of the Reaſon lefſen'd by Unity, the Qu 


ſ 
FCC 
' 


[ 


Fr 


tient will give #, and 2dding the laft, the ſum of all will bh 
7. C. 8 , ith 


© 
A: 
&; 


ing : alſo —(}—5;;—7z5 &ce = 0. po 
IX. The Sum of 4 ſimple Aritometical Progreſſion (i. e. aſceninls;| of 
by the Cardinal Numbers) continued from 1, ad Infinitum, « W436 
duple of the Sum of the ſame number of Terms, each of which is eq Po 
zo the greateſt ; or on the contrary, this latter Sum is double of the jill 
»er. We might have ſubſumed this in Conſe. 4. Prop. i843 
for,prefixing a Cypher betore Unity, it will be a caſe of that (ofiÞ""! 
ſe4ary, the Sum of the Progreſſion remaining till the ſame. WF : 
thar this is true, in an infinite Series beginning from Unity (þ pore 
in a finite or determinate one, the proportion of the Sum is he 
ways leſs than double, tho it always approaches to it, and conf 
ſo much the nearer by how much greater the Series is) iſ 
ſhall now thus Demonſtrate : T'o the Sum of three Terms, 
2, 3, 5. e. 6, the ſum of as many equal in number wi 
greaceſt, z. e. 9, has the ſame Proportion as 2 to 2 ; buf 
the ſum of {ix Terms, 1, 2, 3, 4, 5, G, i. e. 21, the (nl 
of as many equal ro the greateſt, z.e. 26, has the ſame pr 
portion as 2 to 1-þ3, that is, as'23 to 2—;, the decreaſe b|F* 3 
ing 2 : butro the ſum of 12 Terms, which may be foundifh# y 
Conſe. 1. Prop. 16. = 78, the ſum of fo many equal to Wkcer 
greateſt, v2. 144- has the ſame proportion (dividing both iron 
by 48) as 2 to 17, 7.e. 3 to 1-j>Þ+& (for 24 make ©, Me « 
the remainder 74 is the ſame as 8 ) that is, as 2 to 2—] 
the decrem«nt being now 8, Since therefore, by doubling i 
number of Terms onward,you'l find the decrement to be 5+ 
ſo onwards in double Proportion ; the ſum of an infinice Nuvi 
ber of ſuch Terms, in Arithmetical Progreſſion, equal to | 
| Orcatt 
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vill be to the ſum of the Progreſſion from 1, ad Infiutum, as 
2 to 2.—%—z—:6, &Cc. that is, by Conſe. 2. and 3, as 2 to 
py; 2» ras 2to 1, Q.E.D 
EL —29 that 15g as 3 to I 23 Or as Oo » g . 


X. The Sum of any Duplicate Arithmetical Progreſſion (ce 
; Progretlion of Squares of whole numbers aſcending) continued 
From 1 ad Infinitum, 18 ſubtriple of the Sum of as many Terms 
Whcqual to the greateſt as is the number of Terms: For aoy ſuch 
\lfcice Progreſſion 15 greater than the ſubtriple Proportion, bur 
 Whapproaches nearer and nearer to it continually, by how much 
ihe tarther the Series of the Progreſſion 1s carried on. Thus 
{the Sum of 3 Terms 1,4, 9==14. is to thrice 9—2.7 as 14, or 
£4115, or 1-|-3-58 co 3 (dividing both ſides by 9g,,) the zum 
; of tix Terms, 1, 4, 9, 16, 25, 36, v:2. 91. to fix times 
2426, 5. c. to 216 (dividing both ſides by 72) is &s 1+; 
Fo 3; and the Sum of 12 Terms 650, to 12 times 14.4.5. e- 
ho 1728 ( dividing both fides by 576 ) is as 1+g-,3, to 
£42, &c. the Fractions adhering ro them thus conſtantly decrea- 
bog, ſome by their halt parts, others by three quarters ( for /; 
WÞs {; therefore the firlt decrement is 53 and +, is z# s there- 
Wore the ſecond decrement 1s yg}, &c.) Wheretore the Sum of 
Whe Infinice Progrefſion will be co the Sum of the like numer 
Hot Terms equal co the greateſt, as 


i++} 


2 
2 


ly 
. 


I 
4 
— Me 
Ss $8 
— 


: &C2> 2 ) &c. 


7 
— 
2 


wn bo 3, that is, by Conſe. 3 and 8, as 1 to 2. QE.D. 


Xl. The Sum of a tiiplicate Arithmetical Progreffion (z. e. 
ending by the Cubes of the Cardinal Numbers ) proceeding 
rom 1 thro' 27, 04, &c. ad Infinitum, 1s Subquadrupie of 
be Sum of the like number of Terms equal to the greatelt. 


"Wor the Sum of 4. Terms, 1, 8, 27, 64, z. 100, to 4 times 
: "4+ #.e. 256 (dividing both fides by 64.) will be found ro be 
A $1+z + ro 4; bur the Sum of 8 Terms, 1, 8, 
Nuſ 


7, O4, 25. 216, 24.3, 502, 5.6. 1290 to 8 times Fl, 
at is, 4.090 (Gividing both Sides by 102.4.) will be found 
be as 1 + 1 I-47 4, &c. The adhering Fraftions thus 
| - 4 conſtan:ly 
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| conſtantly y_".- the one by their + part, the others by 
(for 7 is &, and z& is z#;, &c. Wherefore the Sum of the} l 
finite Progreſſion will be to the Sum of a like ([nfinite) nun, 
ber of 'Terms, <qual to the greateſt, as 


Df i —+ + 


7 Gun &4 


— 3, GC. = 53) &c. to 4; 
that 15, by Conſe. 2 and 8, as 1 to 4 Q-E D. 


' XII. The Sum of an Infinite Progreffion, whoſe preatt 
Termisa Square Number, the others decreaſing according y 
the odd numbers 1, 3, 5, 7, ©c. is in Subſcſquialteran Py 
| Portion of the Sum of the like number of equal "Terms, 5. 
as 2 ta 2. For the Sum of three ſuch Terms, e.g. 9, 8; 
z.c. 22 70 thrice 9, 7. e. 27. ' (dividing both ſides by 9): 
24, viz. {5 to 3, or 2-+5—rz to 3. But the Sum | 
tuch Term*, 26, 35, '22, 27, 20, II, #.e. 161, to fixtin 
36, 4. e. 216 (dividing both fides by 72) is as 2-17; 
the adhering Fractions thus always decreaſing, ſome by :,» 
thers by Z}, as above in Confect, 10. Wherefore the Sum i 
the Infinite Progreſhon will be to the Sum of the like num 
of Terms equal to the greateſt, as 


r, ©Gc.to 2, z.e- byW 
ſcCt. 3 an] 8, as 2 to 3. QE. D. 


SCAHOLICUM I. 


Hus we have, after our method, demonſtrated the ci 
Founcations of the Science or Method, or Arithmetic! 
Tyfinites, firſt tound out by Dr. Fohn Wallis, Savilian Profel 
of Geometry at Oxford, and afterwards carried further by Dil 
lerus Cluverus, and I/mael Bullialdus, And from theſe Fouad 
tions we will in the foliowing Treatiſe demonſtrate, and ts 
Eirectly and 4 priorz, in a few Lines, the chief Propofitions 'W 
'Geome!! 
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Geometry, which the Antients have ſpent fo much labour, and 
compoſed ſuch large Volumes to demonſtrate, and that but in- 
nM dirctly neither. 


Propoſition XXII: 


He Powers of Proportionals whether continuedly or diſcretely, ſuch 
as the Squares,” Cubes, SC, are alſo Proportional. 


Demonſtration, 


Continual Proportionals, Diſcrete Proportionale. 
a ca ea c©a a ca b t<h 

Squares 44 ea e4a* ea? a fa bÞ 2Þ 

i Cubes a3 £343 £9? £943 a3 ea b3 63þ3 


QE D. 


SCHOLIUM. 
7 Ou founded in this Truth, 1. the Reaſon of the Multipli- 


cation and Diviſion of Surd Quantities : For ſince from 
the Nature and Definition of Multiplication, it is certain, rhar 
1 is to the Multiplier as the Multiplicand ro the Product ( for 
the multiplicand being added as many rimes to it ſelf as there 
W are Units in the Multiplier, makes the ProduQ) if the 4/5 is 
[to be multiplied by y/3, then as 1 to the 3, ſo the y5 
to the Product ; and, by the preſent Propoſition, as x to 2, fo 
5 to the © Product, z.e. to 15. Wherefore the Product is 
VIy ; and fo the Rule for Multiplying Surd Quantities is this : 
| Mulezply the Duantity under the Radical Signs, and prefix. a Radical 
bign to the Prody. Likewiſe ſince it is certain 7 
from the Nature of Diviſion, that the Diviſor is (, } Eucl. lib, 
8 to the Dividend as 7 ro the Quotient ( for che {F prop. 2.2. 
W Quotient expreſles\ by its Units how many times | : 
the Diviſor is contained in the Dividend) if the 15 is to be 
divided by 5, you'l have 5 to the IF as I to the Quo- 
tient, and, by the preſent Scholium, 5 to 15, as I ro the (9 of 
wiſh the Quotient, 5. e, ro 3. "Therefore the Quotient is the Root 
of of 3, and to the Rule of dividing Surd Quantities this z wiz. 
| (3 2 D:rige 
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Divide the Duantities themſelves under the Radical Sipns, and Dry 
fix the Radical Sign t0 the Duotient. | 

I. Hence alio flows the uſual ReduQtion in the Arichms 
tick of Surds, of Surd Quantities to others partly Ratio:14l, wy; 
on the contrary, of thoſe io the form of Surds, e. g. [f yy 
would reduce this mixt Quantity 2ayb» r. e. 24 mulciplied þ 
the 4/b, to the form of a Surd Quantity ; which ſhall all be 
rained under a Radical Sign; "The Square of a '\ational Quy 
tity without a Sign 4.aa, if it be put under a Radical Sign, 
this form /4aa, it equivalent to the Rational Quantity 14 
but the 444 being multiplied by /b makes y/4aab. by N 


r, of this Scholivm, Therefore /4aab is alſo equivalent troll 


Qu:ntiry firſt propoſed 2avb. Reciprocally therefore, if th 
form of a meer Surd Quanticy y/ 4aab, 1s to be reduced to uf 
more Simple, which may contain without the Radical $j 
whatever is therein Rational, by dividing the Quantity ca 
preh-nded under the fipn y by ſome Square or Cube, &c.; 
here by 44a, (7.e. V4aab by Y 4aa, i.e. 24) the Quotient ui 
te vb, which multiplied by the Diviſor 2a, will rightly © 
preſs the propoſed Quantity under this more ſimple Form 2a 
Which may allo ſerve turther to illuſtrate the Scholia of Py 
7. and 10. | 


Prepofition XXIIL. 


F there are four Quantities Proportional, (a, ea, 6, eb) the 
will be alſo Proportion}, | 


(a) Excl. 15, x. Inverſly. ea to a as eb to b. 
I6.v.9 10, 2. Alternatively, (a) a to b as ea to eb, 
I 2, vi". 3- Compoundedly, (2) aþea to ea, ſob 
WES, y. too. : | 
(3) 17, v. 4. Converſly, a-J-ea to a as bFeb to b. 
| | Ye, ea as b—eb to 
5. Dividedly,( Y) 4—ea to( © 4 ( 
6. (@) By a Sylleplis, ato cans a-Fb to ea-|-eb. 
7- By a Dialeplts, atoea as a—b to ea—eb. 


N 


ar! 


Which are all manifeſt, by comparing the ReQangles of ttt | 


Means and Extremes according to to Prop. 1 g- and its Corfet.! 


/ 
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or by dividing any of the Conſequents by their Anteceds ents, IG 
cording to Def. 31: 


Propoſition XXIV. 
F in a (&) double Rank of Quantities you have 


as a tO ea, as ea tO oa, 
ſo b to eb, and alſo fo eb to bh, 


then you'l have alſo by proportion of Equality orderly pla- 


ced, 
as the firſt a, tothe laſt oa, in the firſt Series ; 


ſo the farſt b, to the laſt ob, in the {econd Series. 
Which is manifeſt trom the Terms themſelves. 


Propoſition XXV. 
Ut (4 ) if they are diſorderly plac'd 


as 0a to eaN F as ea toa} (a) Eucl. T, 
| # fo cobto ob/ ſoobto eb, * you'l have here 12.v. 5. 6. 
ME 2gain by proportion of Equality, T 2. Vit. 
as the firſt oa tothe laſt a,in the firſt Series; . (8) Eucl. 2, 
fo the firſt eob to the laſt eb, in the ſecond 20 22. 1;b,v, 
Series. I 4. vil. 
As is evident from the ReCtangles of the Extremes (y) Eucl.21, 
{and Means, as alſo from the very Terms. 22. lib, v. 


Propoſition XXVI. 


F (a) as the whole ea to the whole a, ſo the part eb-to the 


part b ; then alſo will | 
the Remainder Remainder Whole Whole 
| ea—eb tothe a—b, as the ea to thea. 
{ This is evident from the ReCtangle of the Extremes and Means, 


8 both which are eaa—eab. QE.D. 
Propoſition XXV iT. 


EQtangles or Products having one common Efficient or 
, Side, are one to another as the other Efficicms or Sides. 


G 4 Ocmon- 
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Demonttratton. , 

Suppoſe the Produfts to be ab and a c, having the comnyff F 

Efficient a; I ſay they are : | FF 

as b to. c, ſo ab to ac. 8 

Which is evident at firſt fight, by comparing the Produ%: oifſW wv 

the Extremes and Means, and alſo fully ſhews, that other wyMl( 
of proving Proportionality, whereby by dividing the Conk 

quents by their Antecedents, the identiry or fameneſs of tif of 


Quotients are wont to be demonſtrated. 
SCHAHOLIUM TI. 


I. * Þ* He Redudtion of Fractions either to more compounds 

E® or more {imple ones is founded on this Theorem; onthe 
one hand by multiplying, on the other by dividing,by the fins 
quantity, both the Numerator and the Denominator, as, e! j, 


Ro ac eac —_ . 
T and ” and = X 5 ; 2, it, &c. are 1n reality the fan: 


FreQtions, And 
IT. The ReduCt'on of Fractions to the fame Denominatia, 


23s if - n . 
(a) Eucl. Ba gr and — are to be changed into two 6 


© 19. /ib. v. thers that ſhall have ſame Denominator ; this» 
7© 11./.7, to be done by multiplying. the Denominaton 
(£) Be/idesſe- together for a new Denominator,, and ca 


veral other Numerator by the Denominator of the oth | 
Prop. ſee aſſo for a new Numerator, and you'l bave for .th: | 

thert78&18 : | bd ac 

lib. vii two Fractions above — and = 


od cd 


SCHOLIUM I.. 


W- will here for a concluſion of Proportionals, ſhew the 
| f way of cutting or dividing any Quantity in Mean an | 
Extreme Reaſon, viz. if for the greater Part you put x, the ” | 
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will be a—x ; and fo by Hypoth. theſe three, ,a, x and ax, 
will be proportional, by Def. 34+ Therefore by Prop. 17. the 
Produdt of the Extremes az—ax== to the Square of the Mean 
ll zx, and (adding on both fides a x) aa=xx-ax; and more- 
WY over adding on both fides 74 a, you'l have 5 aa =x x bas 
--j-. Now this laſt Quantity, ſince it is an exa& Square, 
{whoſe Root is x -# a, you'l have / fa =x +Z# a, and 
7 (fubtraQting from both ſides + a) y Za a— a= x. 
Now therefore we have a Rule to determine the greater part 
tbe tf of a given Quantity to be divided in Mean and Extreme Rea- 
Wfon, iz. if the given Quantity be a Line, e. g. AB (Fig. 
58.) join to it () ar Right Angles AC=24a: Wherefore by 
the Theorem of Pythagoras from Schol. Defanit. 1 3- the Hypo- 
thenyſe CB, or, which is equal to it, CD=4/ 3a a; and conſe- 
quently AC==z 4 being taken out of CD, the Remainder AD, 
or AE, which is equal to it, will be =x, the greateſt part ſought ; 
according to Euclid, whoſe Invention this firſt | 
Specimen of Analyſis, by way of Anticipa- (e) Eucl. 11. 
jon, reduces to its original Fountain. As for lib. 11. 6 
Numbers ( tho none accurately admits of this 30. /6. vi. 
Sion) the ſenſe of the Rule, or which is all one 
ps to the thing it ſelf, is this: Add the Squares of a whole Num- 
der and its half, and ſubtract the faid half from the Root of the 
Sum (which can't be had exactly, fince it is /;. 


CHAP. V: 
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CAAP. V. 
Of the P roportion or. Reaſons of Magnitudes of the ſyn 


kind in particular. 


Propoſition XXVTIT. 


"Riangles and Parallelograms, alſo Pyramids and Priſms and Py 

lelepipeds, laStly Cones and Cylinders, each hind compared ann 

ehemſelves, if they have the ſame Altitude, are in the ſame Propuris 
zo one another as their Baſes. | 


Deinonftration. 


This and the following Propoſition might have been bj 
bare Subſumption added, as Conſe&arys to the precedent; 
the Altitudes in the one, and Baſes in the other, may be lod 
on as common Efficients, and the Magnitudes mentioned asthi 
Produats : But for the greater diſtinction fake, we will thus] 
monſtrate them more particularly. 

JT. If the equal Alrittides of two Triangles: 
(z)Euc'.Prop. (a) two Parallelograms, are called þ and i 
T. lib. vi. Baſe of the one a; and of the other ea ; tb! 
(8) Prop.5.6. ProduCts will be ba and bea, the other # ba u 
lib. il. 25, 3 bea, by Def. 28. Schol. 2. 
xi. © Il, Likewiſe the equal Altitudes of two Pril 
Conſ. 20 & (£) or Pyramids, may be called b, and the Pt 
2 Iof the ſame portion of their Baſes expreſſed by a and ea; 1 
(y) Prop. 11, the Priſms will be among themſelves as ba rt: 
lib; $1. and the Pyramids as 3ba to 3bea, by ths {i 
(S) Prop.25, Schol. Num. 2. | 
26, 27, 38, TIT. T here is alſo the fame Proportion of Cyl 
29, 40, /ib., ders and Cones as of Pyramids and Priſms, i 
lib. 1 © 29, ConſeR. 4. Definit. I7, Burt, | 
30,3 1.libexi- | 
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425 4 foeca {o 18 batobea. 
—3a to ibea. 


—; ba to 3 bea. Q. E. D, 


CONSECTARY. 


TT Herefore Magnitudes of the ſame kind upon the ſame or 
L equal Bafes (4) and of the fame heighth, are equal among 
themſelves, and the contrary, | 


Propoſition XXIX. 


Phot and Parallelograms, Pyramids and Priſms and Paralleles 
Pipeds, Cones and Cylinders, being on equal Baſes, are in the 
ame Proportion as their heighths. E) | 


Demonſtration, 


Let all their Baſes be called a, and the Proportions of their 
Heighths be as b to eb: Therefore, 1. the Parallelograms, Pa- 
rallelepipeds and Cylinders, are one to the other of» the ſame 
kind, as ba to eba; the Triangles as 3 ba to > eba; the Pyra- 
mids and Cones as x b4 to 3 eba, by Def. 2.8. Schol. 2. Bur, 
| as 6 to eb, lo 1s ba to eba. | 

| and > ba to £ eba. 


and 7; ba to 2 ba. Q. E. D. 


Propoſition XXX. 


#8 ,"L2ual (|| ) Triangles, Parallelograms, Priſms, Parallelepripeds, 
alſo equal Pyramids, Cones, and Cylinders, have their Baſes and 


Heighths reciprocally Proportional. 


For if for the equal Triangles you put +46, 1..6,12,12,14 
for the Cones and P yramids ;. ab, and for the reſt {/i%.6,prop.14. 


(*) Schol prop. 


jab, , — 
| A zs 
| Whether the Baſes of the equal Quan- cl p74 
utes are ſuppoſed to be 4a, and ſo the Altitudes Prop. 15. 
x ON 
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on borh fides b; or if the Baſe of the one be « and & tþ6 4, 
titude, but the Baſe of the other 6 and the Altitude a, you! 
certainly have eitherways, "0 

as a to 4, fo Reciprocally b to b; 
the Baſe of the former to the Baſe of the latter, as the Alting 
of the latter to the Altitude of the former, or, 


as 4 to b, fo Reciprocally a to b, QED, 


CONSECTARY, 


' XN ND thoſe Magnitudes of the fame kind, whoſe Baſes wi 
Altirudes are thus Reciprocal, are equal by Prop. 1} 
for the Produc or Rectangle of the Extremes is ab, and th! 


of the Means 6 a. 


Propoſition KXXI. 


T Roger, Parallelograms, Prifms, Parallelepipeds, Pyramids, Cm 
and Gylinders, each kind compared among themſelves, are in t 
Proportion compounded of the Proportion of their Altitudes and Baſei, ( 


Demonftration. 


Suppoſe the Baſe of the one to be a, and the other ea, al 
the Altitude of the one 6b, of the other 5b; therefore the of 
will be to the other, 

as 4b to etqb, 
or * ab to > erab, 
or 3 ab to 7 eiab; i.e. every where as a tork 
5. e. in Proportion compounded of & to es, and of b to ib, ti] 
Conſe. 2. Def. 34. QED. 


SCHOLITUM, 


Rom what we have hitherto Demonſtrated, we may n 
F only make an eſtimate of Magnitudes of the ſame kilſ 
compared together, which is eaſie ro any one who attentive] 
conſiders them ; but alſo with F. Morgues, deduil 
{= Prop.2.3. a General Rule of expreſſing the Proportions 0 
tb. 6. any ReRtilinear Planes or Solids, contained = 
| at 
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Plane Surfaces, by the proportion of one Right Line to ano- 
ther. For ſince the one may be reſolved into Triangles, and 
the other into Pyramids , having firſt rwo ReQlinear Planes 
given and thus reſolved, upon a Right Line I make the A abc 
(Fg. 49.) Equal to one of the Triangles of either of the Planes 
 g. to ABC; then baving drawn the Parallel «m, if che ABCD 
) Wh the fame Altitude with the former, you need only joyn the 
ric BC to the Baſe ab. But if the Altitude-DS is greater than 
the Altitude of the otlier e. g. by 3, then you muſt make bf 
equal to the Baſe bc augmented by a fifth part, and the Trians 
ple bef will —BCD, and the whole acf = to the Recilinear 
Figure ABCD. It now. therefore I likewiſe make another Tri- 
angle gþi equal to another ReCtilinear Figure between the ſame 
Parallels, then will the Aacf be to the Ag hs, that 1s, the 
Right Lined Figure ABCD tothe Right Lined Figure FGHIR, 
as af to gh, by Prop. 28. 2. Having 2 Right Lined Solids gi- 
Even, and having refolved them into Triangular Pyramids, they 
may be transferr'd between 2 parallel Planes, iz. by augment- 
ing or diminſhing their Triangular Baſes reciprocally , ac- 
cording to the exceſs or defeCt of their Alcitudes, as was done 
above with the Linear Baſes ; then thoſe Triangular Baſes on 
both ides may be converted into one Triangular Baſe, and con- 
ſequently each Solid into a Pyramid equal to it ſelf; which two 
Pyramids will be one to the other as their Triangular Baſes, 
And becauſe the Proportions of theſe Baſes may be reduced to 
the Proportion of two Lines each to the other, by N® x. of 
this ; therefore alſo the Reaſon or Proportion of the two Solids 


may be expreſſed by the Proportion of two Lines. Q.E.D. 
" Propoſition XXXII, 


Ircles ( Þ) ave in the ſame Proportion to one another as the 
Squares of therr Diameters, | F 


Demonſtration, 


Suppoſe 4 to be the Diameter of one Circle, | 
and b of another +; then by Definze. 21. Conſe®; 1 , (8) Euct. 
the Area of the one will be © eas, and that of the Prop. 4.1.12. 
other } ebb, But as aa ro bb fo is } eaa to ; eb dy | 


lars Conſec. 1. Prop. 19, Q [Of D. C ON. 
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CONSECTARY I. 


He ſame will in like manner be manifeſt of like Se&org 
Circles, while for the parts of the Periphery you putt 

and zb, as for the wholes we put ea and «6 : for thus the fy 
of the one will be 2 : #4a, and of the other -= :bþ. 


CONSECTARY Il 


\Ylinders whoſe Altitudes are equal to the. Diameters of th 
Baſes, are in proportion to one another as the C-ubeyz 
their Diameters ; . for the Cylinders will be Zea and ! v1 


Cubes a3 and b3. 


CONSECTARY II. 


Ence alſo (whatever the Reaſon of the Sphere is to th 

Cylinder of the ſame Diameter and Heighth ; whilh 

will ef EM Demonſtrate, and which in the mean whilet 
will denote by the name of the Reaſon ») I fay, hence Sphe 
_— have the fame Proportion to one another as theſe Cyl 
ders (viz. as {ea3 to 1eb3, fo les to * zeb3) will allo (by 
ſe. T.) be in the ſame proportion as the Cubes, a3'to bj 
is alſo evident from theſe Terms themſelves, 4 


Propoſition XXXIUI.. 


HE Angle (B) at the Center of any Circle ACB ( Fig. 60 j 
to an Angle at the Circumference which has the ſame Ardl | 
xts Baſe ADB, as 2 to 1. : 


Demonſtration, 


The truth of this has already appear'd frot 

(a) Prop.18 Schol, Definis. 10. N* 3. but here we will demot 
lib, 12. ſtrate ir otherwiſe in its three Caſes, after B 
(8) Euclh. clids way. In the firſt Caſe DE being conceiv 
Prop.20.1. 2. Parallel to CB, by Def. II. Conſe&. x and 2. 
External Angle ACB is = to the Laternal 3 


id . 
IP 0 it, 4 
ocgme! 
310 Cauſ; 
ki 1 

= BY 

2 compre 
ly, in 


Li firared 


& IL. 
Etopethi 
they a 

which 
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ve ADE, and the Angle BDE, is equal to the alternate Anple 
BCD, 3. e to the other at the Baſe CDB, by Conſe@.2. Definie, 1 2s 
Therefore BDE is as 1, and CDE, z.e. ACB as 2. 

In the ſecond Caſe the whole ECB is double of the whole 
DB, and the ſubtrafted Angle ECA is double of the ſub- 
rated Angle EDA, by Caſe I. Therefore the Remainder 
aCB is alſo double of the Remainder ADB, by Prop. 26. In 
he third Caſe the part ECA 1s double of the part EDA, and 
al the part ECB: is double of the part EDB, by Caſe 1. 
Therefore the whole ACB is double the whole ADP. Q.E-D. 


CONSECTARYS. 


27. T TEnce all Angles ADB (a) in the ſame Segment are 
7 equal, and the Angle ADB ( Fig. GI.) ina Semicircle 
© a Right one ; becauſe the Aperture at the Center anſwering 
ro it, ACB contains two Righr Angles: The Angle in a leſs 
©Scoment than a Semicircle EDF, is greater than a Right one ; 
®becauſe the Aperture at the Center EGHFC anſwering to it, 
"comprehends more than two Right Angles. An Angle, laſt- 
ly, in a Segment greater than a Semicircle GDH, is lefs than 
Za Right one; becauſe its double at the Center GCH is leſs than 
Zewo Right ones. All which we have already otherwiſe demon- 
@firated in Schol. Def. 10. N* 6. ? 


ES'1 
4 
38 
Fe 
Fs 


& IL. All the three Angles (8) of any Triangle ABD taken 
©together, are equal to two Right ones ; becauſe + 

Zthey are the half of the three art the Center C, (z)Eucl.prop. 
Ewhich always make 4 Right ones, by Definit.8. 21. 27,21. 
Conſe, 2. lib, 2. 

” | (£)prop.32.4 1 
II]. Therefore any external Angle TAB, is e- | 

© qual to the two Internal oppoſite ones at Band D; becauſe 
Uthar, as well as.they with the orher comiguous to them BAD, 
make two Right ones, by Corſef. 1, of the ſame Definite. 


\ IV. Ard the preateſt Side of a Triangle, becauſe ir inſiſts on 
j2 (@) greater Arch of a Circumſcribed Circle, does alfs ne- 
Jcellarily ſubtend a greater Angle, by vertue of Conſe, 1. hereof. 


Propoſition 
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Propoſition XXXIV. 


I'N Equiangular Triangles (ACB and abc, Fig. 62.) the Sily| 
. bout the equal Angles are Proportional, viz. as AB to BC, þ1 
zo bc, and as BC to CA ſoit bero ca. ©e (6) 


Demonſtration. 


For having deſcribed Circles thro* the Vertex of each Tr, 
ple, according to ConſetF. 6. Definie. $, by reaſon of the ſup 
ſed equalicy of the Angles A and a. Band b, C and c, | 
Arches alſo AB and ab, 8c. will necef{arily agree - in the nul 
ber of Degrees and Minutes, by the foregoing 2 2 Prop; oiT, 
ſo alſo the Chords AB and ab, BC and bc, 8c. wilt agree ini8Ct 
number of Parts of the Radius or whole Sine ZA and ;u | 
Conſe: 2.. Definit: To. Wherefere as many ſuch Parts as | 
has, whereof az has alſo 10050000, ſo many ſuch alſo will 
have, whereof az hasalſo t000co000, &©c. Therefore Al 
ro CB as ac to cb, &c. Q. E. D. 


CONSECTAYS: 


I. Herefore by the ſame neceſſity the Baſes of ſuch 1 
angles AB and ab, will be proportional to their i 
titudes CD and cd, as being Righr Sines of the like Arches ( 
and cb, or rather CE ande e; and 1o for ſimilar or like Tri: 
gles (and conſequently alſo Parallelograms)) we may righilyl 
Poſe that their Baſes are as @ to ea, and their Heighths as / 
eb; tho we muſt not immediately conclude-on the contrary, 
becauſe their Baſes and Altitudes are ſo, therefore they are 
milar. / = 


IT: As alſo in Similar Parallelepipeds it will be manifcf 
any attentive Perſon, that the Bafes are in a duplicare Props 
\. tion of the Alticudes. For ſince the Planes of Similar Solids! 
equal in number, and Similar each to the other, if for A! 
(Fig.62.) we put a, and for BCT 4, AB will =egand B 
eb; and ſo that Baſis will be to this as ab ro eecab. Moreot 


baving let fall the Perpendiculars EH and DD the Triad 


Fi 
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pf and CBD are ſimilar, and by putting c for BE, BE 
will be e c, putting allo d for ED, EH will confequenrly be 
+d, But the Reaſon of the Baſe ab to the Baſe ee ab, is du- 
licate of the Reaſon of d to e d, by Def. 34. Wherefore in 
Similar Parallelepipeds we may rightly ſuppoſe, that their 
Baſes are a5 4b to ceab, or as a to eea, and their Altitudes as 


SCHOLIUM I. 


Rrom this Propoſition flows firſt of all the chiefeft part of 

|  Trigonometry for the Reſolution of Right Angled Aa : 
or fince in any Right Angled Triangle, if one fide, e. g. AB 
(Fig. 64.) be put for the whole Sine, the other BC will be the 
Tangent of the oppoſite Angle at A (and in like manner if 
B be the whole Sine, BA will be the Tangent of the Angle 
;) but if the Hypothenuſe AC be made Radius or whole 
Sine, then the Side BC will be the Right Sine of the Angle A, 
xr the Arch CD deſcribed from the Center A, and AB the 
Right Sine of the Angle C, or the Arch AE, deſcribed from 


d to ed, 


ihe Center C, (we will omit mentioning the Secants, becauſe 


M2 poth, & one fide. 


1h 


1! 
" 


the buſineſs may be done without them) which all follow from 
Def. 10. Wherefore 7ou may find, 


I. The Angles. «7 


As one leg to the other,ſo the-whole Sine 
ro the Tangent of the Angle oppoſite 
to the other Leg. ; 

As the Hyp. to the W.S.(whole fine) fo 

the given leg to the S. of the opp. angle 


1. From the Sides . 


2. From the Hy 


by inferring 


Il. The Sides. 


1,From the Hy-] As the W. S. to the Hypoth. fo the Sine of 


oth: and Angles: | the Angle, oppoſite to the Leg ſought, to 
the Leg ir ſelf. 

2, From one Leg |] As the W. S. to the given Leg, ſo the T'an- 

ind the Angles: fg gent of the Angle adjacent to it, to the 

| Leg ſought. 

3. From the | Having firſt found the Angles, it's done by 

ypoth. and one | the 2, 1. or by the Pythagoric Theorem 


pt the Sides: _ ao "ee 
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| JI. The Hypothenuſe. 


gles and one off ven Leg, to that Leg, fo the W.S. to 
the Legs. Hypoth. 

- 2: From the \ Having firſt found the Angles irs done | 
Legs given 3 the 1. or by the Pyzhazorick Theorem, 


Tt. From the "at As the S. of the Angle, oppoſite to the g 


HI. Inverſly alſo, if two Triangles ABC and SBC (; 
the Figure of the preſent Propoſition) have one Angic of q 
equal to one Angle of the other (e.g. Band B) and the $i 
thar contain theſe equal Angles proportional (viz. as AB wh 
ſo $)5 ro BC) thea the oiher Angles (A and Þ, Can 
will be alſo «qual, and rhe Triangles fimilar (@) for to 
like Chords AB and 1B, BC and SC, there anſwer byt 
Hypoth: like or fimilar Arches, #, &. <£qual in the numix; 
Degrees and Minutes z and to theſe alſo there anſwer equal A 
ples both at the Periphery and Center. 


IV. (Fig. 65. N® 1.) If (8) the Sides of the Ang Ml 
are cut by a Line DE, parallel ro the Baſe 3”, rhe Segmen 
thoſe Sides will be proportional, viz. AE to ZZ as AD to Bl 
for by reaſon of the Paralleliſm of the Lines BE and BC, 
Triangles ADE and ABC are Equiangular : Therefore a1 
whole BA to the whole AC, ſo the part AD to the part / 
and conſequently alſo the remainder EC to the remainder} 
as the pait EA to the part AD, by Prop. 25. and alternatiit 


by Prop. 2.4. EC will be to EA as BD to APD. 
SCAHAOLIUM I. 


Here are ſeveral uleful Geometrical Praftices depend, 
this ConſeFary and 1's Propoſition. x, That (y) whett 

| we are taugnt to cut oft any part required, «| 
(a) Euc! prop, 7 from a given Line AB, and fo generally to; 
6. lib. 6, or divide any given Line AC, in the ſame poi 
(&) Eucl. 2. portion as ary other given Line, is ſuppoſed 
lib. 6. be divided in D, (and conſequently into as mt 
(5) Eucl. /, equal parts as you pleaſe; ) wiz. if in the Þ 
9 & 16.1.6, Caſe;having drawn anv Line AF,you take Al) 
r, and mite DB 2, and having joined CB! 


F 
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the Parallel LE: for as AD to DB fo is AE to AC ; that is, 
43 1 to 2, by this 4th Corſet. therefore AE is one third of the 


whole AC, Cc. 


[T. A Rule (a) to find a third Proportional to the 2 Right 
Lines given AB and BC (N? 2. Fig. 65.) (or a fourth to three 
oiven ;) if, viz. having drawn AF at pleaſure, you make AD 
equal to BC, and Joining DB, draw the Parallel EC : For as 
\B ro BC, ſo AD 5. e. BC) to DE. Now it AD be not equal 
o BC but to another (viz. a) third Proportional, then by the 
ame Reaſon DE will be a fourth Proportional. 


Ill. Another Rule (&) to find a mean Proportional between 
wo Right Lines givea AC and CB; which is done by join- 
Eg both the Lines together, and from the middie of rhe whole 
$48 deſcribing a Semictrcle, and from C erecting the Perpend:- 
Wcular CD : For fince the Angle ADB is a Right one, by Cu: 
8, r. of the preceding Propojition, and the two Angles ar C 
Ware Right ones, and thoſe at A and B common to the whole 
TT riangle ADB, and to the two partial ones ACD and BCD, 
heſe two will be Equiangular and Similar to the great one, and 
onſequently to one another : Therefore by the preſent Propoſition, 
s AC to CD, ſoCDro CB, Q. E.D. and alto as AB ro BD 

d BD to BC, and as ABto AD fo AD to AC, &©c. 


IV. The Analytical Praxis of multiplying and dividing Lines 
dy Lines, fo that the Product or Qtotient may be a Line; and 
ſo the way of Extracting Roots our: of Lines: Which Des 
artes, gives us, P. 2. of his Geom. viz. a{luming a certain Line 
vr Unity, e.g. AB (in Fig. 65. N® 2.) if AC is to be multi- 
ied by AD, baving joinzd BD, and drawn the Parallel CE, 
it ProduQt will be AE; for it will be as 1 to 
& Multiplter AD, fo the Multiplicand AC to () Eucl. 1T 
R Produt AF; orif AE is to be divided & 12, 1. 6. 
7 AC, having joined EC and drawn the Pa- (&) Eucl. 13. 

 VAalld! BD, the Quotient will be AD ; (for AC lib. 6 E9 and 
i Divifor, will be tro AE the Dividend, as an Eucl, 8416.6. 

at AB to the Quotient AD;) all which are e- 

dent from the Nature of Multiplication and Diviſion, and the 
H 2 prec=dent 
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Precedent Praxes. As alſo taking CB (ia the fame Fig. Nv ,) 
for Unity, if the Square Root is to b= <xrrafted our of any 
ther Line AC, this being joined to your Unity 1n one Line A} 
and having defcribed rhereon a Semicircle, the Perpeudicy 
CD will be the Root ſoughr. as being a Mean Proportionalt 
tween the two Extremes CB and AC, according to Prep. 17, 


V. A Right Line AG whick divides (a) any given Angle/ 
into two equal Parts ( Fig. 66. ) being prolonged, divides th 
Baſe BC proportionally to the Legs of the Angle AB and A(] 
For having prolonged CA to E, fo that AE ſhall be =to4F 


the Angles ABE and AEB will be equa], by Conſe&. 2. Df.n8hi 


and conſequently alſo equal to each of the halves of the Exte 
nal Angle CAB, by Confe&. 3. of the antecedent PropaltiMC, 
Therefore the lines AG and EB will be parallel,by Conf. 1.Df.n&8 
Therefore as AC to AE, 7.e. to: AB, fo GC to GB, by wi 
fe. 2. of t1is Propoſition, QED. | No 


VI. Hence alſo there follows further, by converſion of ij 
laſt inference, as AC-|-AB'to AC, fo GC+GB («. e. Bc) i 
GC; and inverſly GC ro BC as AC to AC+AB.; and lift 
alternatively, GC to AC as BC ro AC+AB. - 

N. B. "This laſt Inference follows alſo immediately from 
preceding Conſeftary. For by reafon of the Similitude of i 
AA ACG and ECB, as GCto AC fo BC to CE, 5. e. to % 


AB. F 


SCHOLIUM II. 


Rom theſe two laſt Conſe&tarys there ul 

(z) Euc!. 2. theſe or two or three Practical Rules, 
lb. 6. hit whereof ſhews, how having the two Legit 
and AC piven, and alſo the Baſe BC, to find th 

ments GC and GB, made by the Biſeftion of the Intercrural 4 
(viz. by this inference, according to Conſe. 6; As the Sui! 
the Sides to one Side (e. g,) AC :) fo the Sum of the Segmi 
of the Baſe, z. e. the whole Baſe ro one of the Segments, 
that next the ſaid Side GC. 2. It ſhews on the contrary,l0 
h.ving the Baſe and one of its Segments given, and moreover the $ 
of the Siges. ro find ſeparately the Side AC next the known Segnis ide 
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by inferring as the Sum of the Segments, or the Biſe BC © the 

fam of the Sides, ſo the given Segment GC to the ſought AC: 

or alſo, 3dly, Having only the Baſe and Sum of the Sides given, but 

not the Segment GC, yer to expreſs its Proportion=ro the next 

bo BC, am viz. in the Quantities of the given 

Terms, by putting ( by Conſe. 6.) for GC the value of the 

baſe BC, and for AC the value of the Sum AB-AC ; the 

orcat uſe of which laſt Rule will appear hereafter in the Cy- 
clometry (or Quadrature of the Circle) of Archimedes. 


VII. In any Triangle ABC (Fig. of the preſent Propoſition) 
.1\8Sthe Sides are to one another as the Sines of their oppoſite An- 
*BFoles: For they are as the Chords of the double "Angles at the 
WECenter, by Prop. 2.2: therefore they are alſo one to another as 
18Zhalf thoſe Chords, s. e. by Definit. 10., as the Sines of the half 


SCAOLICZ AM FY. 


£4 Ence flow two new Rules of Plane Trigonometry, for 
lo Oblique- angled Triangles to find, viz- 


[. The other Angles: 


gz From 2 gi- , --, As the Side oppolice to the given Angle to | 
'ven Sides, &\ E. / the other Side, o is the Sine of the given 
Zan Angleop-Q 73 > Angle to the fine of the angle oppalite to 
polite to one { 8. Y the other Side; which being given, the 
of them : = third is eaſily found. 


II. The - other Sides : 


{de to that fide; 1o is the Sine of the Angle op- 
polite to the fide {ought to the fide ſought. 


fide and the 


anples given, 


From one I: the Sine of the Angle oppoſite to the given 


So that this way we have reduced all the Caſes excepting one 
of Plane Trigonometry , and confequently all Eurhymerry to 
heir original Foundations (for in that Caſe of having two 


des, and the included Angle given, we may find the reſt by 
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the Rgſolution of the Obliqueangled Triangle into two Righ 
Angled ones; and fo it's done by the Rules we have deduc'd j 
(Scho/.1.) T fay, excepting one, in which from the three {ide 
2n Obliqueangled "Triangle given, you are required to find th 
Angl:s: the Rule to reſolve which we will hereafter deduce 
the 2d Conſe. of Prop. 45. from that Theorem which Ely 
gives Us, lib. 2: Prop. 12+ 


VIE. Becauſe in im the Right Angled A BAC (Fz2.67.) I 
13 to CA as CA to CD, by N® 3.of the 2d Schol. of this Py 
the 07 of CA will be= a CE, by Prop. 17. Inlike many 
becuule as CB to BA. fo is BA to BD; the O of BA will k 
— to Q BE: Wherefore the two ReCtangles BE and CE takz 
rogether, that is, the 0 of the Hypothenuſe BC, will be = 
the two [13 BA and CA taken together : Which 1s the verjWyj 
Theorem of Pythagoras demonſtrated two other ways in SW 
Of Defant. 1. E 


SCHOLIUMNYV. 


His Theorem of Pythagoras as it furniſhes us with Rule df 


adding Squares into one Sum, or ſubtracting one Squirt 
from another ; ſo likewiſe ic helps us to ſome Foundations when? 
en, among the reſt, the ſtructure of the Tables of Sines ri" R: 
Gc. Whoſe ule we have already parily ſhewn in Schol. 1 all an 
2. 1. If ſeveral Squares are to be colleted into one Su ar 
having joiced the Sides of two of them fo as to form a Rigtn 
Anple, e.g. ABand BC (Fig.68. N? 1.) the Hypothenuſe AU 
being drawn, is the Side of a Square equal to them both ; avi 
if this Hyporhenuſe AC be removed from Bro D, and the Sit 
of the third Squarefrom Bro E, the new Hypothenuſe DE wilt 
be the Side of a Square equal tothe three former raken togeth. 
2: If the Square of the ſide MN ((N® 2.) is to be ſubtract 
from the Square of the ide LM. Wlaving deſcribed a Semicirct Y 
upon LM, and placed the other MN within that Semicirc, 
then draw the Line LN and that will be the Side of the remali-W ti 
ing Square. 3. Having the Right Sine EG of any Arch ED gl 
ven (but how to find the Primary Sines we will ſhew in anoth*' 
place), you may obtain the Sine Complement CG or EF, by wm 
preceding ue 


| 
! py 
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ob Newb, viz. by ſubtraQting the [7 of the given Sine from the 
| nM of the Radius ; and moreover the verſed Sine GD by ſubtract- 
5 ing che Sine Complement CG from the Radius CD. 4. The 


Squares of the verſed Sine GD, and of the Right ſine- EG being 
added together,give the 1 of the Chord ED of the ſame Arch, 
(which all are evident from the Pythagorick Theorem ) and half 
E of that EH gives the Right Sine of half that Arch. 5. From 

the Right Sine EG you have the Tangent of thar Arch, if you 
make, 4s the Sine Complement CG to the Right Sine GE, fo 
Ithe whos Sine CD ro the Tangent GI. 6. Laſtly, From 
theſe Da:a you may alſo have the Secants ( it required) thus, 


© 11 


WE as the Sine Complement CG to the W. S. CE, fo the W. S. 
kf CD to the Secant CI; or as the Right Sine EG to the W. S: 
-viFE.C. ſo the Tangent ID to the Secant 1C ; both which are «&« 
| vident by our 24th Propoſition, | 

= Conſe. 9. If the Quadrant of a Circle (CBEG, Fig. 70.) 


E>be inclined to another Quadrant (CADG) and two other Per- 
Ez pendicular Quadrants cut both of them, iz. FBAG and FEDG, 
= and the latter do fo in the extremities of them both) having let 
© fall Perpendiculars from the common Sections E and B, thro? 

d = the Planes of the Perpendicular Quadrants, and the inclined 

a Quadrant, (viz. on the one fide EG and BH, as Right Sines 

2 of the Segments EC and BC; on the other EI andy BK, as 

«ME Right Sines of the Segments ED and BA) you'l have '2 Tri- 

BE angles EIG and BRH Right Angled at I and K, Equiangular 

ngZat Gand H (by reaſon of the ſame inclination of the Plane 

Ui & CBEGC) and confequently ſimilar, by cur 34th Propolition ; 

\l = wherefore as the Sine EG to the Sine EI, fo the Sine BH to the 


- = {me BK, oras EG to BH fo El to BR, and contrariwile. 

; A SCHOLIUM Vl. 

oe: ; 

ed A Ence you have ſeveral Rules of Spherical Trigonometry for 
«BS LL. refolving Right Angled 44 (a) 1. Having given in the 


BZ Rightangled A ABC the Hypothenuſe BC and _ 

0-2 the Oblique Angle ACB, for the Leg AB op- (a) Lanbog, 
57 polite ro this Angle, make : as the fine T (EG) Geom. Triang. 
«oy to the fine of the Hypoth. (BH) ſo the fine of 1b. 4. Prop. 
if 2 the given Angle ( EI ) to the fine of the Leg 12: | 


- 


© ſought (BR), 2, Having given the Hypothe- 
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ruſe BC and the Leg AB for the oppoſite "Angle ACB mui 
as the fine Hypoth. (BH) to S. T. (EC) fo the {ine of y, 
given Leg (BK) to the fine of the Angle ſought (EI) , 
Having given the fide AB and the Angle oppolite to it AC} 
for the Hypothenuſe BC ({uppoſing you know whether it þ 
greater or leſs than a Quadrant) make as the fine of the ging 
Angle El to the fine T. ( EG ) fo the fine of the gin 
Leg (BK) to the fine of the Hypoth. BH). 4. Having ging 
in the Right Angled a EBF (which we take inſtead of AB( 
that ſo we may not be obliged to change the Figure) one[; 
EB and the Hypothenuſe BF for the other Leg EF, you ny 
find its complement, it you make-as the ſine Complements 
the given fide (BH) to S. T. (EG) fo the fine Complene 
cf the Hypotnenuſe (BK) to the fine Compl. of the fide foug 
(EI) 5. Having both Legs EB and EF given, for rhe 1 
| pothenuſe BY its Compl. BA may be found thus: as S. T. (Wt 
4s'to the ſine Cpmpl. (BH) of one fide EB, fo the fine Conf 
(EI) of the. other ſide (EF) to ( BK )) the fine Compl. of vi 
Hypothenuſe. 118 
6. Haring given in the ſame Right Angled Triangle EBF wit L 
Leg EF, and the Angle adjacent to it ETB, firſt prolong ini 
whole  Quadrants BA to f, that AF may = BF Hypoth. i 
BC to + that Ce may = EB, and AC to 4 that C4 may = 
the meaſure of the given Angle EFB : ſecondly from d thro i 


and f let fall a Quadrant thro' the extremities of the Quadraifſ10. 


BZ and Be, that ſo the A C de may be Right Angled, in whil 
there are given the Hypoth. C4= to the given Angle, and 
Angles C= to the Compl. of the given Leg ( i; i 

the Arch ED) and fo, thirdly, there is ſought the {de 9 « if 
the Complement of the Arch ef, or of the Angle foughr ABUE 
cr EBF ; 0iz. by the firſt caſe of this, by inferring, -as S. T. 
the ſine Hypoth. cd (v.e. of the given Angle EFB;) fo the 1 
gle dce {z. e, DE the Comp!. of the given L:g Rf) to the ln 

de (as the Compl. of the Angle fBe er EBF. ) | 


'7. Having given, in the tame Triangle, the ſide EF ard ty 


oppofite Angle EBF ( 4. e. the Arch ef) tor the other Angt 

EEB, (hat is the Hypoth. cd in the A cde) make by the kit 
of this: ; 
As the Sine of the Angle dee (re. the fine Comp. of the gy 
ven Leg DE) to the S. T\, fo the {ine of the Leg de (. c iſ 
, rn; f 


Ul 
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ce Compl. of the Angle EBF) to the Hypoth. c (5.e. the ſine of 
re Arch DA or Angle EFB.). 

9 Having-the Oblique Angles given to find either of the 
Gdes, viz. BF 3 which may be done thus by the ſecond of this : 
| As the ſine of the Hypoth. cd (7. e. the fine of the Angle at 
F) tothe W. 5. fo the ſine de ( 5. e. the fine Compl. of the 
Angle atB) to the ſine of the Angle dc e (re. the fine Comp. 


"ollof the fide fought EF.) 


Cinſ. 10. The ſame being given as in Conſe. 7. if inſtead 
of the Right Sines EI and BK, you erect Perpendicularly DL 
and AM(Fig.7 1 ) becauſe of the {imilitude of the Triangles DGL 
and AHM, you'l have, as DG fine T. to DL the Tangent of 
the Arch DE, fo AH the Right Sine of the Arch AC ro AM 


| the Tangent of the Arch AB; oras DG to AH, fo DL to AM, 
"Wand contrariwile. 


SCHOLIUM VIL 


T TEnce flow the other Rules of Spherical Trigonometry for Re- 


ſolving Right Angled Triangles, viz. 9g. Having given 


ihe fide AC in the A ABC, and the adjacent Angle ACB, 
Wfor the other ſide AB, make as the W.S. (DG) to the ſine of 


” 57 given fide ( AH ) fo the Tangent of the given Angle 


ZC ACB) to the Tangent of the Angle ſought ( AB. ) 
10, Having given the {ide (AB) and the oppoſite Angle” (at ©) 
Wfor the other ſide (AC,fo you know whether it be greater or leſs 
than a Quadrant) make as the Tangent of the given Angle 
EZ(DL) to the Tangent of che given Leg (AB) ſo the whole S. 
(DG) to the fine of the Leg ſought (viz. at AH.) .11, Both 
"B#fides being given, for the Angles, make, as the ſine of one Leg 
(AH) to the W. S. (DG) fo the T-. of the other Leg (AM) 
{to the Tangent of the Angle oppoſite to the fame (atC.) 12. 
{Having given moreover in the Right Angled Triangle EBF the 
EHypothenuſe (BF) and the Angle (EFB) for the adjacent fide 


EF, make, as the ſine Compl. of the given Angle (AH) to the 


WW. S. Þ the Tangent Compl. of the Hypoth. (AM) to the 


Tang, Compl. of the Leg ſought (DL) 123. Having given 
_the fide (EF) and the adjacent Angle F for the Hypoth. BE 


make ; 'as the W. S. to the fine Compl. of the given Angle 
iy (4B) Þ the Tangent Complement of the given Leg (DL 


[5 
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to the Tangent Compl: of the Hypoth. (AM.) 14. Having 


given the Hypoth. (BF) and one fide EF for the adjacent 4 
gle (F) make as the Tang; Compl. of the given Leg (D.L, 
' to the W.S. ſo the Tang, Compl. of the Hypoth, (AM) y 
the Sine Compl. of the Angle ſought (AH). 15. Having yh 
ven the Hypoth. (BF, 5. e. the arch Af, or the angle ar 4) uy 
either of the oblique angles (at F) for the other angle (ERF) 


| 
the 


0 


)p 


VIE 
Gin 


\F 


make by help of the new Triangle © de, by the 12th of thy, 


As the Sine Compl. of the angle c de (:. e. the Sine Cony 


of the Hypoth. (AH) to the W. S. fo the Tang; Comy|. 7 


the Hypoth. cd GC. e. Tang. Comp. of the given angle) to ty 
Tang, Compl. of the Side d e (s. e. ro the Tang: of the ang; 


ſought ABC or EBF.) 


16. Having given the oblique Angles to find the Hypoili 
(BF, or the arch Af, or the anglec de) it is done by the Ml 


of this Schol. 


As the Tang. Compl. of the Leg de (:. e. the Tangent ii 
the angle ABC or EBF) to the W. S. fo the Tangent Cul 
plement of the Hypoth. c 4 (3. e. the Tangent Complement if 
the other angle EFB) to the Sine Comp. of the angle c de iff 


the Sine Compl. of the Hypoth. BC ſought.) 


So that now we have with Lan/bergius (but much more ca» 
pendiouſly ) Scientitically Reſolved all the Caſes of Rigt-angkii* 
Triangles ; the Reſolution of Oblique-angled ones only aft 
remaining. F 


Gonſe&.11. In Ovlique-angled Spherical Triangles, as well % 
Right-angled ones, the Sines of the angles are dire&tly proporir hes 


nal to the Sines of the oppoſite Sines. 1. Of the Right-angit 
ones this is evident from N? 2g. Schol. 6. and from the qt 


Conſe#. For as the Sine of the angle A (Fig. 72.) to the Sint 


of BD, fo the W.S. (:.e. of the angle D) to the Sine of 4b 


2. The ſame is immediately evident ef an Oblique-angled Ti 


angle ABC, refolved into 2 Right-angled ones. For, 


T he Sine of rhe angle C is to the Sine of BD as the ſine of th ; 


ple D to the Sine of AB; and allo, 


The Sine of the angle Crtothe Sine of BD as the Sine of tit ” 


angle D to the fine of BC, by the 1, 
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nl Jn each Proportionality the means are the Sines of BD and Dz 
therefore the ReQangles of the Extremes of the Sines of AB in- 
3 the Sine of A, and the Sine of BC into the Sine of C, will 
be equal among themſelves, fince the Rectangles of the ſame 
eans are equal, by Prop. 18. therefore by Prop. 19. as the 
Gne of A to the Sine of BC, fo the Sine of C to the Sine of 


AB, QE. D. 


SCHOLIUM VII. 


He latter may appear of Oblique-angled Triangles after 
: this way alſo ; ſince the Sine of the angle A # to the Sine 
of BD as the Sine of the angle D to the fine of AB, call the 
Er 4, the ſecond e a, the third 6b, the fourth e & ; and becauſe 
the Sine of the angle C (which we call c) is likewiſe to the Sine 
of BD (;. e. toe) as the Sine of D (z.e. b) to the Sine of 


ZBC (which will conſequently be — it will be manifeſt, that 
17 : 


. the Sine of the angle 
Z Aistotheſine of BC as the (ineof the angle C to the ſine of AB, 


£3.4.25 4 4 eab 


5 fe LH . ot " C to . S eb. 
Cc 


by multiplying the Means and Extremes, whoſe ReQtangles are 
on both ſides e ab, Therefore as by the preſent and precedent 
EComſetary 7, it is univerſally true, That 3n any Triangle whether 
ER Lined or Spherical, Right- Angled or Oblique- angled, the Sides or 
Ebeir Sines, are to one another, as the Sines of their oppoſite Angles 
(which therefore is commonly called a Commm Theorem:) fo alfo 
hence flow 2 new Rules of Sp:rical Trigonometry for Oblique- 
Eanpled Triangles, like thoſe we found in Schol. 4. 


| F 0 find I. The other Angles. 


= From 2 ſides 
Epiven of an an- 
ple oppolite to 
ne of them, : 


As the {ine of the {ide oppolite to the gi- 
ven angle to the {ine of the other fide, fo 
the {ine of the given angle to the ſive ofthe 

C.arple fought, 


Su11493ur Aq 


If. The 


oy 
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Il. The other Sides. 


From one fide CZ Y As the fineof the angle oppoſite to 1h 
and the angles ) 2 Coiven fide to the fine of that fide, ©, 
given, 3 Cline of the angle oppoſite to the (ide ſouph | 

8 Þ/to the ſine of the {ide ſought. : 


And thus we have reduced all the Caſes and Rules of Sos 
"cal Trigonometry to their original Fountains ( for tron 
Sides piven and the Intefjacent Angle, or 2 Angles and tha 
adjacent” {1de, we may find the reſt in Objique-angled Triang 
by reſolving them into 2. Right-angled ones; and fo by tj 
Ruj-'s we have deduc'd in. Scho!. 6 and 7 ) excepting wi 
Calcs, viz. when from 2 (des given, the Angles, or fron 
Angles the Sides are ſought ; to reſolve which, weare ſuppl 
wich Rulzs from the following - _ : 


Con. 12. In the given Oblique-angled Spherical Triangle ARE 
(Fig.7 3.) whoſe Sides are uncqual and each leſs than a Quad 
having produced the fides AB and AC to the Quadrant A 
and AE, and <ftced beſides what the Figure directs, tha 
will E 
The Arch DE be the Mea: | Al the R. Sine of the fide ABR 
ſure of the angle A,AF=AC, | CM the Sine of the Side AC 
and ſo FB the difference of the] GL the Sine of GB, or of tt 
Sides AB and AC. {ide BC. , 

BC=—BG, and ſo GF the] FK the R. Sine of the Arch Fi 
difference of the third fide, and! BI the verſed Sine of AB. : 
the differences of the reſt FB. | BL the verl. Sine of GB or 

But now, 1. As EH or DH| BK the verſed Sine of FB. 
'to CM or FM fo will PH be|KL or NO the difterence fit 
to NM (by reaſon of the Equi-| verſed Sines we. have now ma 
angular Triangles EPH and] tioned, | ; 
CNM;) therefore by Prop. 20.| EP the Right Sine and DP tr 
ſo will alſo DP be to FN.| verled Sine of the arch DE F 
Make therefore DH=a FM==| CN the R. Sine and FN the wÞþ 
ea, DP==b FN==eb. ſed Sine of the arch FC. 
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+. By reaſon of the Equiangular Aa FNO and HAI (for 

FNO is Equiangular to the A FRQ. and that to the A HQM, 

y reaſon of the Vertical Angles at Q; and that alſo to the 4 

Alby reaſon of the Common Angle at H) and you have alſo, 
As HA, | 
Or DH to AI, fo FN to NO: 


a — 04— eb —oeb. 


Wherefore now, 9. you have evidently, 


the DH to FM into All as DP to NO. 


- DH NQO DP, 
= And Inverſly: as cea to 4 ſo oeb to b. 


SCHOLIUM IX. 


[[nce therefore the Radius DH or a is known, and allo NI 
E\ ) the Difference of the verſed Sines BL and BK, it is evident, 
that DP the verſed Sine of the angle A will be known alſo; 
ſuppoſing that. the firſt Quantity oe 4 is likewiſe known. But 
# this may be had by another Antecedent Inference, if you make, 


C AH to FM fo Al to a fourth o e a. 


4 £4 oa 


7, e, a 


} Hence therefore ariſes, I. the Rule : Having given the 2 
| Sides of an Oblique-angled Triangle, to find any one of the 
| Angles, viz. by inferring, | 


* 1. As the Sine of T to the Sine of R, one of the ſides com- 
© prehending AC; fo the fine of the other {ide AB to a fourth, 


DH or AH — FM — Al—ecea. 

4 — 8&4 —- 04, 
} 2, As this fourth to the ſine of T, ſo the difference of the 
| verſed {ines of the third fide, BC, and the differences of the c- 
© thers to the verſed ſine of the Angle ſought, iz. 
, 0ca — 4 — NO — DP. 


+ oeb b 
| But ſince the fidzs of a $ 


pherical Triangle may be changed 


into 
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into Angles, and contrariwiſe the ſides being continued [ , 
the fide AB of the given Triangle ABC (Fig. 4.7.) be © 
nued a Circle, the reſt into Semicircles from the Poles. þ gang. 
and likewiſe the Semicircle HI from the Pole A, and the $% 
circle FG from the Pole B, and the Semicircle EA from 4 
Pole C, you'l have a new Triangle a, b, c, the 2 angle 
which will be equal to the 2 ſides of the former ABC; 4 
angle 4 or its meaſure IG, is equal ro the fide AB, by re, 
each makes a Quadrant joined with the third arch AG; 
the meaſure of the angle 6b, is the ſide AC (:z. in this o 
wherein the fide AC is a Quadrant, in the other wherej; 
would be greater or iefs than a Quadrant, it would he 4 
meaſure of the angle of the Comp!. for then the Semicircle 
deſcribed from the Pole A, would not paſs thro' C but beyu 
or on one fide of C, See Pitiſe, lib. 1. Prop. 61. p. m. ” 
— the angle c or its-meaſure KL, is equal to the 
BC, becauſe with the third RC they make .the Quadrant | 
and CL) Therefore, 2. Having given the three Angplq: 
the Oblique-angled Triangle a b c, you may find any fide, 
ac, if there be ſought the Angle ABC, or rather its Con 
ment RBF, or its meaſure FR =ac , from t 
3 lides given of the A ABC, by the preceding Rule, by ink 
ring, viz. 1. AsS. T. to the fine R, of one fide comprehend 
the angle of one fide AB (z.e. of one angle a adjacent towfſk 
fide ſought) ſo the {ine of the other fide BC (5. e. of the other 
SleC) to a fourth. - , 
2. As the fourth to the S. T. fo the difference of the IF * 
fed Sines of the third {ſide AC, and the differences of the of 
(5. e. of the 2d angle 6, and the differences of the reſt) to Þ 
verſed Sine of the comprehended angle , or Complement wi 
Semicircle (r. e- of the ſide ſought ac.) 4 


Propofition XXXV. 


Vmilar Plane Figures (a) are to one another in Duplicate Proputtit ; 
of thezr Homolog ous Sides. | 


Demonffration. 


For, 1; the Baſes of 2 {imilar Triangcs or —_— Top 
| Wy 


The Elements of the Mathematicks. I1t 
-h any 2 Homologous Sides, e. g. AB and AB ( ti. 
wo be ak and Perpendiculars let tall thereon = _ 
DE, will be by Conſet. 1. Prop. 24, 28 4atoea, b toeb, 
Therefore the Parallelograms and Triangles themſelves, will be 
\ ba to eeba, by Conſe. 7 and 8. Def: 12. 5: e- by Def: 34. in 
Juplicate Reaſon of their Perpendiculars or aſſumed Sides, 
hich is rtioſt conſpicuous in Squares, which putting a for the 
le of one, and ea for the other, are to one another as a a to 
TY, 
| 2; Like Polygons are reſolved into like Tri- 
gles, when the Triangles ABC and ASC, and Ca) Excl. ig 
lo AED and ACTD are Equiangular, by Com & 20 lib. 6: 
8, 3+ Prop. 34+ but CAD and CAD, are allo 
quiangular, becauſe each of their angles are the remainder of 
qual ones, after equal ones are taken from them- Wherefore 
he firſt Triangles are in duplicate Proportion of the ſides BC 
nd BC; the ſecond likewiſe of the ſides CO and CD - the 
_ WHhicd are alſo in the ſame Proportion of the fides DE and DE, 
"WE i; e. (fince by the Hypoth. BC has the ſame reaſon ro BG 
s CD ro CD,and DE to DC) each to each is in duplicate Pro- 
ortion of the fides BC ro BE, or CD to 'ED, by the firſt of 
his: Therefore by a Sylleptis, the whole Polygons are in du- 
licate Proportion of the fame Sides : Which is the ſecond thing 
bo be demonftrated. | 
@ 2: Circles and their like Se&ors, are as the Squares of their 
Diameters, by Prop. 3 2- therefore in duplicate Proportion of them, 
Sy the firſt of this : Which is the third thing : Therefore fimi- 
ar Plane Figures, &c. Q. E. D. 


CONSECTARYS. 


1. Herefore 2 ſimilar Plane Figures are one to another, 
| as the firſt Homologous Side, to a third Proportional, 
7 vertue of Definiticn 34. | | 


; Il. Any two Figures deſcribed on 4. Proportional Lines («) 
and imilar to 2 others, are likewiſe Proportional, 

d contrariwiſe ; for if the ſimple Reaſons or (@«) Eucl.prop. 
roportions of Lines be the fame, their duplicate 2.2. /ib. 6: 
'roportions Will be the ſame alſo, and reciprocally. 


SG H@O- 
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$SCHOLIUM. 


UT as this ſecond ConſeAary confirms Prop. 2.2 any; 
Scholium, ſo the firſt reaches us a twofold Geomeyj 
Praxis. 1. A Way to expreſs the Proportion of ſimilar | 
Zures by two Right Lines, viz. by finding a third Proporj 
nal to their Homologous Sides. For as the fide of the fi; 
this third, ſo will be the firſt Figure to the ſecond. 2. Ay 
to augment or diminiſh any given Figure in a given Re 
or Proportion, iz. by finding a mean Proportional betweeny 
fide of the given Figure, and another Line which ſhall be 
that in a given Proportion, and then by deſcribing therea 
ſimilar or like Figure. 


Propoſition XXXVI. 


Imilar or like Solid Figures, are to one another in triplicate 
| portion of their Homologous Sides. 


Ocmonſtration. 


For, 1. The ſimilar Baſes of two ſimilar Parallclepipxuth 
(and conſequently alſo of Priſms and Cylinders, by Cones. Wi 
and 5. Definit. 16. and alſo of Pyramids «12d Cones, by Cai 
2 and 4, of Definit. 17.) are, a8 ab to eeab, by («) the wif 
ceding Propolition, and their Altitudes as c to e c, by Corſi 
Prop. 3 4« | | 

Therefore Parallelepipeds,Cylinders and Priſms (and o the ti 
part of theſe, Cones and Pyramids)will be as abs to e abc,byf 
fe. 2, 4, 5. Definit. 16. 5. e. they will be, by Definir. 14 
Conſet, 1 and 2. Prop. 24. in Triplicate Proportion of if 
Perpendiculars or Homologous Sides. Which is eſpecially (if 
fpicuous in Cubes; which, putting @. fot the Side of one, a8 
ea for the fide, are to one another as a3 to e343, b. 


2. Polyedrous or many ſided Figures, may be reſolved if 
Pyramids of ſimilar Baſes and Altitudes ; which is evident Þ 
Regular ones, from the Conſe#. of Definit. 2.1. and cannot 
difficult to underſtand alfo of Irregular ones ; becauſe thy i 

| 3nclina' 
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"dination of | their Planes every where ſimilar and equal in 
amber, nece{{arily require that the whole Alritudes of {milar 
Polyedrous Solid-, as well as {imilas Parallelepipedons, by Coz- 
8, 2. Prop. 234+ ſhould be in ſubduplicate Proporijon of their 
3ifes, and ſo theſe being likewije divided in C and CM (Fig. 76. 

0 1,) the parts of their heigrhs GC and' GC, will be in the 
ame Proportion: Whence, e. gs. 2 Pyramids itanding on fimi- 
ar Baſes ABDEF and ABDCF, and having like Altitudes 
C and GC, will necef{arily be like or fimilarz and the ſame 
hing may be likewiſe judged of others. 

Or yet,to ſhew it more evidently, the Palyedrous Solids may be 
ſolved into like Triangular Priſms; for,e.g. each of the Trian- 
les of their ſimilar Baſes ABDEF and ABDTF (Nv 2, » 
re ſimilar, viz. ALF and abf, AQBF and ABF, by the pre= 
&:ding Prop. N* 2. "The Planes ABD and ABta, alſo AgfF 
nd AafF, are {1milar by the Hypoth. and conſequently allo 
Mthe Planes BbEF and BZFF CFh is ro bA as #4 to ba, rand alfo in 


Me one bl ro V2S, as ba to bB in the other ; therefore ex equo 


bs fh ro DB fo 6 to bB, Sc.) and fo the whole Triangular 
Priims will be ſimilar, by Definizt. 25. and fo of others. There- 
Fore fimilar Polyedrous Solids will be in the fame Proportion as 
imilar Pyramids, or Triangular Priſms, 7. e. by 

he firſt of this in Triplicate Proportion,of their (a) Eucl.prop. 


p | Sides; 5 I Zo lib. I 34 


of Cones and 
}- Spheres are as the Cubes .of their Diame- Cylinder:, 
ters (2) by Conſe. 3. Prop. 32. Therefore they (8) Eucl. 1, 
Fre by the firſt of this, as a3 to e393. Therefore lib- 12. 
Tg:milar or like Solids are in Triplicate Proportion 
$f their Homologous Sides. Q. E. D- 


CHAP. VI. 
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CHAP. VI. 


Of the Proportions of Magnitudes of divers ſorts 
pared together, 


Propojition XXXVII. 


HE Parallelogram ABCD (Fig. 77. N. 1.) #s zo the Tray 

BCD upcn the ſame baſe DC, and of, the ſame heighth a | 

1. This has been already Demonſtrated in Conſe. 2. ) 
nit. 12. Here we ſhall give you another 


Demonſtration, 


Suppoſe, ,1. the whole Baſe CD divided into four 
parts by the tranſverſe Parallel Lines EG, HR, LN, they 
(by reaſon of the fſimilitude of the aa DGF, DEI, DNY 
DCB.) GF be 1, Kl 2, NM}, CB 4; and haviog furds 
only B:ſ:cRcd the Parts of the Baſe, the Indiviſ 
or the Portions of the Lines _ tranſverſly thro' the Ti 
&ie a be 1, 2, 2, 4, 5, 6, 7, 8, ©c. ad infinitum, al 
Jong mm an Arithmetical Progreſſion, beginning from the fu 
1, as 0; to which the Ike number of Indivifibles alway, 
ſwer ia the Parallelogram equal to the greateſt, - vzz- the [ 
BC. Wherefore by the 4th Conſe. of Prop. 16. all thei 
viſiblcs of the Triangle, to all thoſe of the Parallelogram t 
together, z, e, the Triangle it felt to the Parallelogram, i # 
mz. OQ.E.D. 


SCHAOLE4U If 


> TOW if any one ſhou!d doubt whether the Triang| 
&] Parallelogram may be rightly. ſaid to conſiſt of an MW 


Kc number of Indivifible Lines, ' he may, with Dr. We 
1008 
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"ſtead of Lines, conceive infinitely lictle Paralleloprams of the 
ame infinitely little Heighth, arid it will do as well, For ha- 
Sving cut the Baſe (N? 2) into 4, £quil parts by tranſverſe Pa- 

Prallels, rhere will be circumſcribed about the Triangle f> many 

EParallelograms of «qual heighth, b:ing in the ſame Proportion | 

ds their Baſes, by Prop. 28. s. e, increaſing in Arthmetical 

Progreſſion. In the following BiſeQtion, there will ariſe $ ſuch 

Parallelograms approaching nearer to the Triangle, in the next 

$15, &c, ſo that at lergth infinite fuch Parallelo&rams of in- 

finitely lefs heighth, and endirg in the Thriargie ifeif, will 
conſtitute or make an infinite Serjes of ' Arithmetical Propor- 
| Irionals, beginning not frem o but 1 ; to which there will an- 
fwer in the Parallel Bram infinite linle Parallel:.grams of the 

Bfme heighth, «qual ro the greateſt, Whence it 8 Zain follows, 

by Conſe. g. Prop. 21. that the one Series is to tbe other, 7. &. 

the Triangle to the Parallelogram as 1 to 2; which being 
here thus once explained, may be the more eaſily applied Lo 


i © Cafes of the like nature hereafrer. 
F7 


I CONSECTARYS. 
El lvce in like manner in the Circle (Fig. 79.) the Periphe:> 
4 rys at <qual intervals from one another, as ſo many Ele- 
ments of the Circle, increale in Arithmetical Progre Fins the 
Sum of theſe Elements, 7. e. the Circle it ſelf will be to the Som 
jof as many Terms equal to the greatelt Periphery, 7. e. to a 
Cylirdrical Surface, whoſe Baſe is the greateſt Periphery, and 
Es Altitude the Semidiame eter, as 1 tO 2. 


{ IT. Hence the Curve Surface of a Cylinder circumſcribed a- 
bout a Sphere, 5. e. whoſe Altude is equal to the Diameter, is 
Quadruple to ics Bale. 


III. Alſo the SeQtor of the Circle b a c, to a Cylindrical Sur- 
face, whoſe Baſe is the Arch bc, bur its Altitude the Semidit- 
[Meter 4c, is as I tO 2. 


| IV. And becou(e the Surface of the Cone BCD is to its cir- 
cular Baſe, as BC to CA, z.e. as the 2 to 1. by Schol. Prop. 


K* the Cylindrical Surface, the Conical Surface and the C 1- 
Il 2 | Ca!ur 
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cular one we have hitherto made uſe of will be as 2, V2 offi: 
I, and cenſequently.continually Prepgrtiona!. 


SCAOLIUM 


LE which mzy allo abundantly appear this way , ;; 
by purting for the Dizmeter of the Circle a, for ty 
Scm:diameter 3 4 and for the Circumference ea, you'l have} 
Area of the Circie 1 ead by Conſet. 1 Defmit. 21. and Mi 
pl; ing the heighth or the Cylinder AB z.e. } a by the Periphyf 
ea youl have the Cylindrical Surface 3 eaa by Conſe&. 6. Deli 
I & as NOW 1s evident alſo by Conſe. I, 2 and 3. Now if I 
would alſo. have the Su-f+ce of the Cone, ſince it's {ide by on 
Pythagorich Treorem 1s V 14 and the half of that 5 V-az 1, e, \-O 
IN? 2 of Schol. Prop. 2.2.) Vjaa ; ard this halt being run: 
plied by the Perjpnery of the. Baſe ea, you"! have (by viruEc 
Conſe. 4. Definit. 1.8.) the Sn:f-ce of the Cone ea V £22 i, 6. Wu 
the Schol, juſt now cid) jeaa® : So that now appears al ime 
4th Cenſert. of this; becaule the ReCtangle of thoſe Ex:reaof&me 
eaa anc 7 ead i gy eaa* as well as the ſquare of the mean. 4 


Propoſition XXXVIII. 2 
A Paralle/epiped (a) BF (Fig. 77. NO b) 7s to a ÞPyas T: 


ABCDE upon the ſame Baſe BD and of the ſame heiobh 
270 1, This was D:monſtrated in Conſe&. 5. Definit. mn 


- 


ticre we ſhall give you another. 


Ocimentration. 


Suppoſe 1 the whole Alitule BE divided into 2 equal PI 
by tranſverte Piains Parallel to the Baſe, then will (by rea 
tne Stmilitude of the Pyramids abed E CYL 
a) Euclid. and \ ECDE Jthe Baies :bed ABCD -nd ABU | 
Prip 7 Cordll, be by Conſe@. 2. Prop. 24 and Conſe. 3. Di 
lib. 12. I7 in duplicate Proportion of the Altiu%P 
7. te. m duplicate Arithmetical Progrefſion 14! 
g. Mourenver 2, biſefling the parts of the Alticuce, the Þ 
d 1757uar Sei dCtions now douhle 109. Number (as the Indivilib Mt! 
L ice;cuts of tne propoled Pyramid) will be as LL 4. 6, th {Circul 
! is: 
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a6, 5c. ad Infinitum, all along in a duplicate Arichmetical Pro- 

portion 3 While in the mean time there anſwer to them as 
many Elements in the Parailelepipsd equil ro the preatett 
EABCD, wherefore by Conſef. 10. Prop. 21. all the Iadiv:ſibles of 
the Pyramid taken together will be to all the Indivifibles of the 
'Parallelepiped alſo taken together, s e. the Pyram'd 1t (elf to 
the Parallelepiped, as I to 9. Q.E. D. 


CONSECTARY. 


"His Dc monſtration may be eafily accommodated to all other 
Pyramids and Priſms, ard aifo Cones and Cylinders, (@) 

ſince here alſo (Fig. 78.) the circular Planes ba, 

BA, and BA are as the (quares of the Di:meters, (a) Euclid. 

and ſoas I, 4, 9. and to likewiſe a!] the other Prop. 1 o. lib. 

Elements of the Cone by continual biſection are in 12. 

duplicate Arichmerica! Progrefſion ; when in the 

WE mean time there anſwer to them in the Cylinder as many Ele- 

ME ments equal to the greateſt BA 5c. 


- Propoſition XXXIX. 


E Cylinder is to a Sphere inſcribed in it 1, Cc. of the ſame Baſe and 
Altitude as 2 to 2. 


ard 


= 213 
; 4% 


4 <AS 
jv IS 


as b 
2. 


_ Demonſtration. 


i Suppoſe 1 (F7g. 0.) tbe half Altiude GH (for the ſame pro» 
= portion which will hold when demonſtrated of the halt Cylinder 
AK and Hemiſphere AGB, will aiſ> hold the fame of the 
þe vhvle Cylind:r tc the whole Sphere) ro be divided into g equzl 
parts, then will AH,C1, E 2, be nmiean propor tionals be LW Cen ite 
Sepments of the Diameter by Prop. 3.4. Schol,.2 N? 9,ai d io by Prep. 
82 7. the Reftangles LHG, I:1 G, [2G «qual to the Fquar:'s 1, 
5 Ui,Ez being in order as 9 8 and 5. .nd ail 20% having bile d 
© the 101 mer parts of the heiphth, the [:x Squares curing ine Sphere 


(Crols ways will be found 10 be as 36, 35, 32+ 27. 2,11. Sv 


% 


[inthe progr: hon we have {hewn ar Jurge 1 
Wherefore fince all the Indivifibles of the Hemitp! 
h (circular Planes anſwering ro the Squarcs of 
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Diamcters have the ſame proportion of Progreſſion, by py 
32. and there aniwer to them the like number of Elemenyi 
th2 Cylindzr equal to the greareit AH : Allthy 
(« ) 4-cliem. theſe raken together wiil be ro all the other tak 
32 (al. 21.) together 5z.e, the whole Cylinder AK to the wh 
l;b.1 de Spher. Hemiſphere AGB by vertue of the atoreſaid (off 
ſea. 12.28 3 to 2 (a) Q. E. D. , 


SCHOLIUM.T. 


| 8 Fabr: elegantly deduces this Prop, a priori, in 16 
netick Mcthod jn his Smopſis Geome p. 318. (whichy 
Caroius Renaidinm performs from the fame common Foundatia, 
lib. 1. ds Compoſe *nd Refol, p. 201, and the following, but 
a mzre obſcure way and from a demonſtration further ter| 
Falr:'s is aſter this Methud : The whole Figure (81) AL bx 
turned round about BZ,, the Quadrant ADLBA. will deſcribe 


X ; Nl 
Hemiſphere, the Equare AZ a Cylinder and the triangle Bl 0 
a Cone all of the fame Baſe and Altitude. Since therefore Cid! 
are is the ſquares of their Diameters by Prop. 32. and the $q P 


of GE == to the Squares of GD and GF taken rogether | 
the Square of GF z, e,. GB x 2 GDis = DA BD or BAorl 
by the P:hag. Theor.) and fo the Circle deſcribed by GE if 
be = ro 2 Cucles deſcribed by GD and GF taken togelinſle 
then taking away the Common Circle deſcribed by GF theres 
remain the Circle deſeribed by GF within the Cone equal 
rne Aznuus or Ring deſcribed by DE about the Sphere. 


tince this may be demonſtrated after the fame way in any Wh Y 
cale, v:z. that a cirele deſcribed by gf, wiil be equal to anW.. 
nuns deicribed by de; it will follow, that all Rings or 4". 
deſcrived ty the Lines DE or de (vr. e. all that S.lid thi 
conceived to be defcribed by the trilinear Figure ADLM wi y 
30Und} Wil be equal to all the Circles deſcribed by GF orgf and 
r> the Cone generared Hy tne Triangle BLM ;) and jo wil GR, 
Cone 1i ; part of the C;linder generated by AL, by the 0... 
fit. of Frop. 38. to alfo the Solid made by the Trims | 
ADLM (wiz. the Exceſs of the Cylinder above the Sptt (a) 
wiil be 3 of the Cylinder, and c nſequently the HcmifpherM is. 
Q.E. D: pe: '& 
1 Frop 


Wa WO 
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7 by 


nents ot 

wo Ence you have a further Confirmation of Conſe8. 2. Prop. 
A 32. and Prop. 26. N. 2. 

ud (, 


{ I. Hence alſo naturally flows a Confirmation of Conſe&. 2. 
D:finir. 20. and conſequently the Dimenſion of the Sphere 
both as to its ſolidiry and Surface. Fgy putting a for the Dia- 
meter of the Sphere and eircum{cribed Cylinder, and Ea for the 
rcumference, the Baſis of the greateſt Circle will be 5 eaa, and 
at multiplied by the Altirude, gives + ea3 for the Cylinder, 
Therefore by the preſent Propoſition, 4 ea3 gives the Solidity 
ff the Sphere ( by making as 2 to 2 to i ro 4 ) This divided 
7 2 a, will give,by veriue of Conſe. IT. of the atoreſaid Def. 20. 
und Conſe. 3+ Definit. 17. the Suriace of the Sphere eaas 


= Il, Therefore the («) Surface of the Sphere eaa, is manifeft- 
j Quadruple of the greateſt Circle 5 eaa. 


-& 1V. The Surface of the Cylinder, without the Biſes, made 
Wy multiplying the Altitude « by the Circular Periphery-ot the 
Wiſe ea, will be cea, equal ro the Suriace of the Sphere. 


| V. Adding therefore the 2 Baſes, each whereof is 7 eaa, 
the whole Surface of the Cylinder 1 + eaa, will be to the Sur- 
lace of the Sphere eaa as 2 to 2. 


& VI. The Square of the Diameter aa to the Area of the Cir- 
(cle 3 £44, 1325 4 toy ea, 1.0. as the Diameter to the 4th part of 
FWithe circumference. | 


VII. A Cone of the ſame Bafe and Altitude with the Sphere 
| ind Cylinder, will be by Conſe@. 2. of. this, Prop. and the Con- 
ef, of Prop. 38. 7, ea, and of the Cylinders { or ,3 ea. There: 
ore a Cone, Sphere, and Cylinder, of the ſame heighth and dia- 
meter, are as 1, 2z 2. The Cone therefore 
(s) Archim. is equal to the Exceſs of the Cylinder «bve tice 
F 16.1. de Sph. Sphere; as is otherwiſe evident in Scho/rrm 1. 
© Cylind. cf this. | 
| 17-31. (a), 30). I 4 And 
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ND thus we have briefly and dire&tly demonſtrated t, 
chief Propoſitions of Archimedes, in his 1. Book de Sply 
*7 C:imd, which he has deduced by a tedious Apparatus, ay 

i Hy. And now if you have a mind to Survey th 

tos "4 more perplexeway of Archimedes,and compare it yij 

£c4is {over cur we have given you; take it thus : Archinej 

tnwugnc ic neceſſary firſt of all ro premiſe this Lemma + Th 

all the Conical Surfaces of the Conical Bady made by Circy 

volution of the Polygon, or many-angled Figure A,B,C Dt 

&c. (Fig. 82.) inſcribed in a Circle, according to D-fimr. 1y 

I ſay, thoſe Conical Surfaces taken alt together, will be eq 

to a Circle, whoſe Radius is a mean Proportional between |; 

Diameter AE and a tranſverſe Line BE, drawn from one «ff 
tremity of the Diameter E to the end of the {ide AB next 
the other extremity. "This we will thus demonſtrate by thekye 
of ſpecious Arithmetick : Since BN, HN are the Right Sinai 
equal Arches, CK and CK whole Sines, &©c, and the Ln 
BH, GC, &c. parallcl ; having drawn obliquely the tranfr6 
Lines HC, GD, all the angles at H, C, G, D, &c. wil wt - 
equal by Conſef. 1. Defirit. 11, and conſequently all the TW 
angles ENA, HNI, ICK, &c, equiangular, both among thaw 
ſelves, ard to the AABE ; firice the angle at B is a Right owe 
by Conſ-&. 1 Prop. 22, and the angle ar A common with wh : 
A BN. Wherefore as BN toNA ,, CRwoCl Mt 
or HN tw NI © & GK toKL. 7 

and DM to ML F 

bo pat oo ME ſo EB to BA; andi £ 

by miking BN, HN, DM, FM =4 CK and GK = 
EB=c, for NA, NI, ML and ME, you may rightly put(ÞF: 
for Rt ard RLebtor AB, ec. Which being done you mi] 


Wo 
IA 
83 -4 
F-004 
La) 


- 4 j - my . a. - = 2 . f 4% Tal 
ealiy obtain the Conicil Surtaces of the inſcrib'd Solid, and ttt A X 


oo 

j-: 
pn. 
[5 


Are2 of a Circle whoſe Radivs ſhall be a mean Proportion : 
berwecn AL and FB, and it wi'l be evidently manife#}, thi 'f 
theſe 1w49 are equa's For, 1. (for Conical Surfaces) the Diamete. * 
of the Biie BH == 2 a, 'and the ſide of the Cone AB —LL YH 
1 rerefore (anking here o the name of the Reaſon between ti 


Diameter and Circum':rince) the circumference will bs 20 
—_. -... | | whit!" ">" 


+333 


4 Mi 
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which multiplied by half the fide z ec, gives the Conical Surface 
iaec, by Conſe. 4. Definit. 18. And ſince the Circumference 
BH is as before 2 04, and the circumterence CG = 2 06, half 
0 th of the ſum 2 04 =_ 2 ob, VIZ. 04 m_ ob is the equated Circum- 
VeWerence: which multiplied by the Side BC = ec gives the Sur- 
 nfzce of the truncated Cone BHGC =o04aec—o0bec, by Con- 
7 tiMc3 c. of the aforeſaid Def. ſince,laſtly,the Surface of the truncated 
"Cone DFGC is equal to one,and likewiſe the conical Surface EDF 
ma:othe other,by adding you'l have the Sum of all 424ec | 2oec. 
Tr 2. (for the Area of the Circle) the Diameter AE is = 4ea 
nyt 2 eb, and BE =c: the Rectangle of theſe is = 4, ea -|- 
2ebc = (which alſo is evidently equa] ro the ReGangle of 
all the tranſverſe Lines BH, CG, DF irto the fide AB, as Ay. 
:himedes propoſes in the matter) = to the Square of the Radius 
I; the Circle ſought, becauſe the Radius is a mean Proportio- 
Sral between AE and BE, and fo equal to / 4eac + 2ebe, 
| ©that the whole Diameter is 24/ 4eac + 2 ebc. There. 
Efore, 2. the circumference of this Circle will be 20 4e ac 
E 2ebe, i.e. V 1600eac-+ 800ebe: which mulriplyed 
"by half the Semidiameter, 5.e. by i 4eao-+ eb, ze, 
N b eac4eb c gives the Area of the Circle ſought y 1 6 © © 
Facerecd-IG6oOeeabec—- 400eebbec. Bat this Root 


Fo 


Cextradted is 40 aec + 20bec, equal to the ſuperiour Sum 
of the conical Surfaces. Q.E D. _ 

Having thus demonſtrated the Lemma, we will eaſily demon- 
Eftrate with Archimedes (tho not after his way) That the Sur- 
{face of any Sphere, is Quadruple of the greateſt Circle in ir, 
Wowtich is already evident tram the 29 Conſe. For lince all the 
onical Surfaces of the inſcribed Solid raken rogether, by the 


Epreceding I.emma, are <qual to vhe Area of a Circle whoſe Ra- 


T P 


” 


gi is a mean Proportional between the Diameter AE and the 
peranſverſe EB; and this mean Proportionai approaches always 
© much nearer to the Diameter AE , :and thoſe Surfaces (6 


* 
Ye 
> 
<I 
A 


Emuch nearer to the Surface of the Sphere, by how many the 


* 


EMore fides the inſcribed Figure is conceived to have, by Con- 


wo 


| 
| 
| 


$97. 1 and 2. Def. 18. if you conceive in your mind the B.- 
{ection of the Arches AB, BC, &c. to be continued i Infoituna, 
Wt will neceſſarily follow, char all rhoſe conical Surtaces will ar 
J.ogth end in the Surface of the Sphere ir ſelf, and that mean 
F | Prge 
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portional in the diameter AE, and fo the Surface of the Shen 
will be equal to a Gircle, whoſe Radius is the Diameter A: 
But thax Circle would be Quadruple of the greateſt Circ). \ 
the preſent Sphere, by Prop. 35. Therefore the Surface of ,Þþ 
Sphere is Quadruple of that Circle alſo. Q, E. D. 


Hence alſo it would be very eafie to deduce with 4: 
des (tho again after another way) that celebrated Propoliti 
which we have already demonſtrated from another Principle of 
the Prop. of this Schol. viz. That a Cylinder is to a Soheresſ 
the ſame Diameter and Altitude, as 3 to2, For by Putiin : 
4 for the Diameter and Altitude, and e 4 for the Circumferen 
the Area of the Circle, will be Je aa; and this Area tin 
multiplied by the Altitude a, gives 2 e a3 for the Gylinder, No 
Conſe. 5. Definit. 16. and the ſane Quadruple, z. e. e aa ih 
tiplied by 4 4 gives 3e 43 for the Sphere, by Conſe#. 1. Dr 
2.0. and Conſe#. 3. Definit. 179, Wherefore the Cylinder iff , 
be to the Sphere as ; to 5g, 3. e. in the ſame Denominator M þ£ 
$, 5.e. as Gto 4, or 3 to2. QED. ; 

Whence it is evident, that the Dimenſion of the SphnfſÞ 
would be every ways abſolute if the Proportion of the Di 
ter to the Circumference were known ; which now with 4 3 
chimedes. we will endeavour to Inveſtigate. & 


: | wil 
Propoſition XL. C1 
| | EF vil 
HE Proportion of the Periphery of a Circle (z ) to the Diane E ) 
ter, 4s leſs than 37.or 35 to 1. and greater than 25, (0 |, | Gn 
- 1 tot 
Demonſtration. E the 
. RE | and 
"The whole force of this Propoſition conſiſts in theſe, tha, 'Þ 


Any Figure circumſcribed about a Circle, has a greater Pt : 1. 
phery than the Circle, but any inſcrib'd one a leſs. 2. The [. ; 
riphery of a circumſcribed Figure of 96 ſides, has a lefs Pop 
portion to the Diameter, than 35 to I. | vil 


To demonſtrate this ſecond, we will enqui |, 
le) Archim. 3- the Proportion of one {ide of ſuch a Figs [* 
Cxclom. prop.2 whether circumſcribed or inſcribed af:cr the 0 
_ lowing Way- 


a" 
Io. 
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For the firſt part of the Propoſition, 


Suppoſe the Arch BC (Fig. 84. N. I.) of 20 degrees, and 
:; Tangent BC making with the Radius AG a Right Angle, 
{io make the Triangle ABC half of an Equilateral one, fo that 
{AB ſhall be ro BU in double Reaſon, wiz. as 1000 to 500 3 
| hich being ſuppoſed, AC will be the Root of the Difference 
0B of the Squares BC and AB, 5. e. a little greater than $66, but 
* « not quite REN 
* Then continually Biſeting the Angles BAC by AG, GAC 
of by AH, HAC by AR, KAC by AL, BC is half the fide of 
|. circumſcribed Hexagon, GC the half fide of a Dodecagon (or 
FE ;2 fided Figure) HC of a Polygon of 24. {ides, KC of one 
® of 48; laſtly, LC of one of 96 ſides; and by N. 3. Sehol, 2. 
"W Prep. 24. GC will be to AC as BC to BA + AC, and alſo 
E HC ro AC as GC ro GA -|- AC, &c. Wherefore 
”  Inthe firſt BiſeCtion, of what parts GC is 500, of the ſame 
E will AC be 1866 and a little more, and AG ( which is the 
® Root of the Sum of the I 0 GC and AC) 193 Ij2 +. 
TB” In the ſecond Biſetion, of what parts HC is 500, of the 
| Game will AC be found to be 3797 is + and AH 38308. 
In the third Biſetion, of what parts RL is 500o of the ſame 
| wil AC be 7628 53 + and AR 7644 13 + - 
| [In the 4th BiſeCtion, of what parts LC is 500 of the ſame 
| will AC be 1527212 5+» 
© Now therefore LC raken 96 times, will give 48000 the 
'Þ Semi-periphery of the Polygon, which has the ſame Proportion 
| to the Semi-diameter AC 152723 as the whole Periphery to 
| the whole Diameter. But 4.8000 contains I 527 2534 2 times, 
| nd moreover 2181;3 remaining parts, which are leſs than 5 
S ow of the divifon, tor multiplied by 7 they give only 1526 
Tinm | 
| Therefore it is evident, that the Periphery of this Polygon 
(and much more the Periphery of a leſs Circle than that ) 
.Þ villhave a leſs Proportion to the Diameter,than 35 to 1+ Whicn 
' 18 one thing we were to demonſtrate, 


For 


C 
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For the 2.d Part of the Prop. 


Uppoſe the Arch BC to be (N® 2.) of 60 Degr, tha; 
) the Angle BAC at the Periphery of 20 Since the Angle of 
Bis a right one by Conſe. I. Prep. 33. the Triangle ARC yi 
be again half an Equilateral one, and BC the whole fide of uſ&.y. 
Hexagon, and GC of a Dodecagon, &c. So that putingfo,; 
BC 1c00 (as before we put 5co for the fide of the Hexigulſ 
let AC be 20co and AB the Root of the difference «& ty 
Squares BC ard AC 5. e. leſs than 17 324 viz. 1732 and ws 
Then biſe&ting continually the Angles BAC, GAC, &c. ſr 
the Angles at the Periphery BAG, GAC, GCB, ſtanding uf 
equal Arches BG and GC, are equal by Prop. 3 J- and the AyM 
ar C, (common to the Triangles GCF and GCA) and the ij 
thers at H, K, L are all right ones by Conſe, 1, of the al 
faid Prop. theſe 2 Triangles CGF and CGA are equianpurſt 
and conſequently by Prop. 34. the Perpendicular GC in theft 
will be to the Perpendicular GA in the other as the HypothentÞe 
CF in the one to the Hypoth. AC in the other z. e. (by the tw me 
dation we have laid in the former part of the DemonſtratindÞ#i 
N® 3, Schol. 3. Prop. 34.) as BC to ABFAC and in like nu 
ner in the following HC will be t> HA as GC ro AG+AC, 6 
Wherefore. = 
In the firſt BiſeEtion, of what parts GC is 1000 of the funÞÞi 
AG will be a little leſs then 37324 ; and AC (which is «ÞÞ 
Root of the Sum «of the DA AG and GC) will be a little life 
then 386 3 7; b 
Ia the ſecond BifeQion, of what parts GC is 1000 of t=Þ 99 
ſame wil! AH be a li:tle 1:s then 75954 and AC a live FF" div 
then 766 - 5; H 
In the third Biiion, of wha! parts KC is 10-0 of it | ne 
ſame wiil AK be a little le then 15255% and AC a lite ki Di 
1 52.90%; | tho 
In the fourth Biſeion, cf what parts LC is 1000 of i E 
ſame will AL be a little leſs then 20547%z and AG a line oN- 
then 30564, and conſequently it LC be put 500, AC will 
ifls then 15282. b- ? 
wFF 10 
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| Now therefore LC taken 96 times will give 4.8000 for the 
Periphery of rhe inſcrib'd Poly gon, and 15282 and a little leſs 
'r the Diameter AC. But 4.8000 contains I 5282 thrice, and 
moreover a remainder of 2154. parts, which are more then 7} of 
he Diviior 3 for 5x of this number makes 21551 and fo 72 makes 
[1507 5. 6: 21 5257+ Therefore it is evident that the Peri- 
Ephery of this Inicribed Polygon (and much more the Periphery 
Ef a Circle greater then that) will be to it's Diameter in a 


© greater proportion then 24; to 1, which 15 the 24d thing. 


n SCHOLIUM 

EZTFF any one bad rather make uſe of the ſmall numbers of 
E | A4rchimedes , which he choſe for this purpoſe, by putting, in 
© ihe firſt part of the Demonſtration, for AB 306 and for BC 
#153, in the ſecond for AC I56o and for BC 780, by the 
®like proceſs of Demonſtration, he may infer che ſame with 
Archimedes, We like our Numbers beſt, tho' ſomewhat large, 
| becauſe they may be remember'd, and are more proportionate 
oÞt» things, and make alſo the latter part of our Demonſtration 
ul like the former. The Proportion in the mean while of the Dia= 
7 meter to the Periphery of the Circle by the Archimedean way 1s 
Ii included within ſuch narrow Limirs, that they only differ from 
wv one another 453 Or 3355 PIs z for 57 Subtracted from 78 leave 2, 
GE as 337 or 33 and 255 or 753 if they are reduced to the fame Deno- 
mination make on the one hand ?Z352 on the other 3532. Hence 
© it would be eaſy, having divided the difference 32;z into 2. Parts, 
I" to expreſs a middle proportion of the Periphery to the Diameter be- 
dB tween the 2 Archimedean and Extreme ones as in theſe Numbers, 

© 1561to 4970, (or by dividing both fides by 5) as 2123 to 
tp” 994, or (dividir g both fides by 7) as 446; to 142, or (by 
kiE* dividing again by 2) as 22.31; fo 71, &c. | 

While theſe Numbers become as fit for uſe as thoſe of Archi- 


[| if 2 IO, O09, OCO ES STS #6 © 31, 416, 666. Peolomey, 

E | 10 C00, OOO, 000. . . « « - - 3I,415, 926, 525». Vieta. 
Na | 100, 000, 000, 00D, 000, 000 0:0... 314, 159, 265, 
l dp / ſ 
& 250, 979, 32}, $4 3, CC. Ludolph, a Ceuien. Prep. 
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Propoſition XLI. 


"He Area of a Circle has the ſame proportion to the Square of | 
Diameter, as the 4th part of the Circumference to the 1,8 
Deinonſtration. \ 


Though we FIGS before Demonſtrated this Truth in Coy YT 5 
Prop. 29. yet here we will give it you again after another wil 
's 


meter. 


Since therefore the Circumference is a little leſs then 35, ani 
little more than 93 Diameters, for this exceſs putting 7 if 
Diameter be I we will call the Circumference 3-z therefore E 


4th Part of it will be i=, And the Area of the Circle (1 þ 
Multiplying the half _—_— ;. e. i by the Cir b 
rence, you'l have both 3= and the ſquare of the Diamcter=iÞ 
Q.E. D. 7 
CONSECTARY. 
Herefore if the (« /) Proportion of Archimedes be ner! b, 
nough truth tov be made uſe of, viz. 22 to 7 ; the An * Þ, 
of the Circle will be to the Square of the Diameter as II to ih H X 
becauſe the quarter part of 22, 5. e. 55 or © to the Diam, # 


=# 1s 1n the ſame Proportion. b Ha 
FL 
P ropoſt [ F117 XLII. 


HE Diameter (&) of a Square AC (Fig. $2.) is inc} 

menſurable to the fide AB (and ads alſo (of y 

whole Periphery) 5. e. it bears a Proportion to ts 

(a) Archim. that cannot be exaCtly expreſled by Numbers | ; Tx 
Prop. 2. Cy- | | be 

clom. Oemonſttation. 


(4) Eucl. laſt [2 
Prop. lib, 10. For, if for AB you put 1, BC will b: 
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| I, and by the Pythagorick Theorem AC will be =4/2. Theres 
| wh by Conſe. 4. Definit. 30. AC is incommenſurable to the 


fide AB, Ge. Q.E.D. 


CONSECTARY I. 


: TT is notwithſtanding Commenſurable in Power; for its Square _ 
| I! js to the Square of the Side as 2 to 1. | 


F 


RA 

es ll 
i; Ap 
64k 
$£54 
WT 


T CONSECTARY I. 
y - OW if the Proportion of the ſide or whole Periphery 
1 ABCDA,, to the Diam. AC is to be expreſſed by Num- 
bers ſomewhat near, as we have done in the Diameter and Cir- 
© cumference of a Circle ; then making the fide AB=100, the 
(WT Diameter is greater than 141,33 , les chan 141,4. 


Propoſition XLIIT, 
wy 


Z THE Area of a Circle is Incommen{Aable to the Square of the Dia- + 
$ meter. : 


6 il 


': 
ih 2 


WES 
ws 


Demonſtration, 
M Y For dividing the Semidiameter CD (Fig. 85.) into two equal 
0 Parts (and conſequently the Diameter DF into 4.) AC will be 
7 2, viz. /4 and YC. V2. by Schol. 2. Prop. 24. N. 3. the ſum 


, v 
l F 


© v/4+1/3, and the tum of as many equal to the greatelt AC 4. 
': Having moreover Biſeed the Parts of the Semidiameter, AC 
H will =£& -or the v1 6, ac=vV I 3 AC = 1 2, AC — v7 3 
- thefum y16+y 15+ 127; and the ſum of as many e- 
mo qual to the greateſt AC is = 16, &©c. And thus the laſt 
aj ſums will be the Square Numbers increaſing in Quadruple Pro- 
&. Portion;but the former Sums will be always compoſed of the Ra- 
, tiogal Root of every ſuch Square, and of ſeveral other irrational 

{: Roots of Numbers unevenly decreaſing ; fo that it will be im- 

© poſſible to expreſs thoſe former Sums by any Rational Number, 

| by what we have aid in Schv!. 2. Definite, 320. Wherefore all 
i 'he Indivifibles of the Quadrant ADC are to as many ef the 
| *quare ACDE equal to the greatelt, #, e, the Quadrant it (elf 
/ AIC: 
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ADC to the Square ACDE ( and conſequently the will 
Area of the Circle to this circumlcrib'd Square) will be y, ,Þ 
Surd Quantity to a true and truly Square Number, ;, «, j, E - 
Area of the Circle will be Incommenſurable to the Square of jy} 
Diameter, by Conſe. 4. of the ſaid Definzr, Q. E. D. ” 


C ONSECTARY. X 


ND becauſe the fourth part of the Circumference bat” 
the ſame Proportion to the Diameter, as the Are of. 


the Circle to the Square of the Diameter, by Prop. 41. Ther 
fore alſo that will be Incommenſurable to this, and = | 


the whole Circumfecence will be ſo to the Diameter. 


SCZAYOLIUM. 


T Herefore it is ſomewhat Wonderful, which G. 6.1, 2 
nitius (@) tells us, that the Square of the Diameter wh 

< .- - B I o 1 i BE , 
ing 1, the Area of the Circle will be 1 —3+j—3J-;—'Þ the 
2, &c. ad Infinitum. i.e. by adding 1, --; and þ$—j &) Þ> fol 
= © 2 n . . . #7] : 
t9 3-33-33» Oc. 5. e. to the Sum of infinite FraCtions wit = 
common Numerator is 2. But their Denominators SquarekiF* ang 
ſen'd by Unity, and taken out of the Series of the SquaradÞ* T; 
Natural Numbers by every fourth, omitting the Intermed | | the 
ones: Which Sum might ſeem exprellible iÞ® jy 
(z) 44a E- Numbers, {ince all its parts are Fraftions rw © yye 


rudit, Aum, Cible to a common Denominaton ; while notvit E (for 
32. p. 44 © ſtanding Leibnitzus himſelf confefles, that the Ci 5; 
the following, cle is not Commenſurable to the Square, nor th * con 
preflible by any Number, EY of i] 

| evid 
Z [© One 
| one 
F and 1 
CHAP. VIP 
| beca 

| Tis 
- Tria 


| the ( 
[6b 4 
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CRAFT. VI 


Of the Powers of th? Sides of Triangles, and other 
b Regular Figures, &Ce 


Propoſition XLIV. 


F; N Right-angled Triangles (a). {ABS Fig. 86.) the Square of 
4 the Side (BC) that ſubtends the Right-angle, 1s equal to the 

Hy Squares of the other Sides ( AB and AC) taken together. 

| Ocmonſtration, 

&. Though we have demonſtrated this Truth more than once in 

yl the foregoing Propoſition 3 yet here we will confirm it again as 

J ” follows. Having delcrived on each {ide of the Square Bf a Se- 


' © micircle, which will all neceflarily rouch one another in one point, 
f 2 and be equal ro the S:micircle, BAC, it you conceive as many 


wu 


E* Triangles inſcribed alſo <qual ro BAC ; ir wi!l be evident thar 
up the Square BE will contain the ſaid 4. Triangles 5 and beſides the 
* litle Square FGHI, whoſe fide Fl, v. g. is the difference be- 
b tween the preater fide of the Triangle CI, and the lefs CF, 
; 2 (frbecauſe the leis fide CF=BA, lying in the 

+ fiſt Semicircle, if it be continued to | inthe ſe- (a) Euc. 47. 
'F cond Semicircle makes CIE=CA the greater ſide Lib. 1. 

{ of the other Triangle, and fo in the others. From thence it 1s 
Evident, That as the Angles ABC, and ACB together make 
© One right one ; ſo likewiſe BCF ( —CBA ) and ECF make allo 
* ne right one ; and conlequentiy ECE is = ACB, and the Arch 
and the Line El—=ro the Arch and the Line AB, &c. ) Wheres 


IF fore, if the greateſt (ide of the given Triangle BC or BD, 6c. 
| decalled a, and AC, b and the leaſt AC, or CF, &c. be called 
© cf the@f{ of the fide BC, will be=aa, and the Area of each 
þ LIriangle + b c : and fo the 4, Trungles rogether 2 bc: bur 
| the fide of the middle little Square will be b—e, and its Square 
bt co oft, bo; Wherefore if you add to this the —_ 

i glcs 


J 
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I 
The Sum of all, ;.e. the whole Square BE will be bþ 4 


ec = aa. Q.E.D. 


CONSECTARYS. 


I. 2 bt 1ce having the fides that comprehend the Ripht.zy ; 
| iven, AC==b and AB==c, the Hypothenulc or 8 
thai lhe the Right-angle BC will be =y bbbcc. 


IT. But if BC be given = a and AC==6, and you mr: 5 | 
find AB==x ; becauſe xx-bb==aa ; you'l have ( taking w# 
from both {des bb) xx = aa—bb; therefore x, 5s. e. AF 
v aa—bb. 

1]. 1f 2 Right-angled Triangles have their Hypoteuſ 4 
and one Leg equa], the other will alfo be equal. C 


P ropoſition XLV. C and 


N Obtuſe- angled Triangles (Fig. 87. N. I. the Square of te if 7 
| or greateſt Side BC that ſubtends the Obtuſe-angle BAC, it 
zo the Squares of (a) the other 2. Sides (AB and AC) taken tt 

and alſo to 2 Reftangles (CAD) made by me iif- 
(a )Eucl. prop. Sides which contain the Obtuſe- angle (AC) a" CC 


LE EINE te na 
En to RN PT nn p2 6 
; BE IN ne & 3 


$3. {5b 2. continuation AD to the Perpendicular BD let fail = 
the other (ide. F: 
Ocmonſtration. 


If BC be called a, ABz=c, AC==b, AD=s, CD wil 
—6-|-x. Therefore 0 BD==cc—xx, by Conſe&. 2. of they 
cedi:'g Prop. In like manner if 0 CD==bb-l2be-l-xrke i 
tracted trom the A BC==2z, you'l have aa—bb—2bx=Þ 
to the tame ABD. Theretore : 
ccm—=xxX=aa—bb—2hy—xx, | 
;. e. (adding on both ſides xx) | hav, 
cojmaa——bb—2ba. | Civi 
z.e. {ecging on both ſidesbb and 26x) : 
cob dn bac, DE Ee. i 
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CONSECTARY. 


EZ. TF in this laſt Equation you fſubtraQt from both Sides co|-bb 
© | chen will 26x=a4—bb—ce and (it yoa moreover divide 
an 


5 X —— Aq=" bbc: .. 
 þ&7 both Sides by 2 6b) youl have — Which is the 


& Rule, when you have the Sid?s af an Obiule-aogled Triangle 
© giver, 10 find the Segment AD, and conſequently che Pcrpens» 
re BE dicular BD. 
5 £ Propoſition XLVI. 
EZ TN dcute-angled Triangles (a) the Square of any fide (e.g.B.C,F 19. 
js $7. N. 2.) ſuvtending any of the Angles, as A is equal to the 
EG Squares of the other 2 ſines (AB and AC) taken together, leſs 2. Redt- 
2 anples (CAD) made by one fide, containing the Acute-angle (C A) 
3 and its Segment AD reaching from the Acute- angie (4) to the Perpen- 
b dicular ( BE). let fall from the other ſide. 


ty T- 
v 4 
bf 


4 Demoniſtratſon, 
Make again BC==a, AC=b, AB=c, AD=x ; then will 


PEE PDP Fe; 
ES IF 
A CENT ra SIO REG 


© 
[ | CD=b—x. Therefore cce— xx = (7 BD,and aa—bb-j-2bbx 
[ 4 _ (7, «£1 BEC—UCD) woll alſo be BK | 
” Therefore C—xx=aa—bb—j-20%—=xxs 
;. e. (adding t» both lides xx) 
coBZaa—bb-j-2bx, 


7. e. (adding on both tides bb, and ſubtracting 2bx) 
cÞbbJ-2bx=aa. Q. E. D. 


CONSECTARYS. 


nc F in the laft Equation, except one, you 

add on both fides bb, and tubtraCct 4a, you'll (a) Encl. 

; have co|-bb—ag= =2bx, and, it moreover you Prop. 1. 1.2. 
| Uvide hoth fides by 2b, you'l have 


_x —=x: Which is the Rule, having 23 


| ſides oven in an Acute-angled Triangle, to find the Segment 


AD, and conſequently the Perpendicnlar BD. knows 


I 
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' Knowing therefore the Segments AD and CD, and alf 4, 
Perpendicular BD in Oblique-angled Triangles, whether 
ruſe-angled or Acute-angled, when moreover the fides BC , 
AB are likewiſe given, the Angles of either Right-angledT; 
angles or Oblique-angled ones, will be known fo that the |; 
Caſe of Plane Trigonometry, which we deterr'd from Prop, y 

-to this place, may hence receive its ſolution. 


Propoſition XLVII. 


7 HE Square of the Tangent of a (a) Circle, is equal to a Reday | 
contain'd under the whole Secant DA, and that part of it th; 
3s trithout the Circle DE, whether the Secant paſs thra' the Cen ii 


7WOts 
DOcmonittation. 


For in the firſt Caſe, if CB and CE are=— 6, («) bu 
DE—-x, then will CD=6b + x, & AD= ow) 8 
ib. , | 
2 b + x: therefore * 
 pnADE=2bsz-+ax&q CD = bb + 2bx + xx. tf 
fore, if from the © CD you tubſtract q CE==bb the remankſ 
will be 2 b x + xx = 0 BD= q ADE. Q.E.D. : 
In the ſecond Caſe, the lines remaining as before, make! 
=», FE or FA =Z. : therefore the © ADE will be = 21 
—| » y, bur the q FC equal ro the Þ EC—DnFE = =; 
z.e. 2bx xx - A X. Bur the ſame Square FD i=: 
+ 2 Xy3»y. Wherefore takingaway from thele equa] Sql 
the common one AX youl have 2 Zy3 + y jz 2 bx+1Þ 
i.e, pr. 1ſt Cak= © BD. Q.E.D. J 


CONSECTARYS. 


I. Hereſore the ReCtangles of diverſe fecants (as of AD 
& a de in Fig. 88, n. 1.) which are equal to the {a0 
Square. BD, are equal alſo ro one another ; which the 1 
Equation in our Demonſtration (2 Ay +3 5<=2 b x =: 
is an ocular proof of: =_ 


1, Tr 


\ 


B YO SD0D-m as 


—<—————- 


= 
a? 


w+ bs * 
jy mon" 
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Il. Therefore by Prop. 19. a8a D to AD fo is reciprocally 
JF to D ein the Fig. of the 2 Cale. 


11. Tangents to the fame Circle from the ſame Point, as D1z 
& Db (n.3.) are equal 3 becauſe the Square of each is equal to 


Ihe ſame Rectangle. 


; [V. Nor can there be more Tangents drawn from the ſame _ 
Epoint then two : For if beſides DB & D 6, D c could alforouch 
the Circle, then ir would be equal to them. By Cor, 2. but 


{that is abſurd by Conf. 3. Def. 7. 


SOoACEALEIUM L 


ET JEnce is evident, the Original of the Geometrical Conſtru- 
if 1 Rions, which Cartes makes uſe of, p. 6, and 7. in reloi- 
ving theſe 3 Equations, 3% =—=aZ—+bb, 2% =a%-bb, & XJ = 
LZ=bb, For in the Firit cafe, fince he makes N O or N L 
( Fig. 89. 11. 1-) or NP ; a, and the Tangent X M 6b, make 
MNO through the Center xx will= 7, rhe quantity fought ; 
which thus appears : Making MO==Z, NM will==Z £'a, ard 
bits DO ZZ —2 Z4- | aa. But the 3 OMP (which is by the 
preſent Prop. =DALM, 5s. e. bb ) together with the @N i 
or NP 5.e. F aa 15S =O NM by the Parhagir, Theor. Therefore 
, —= 21+! as = bb _ Sls 56 ( raking away from 
both {ides 4 a4) Z:2, —a Z,= bb 3.e. ( by adding on both ſides 
aL) ZL =a'Z + bb: Which is the Equation propoſed. In 
the Second Caſe, if you make PM=7. ( as Carres makes it ) 
you'll have ONME+ZL + at + + aa, and ro this again as 
D fore you'l have = bb + + aq. Therefore Za, =bb : 
{1 herefore LL =—a7Z7bb: Which is the very Equation of the 
Jecond Cafe, Tn the third Cale, whether you make the w olz 
vcant RM (N.2 ) or that part of it without the Circle QUI =Z, 
be Root ſought,rhere will come out on both {des the fame Equa» 
ſion of the third Cſezand ſo ic is maniſeſt, that this Equation has 
ſe 2 Roots. For if RM be adding-+ to the Fig of Curtes 
te Line NO which ſhall biſet QR, and makes O!?M =LN ) 
VR or OQ will be —TZ—=a, arid fo the 1 OQ=ZZL—aZ4- 
$42, and this together with the @ RMQ (which is by vertue 
bt the pref. Pop. = 0 LM) =gNOQ. *. e. OM, 3. e. LA— 

+ al. 
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al 4 ada ALb==4 ads z. Oe ( by adding al, and taking awy 5 
z aa) 7 -b=al.; i, e. (taking away bb) ZZL=a47,_þ . 
Which is the the very Equation of the third Caſe, Bur if Qu . 
be made ==Z, OQ or OR will =\, — Z, andits 9. —!,, i 
aL-1-ZZ, as well as the former, and ſoall the reſt. Q.  », 


SCAOLIUM. Nl 


OW if you would immediately deduce theſe Rules b Z 
1 Y the preſent Propoſition, without the Pythagorick Thenn, 
Ic may (e.g, in the firſt Caſe) be done much ſhorter thus: | 
MO=7, and NO- or NP > a, then will PM==Za: The, 
fore D OMP=Z7—47==bb, or the HEM,by the pref. Py 


poſition ; by adding therefore to bo:h ſides aZ,, you'l have 77=®! 
aZ\-bb, which is the very Equation of the firſt Cafe, 1 4" 
the ſ:cond Cafe, if MR be 7, QM or PR will = 
Therefore © RMPaZ—ZZ-=bb, i. e. aZ=bb]-Z7,, 7 wu 
i, —1=77,; bur f QU=Z, RM will = a—7. Tin ** 
fore ARMP aZL—7Z7,—bb, as before, &c. {i 
SC HO LIUM II: ay 


Rom the 2 Confect, of the preſent Propoſition, flows an Tho 
In ther Rule for ſolving the laſt Caſe of Plam Trigmomn, it 
which we ſolved in the Confect. of the foregoing Prop. uz. 
you have all the three fides of the Oblique-angled Triay 
BCD (Fig. ©) given, it from the Center C, at the diſtance 
the leſſer {ide CB you deſcribe a Circle, then will , by Conf ['N 
2. of the preſent Propoſition, BD the Baſe of the TriaytÞ I 1 
(here we call the greateſt {ide of the Triangle the Baſe, ori vill 
an Equicrural Triangle, one of the greateſt) will be to AN ©qua 
(rhe ſum of the Sides DC+CB) as DE the differenceef th Þ 1! the 
S'des, to DF the Segment of the Baſe without the Cizce;Þ 7s 1 
which . being found, if the remainder of the Baſe within ti-Þ, qual 
| Circle be divided into two equal parts, you'l have both FG aff 
GB, as alfo DG; which being given, by help of the Right 
angled a4 GBC and GDC all the Angles required may ®: 
found. i... | Ti: 
Proj Þ. 
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þ Propoſition XLVIII. 


\ , N an Duadrilateral Figure (a) ABCD (F Tg Ol. N. 1, ) Ins , 
WI (ited in 4 Circle, the (2 of the Diagonals AC and BD 2s equal 
©, the two Reftangles of the oppoſite ſides AB into CD, and AN into 


g Demonſtration. 
© Having drawn AE to that the Angle BAE ſhall be equal ro the 
T CAngle CAD, the Triangles thereby formed (tor they have the 
VB ther Angles EBA and ACD inthe tame Segment «qual, by ver- 
Eve of ConſeCt. 1. Prop. 23.) will be Equianputar one to another 
'F and confequently ( by Prop. 24) as AC to AD 
; © (u) Prol.lib.1 « ſo AB ro BE. Wherefore by making AC-=a 
"© Amazeſh. and CD =ea, and AB =b, BE will be'=e b. 
E - In like manner when in the A A BACand EAD, 
"W the reſpetive Angles are equal (viz. adding the common part 
WF EAF to BAE and CAD, <qual by Gonftr.) and beſides the an- 
Fol BCA and EDA in the tame Segment are alſo equal z thiſe 
| Triangles will alſo be Equiangular, and AD will be ro DE as 
AC to CB; wherefore by putting, as betore, a for AC, and 
F «4 for CB, and c for AD, DE will =oc. Therefore the 
| whole BD=e b—-oc. The Rectangle therefore of AC into 
"E 3D wil =eba J-oca=; the ReQtangle of AB into CD 
; = eb a+ © of AD into BC=o4c. Q. E. Ih 


yo 
I) 9 
: 

: 


£ a 
*% 
v4 
I 
% 


be 


j SCHOLIUM 

18 IN Squares and ReCtangles (N. 2.) the thing is ſelf-evider*'; 
8 1 For in Squares it the {1de be a, the Dizgona's AC and BD 
no vill de V 2aa, and fo their ReCtingle 244 will be mznite ftly 
1 *qual to the rwo ReCtangles of the oppotire fides. In Oblongs, 
1 3 if the'two oppolire (des are a and the others b. the Dizgo- 
ei nals will be 2 4-b, and their Reftangle aa |-bb maniteit'y 
I <qual to the two Rectangles of the oppolite Sides. 


i | Propoſition XLIX. 


; The ſide (AB) of an Equilateral Triangle (ABC, Fig. 92. N. 1.) 
#F, "coribedin a(@) Circle, is in Power tripic of toe Radius (AD) 
ve ofthe DO. FAD. 


K A. Deron + 
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Demonitration, 


Bhs 

% btn: 
py Oe: 
IF, 


* M{ 4ke AD or FD=a, and (o its Square a4, Since Ther, : 
fore, having drawn DF thro? the middle of Az, , 'T 
the middle of the Arch AFB. let DE be = « ; for the anply Z 
at E are right ones, byConſi&, 5. Definit. 8. and the Hypathe. 
nuſes AD, AF, aree<qual, by Schol. of Definition 1 5. but 


NE 
Is va p 


fide AE is common. Therrefyre the other Sides FE ay j- 


quently AB 2 yaa, z. Ce V2 a4, Z. C. 3a : theietore (1 Al 
= wc QED. Y 


CONSECTARYS. © - 
I. FF the Radius of a Circle be == a, the fide of an Inſciid ] 
Regular Triangle will be 3 24, e. g. if AD be 
AB will be /300; and if AD be 1o, oeo, coo, AB vilkÞ 43 
300, 000, ©90, 000, 000, 4. 6. 17320508, and the Perpw if vi 
dicular DE 5600, ooo. | 
IT. Hence it is evident, that in the geneſis of a Tetraedrumpr i 
poſed in Def. 2.2, that the elevation CE (Fig. 44, N. 1-) s »Þþ 
the remaining part of the Diameter ot rhe Sphere CF as 2nÞ 1 
I ; for making the Radius CB=a and its aa, the 0 of 3 Þ 
or BE will = 3 44, by the preſent Propoſition. 'Therzfor Þþ 4 
the (3 of CB being ſubtracted frem the I of BD or BE, ther: Þ % 
remains the Dot CE —=2 aa. Fat ſince CE, | 
CB, CF, are continual Proportionals, by N. 4. («) Eu. 11 
Schol. 2. Prop. 24. CE will be to CF as the 0). lib. 12. 
of CE to the Square of CPB, by vertue of Prop. 


35- 5.6. as 2. [00 I, | (e) 
| | + 
SCADELIJUM, @, 


Ence you bave the Euclidean way of generating (a) a Tr Þ 

traedrum, and inſcribing it in a given Sphere, whes tt {BC 
bids you divide the Diameter EF of a given Sphere ſo that [x6 {anc 
ſhall be 2 and CF 1, and thenatEF toere& the Perpendiculat Anc 
CA , and by means thereof to deſcribe the Circle ABD, and ' 


inſcribe thercin an Equiateral Triangle, &s, 


Propojitiat 
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Propoſition L. 


8 Tx Side (AB) of a Regular Tetragon ( or Square ) (ABCD, 
q Fig. 92- N. 2.) is double in Power of the Radius (4D). 
lk Z 


h Z 1 Demonftration. 


: £ For having drawn the Diameter AC and BD, the Triangle 
" | A0B is Right-angled, and conſequently, by rhe Pythagorick Theo- 
FE wn, ifthe 0 of AO and BO be made equal to aa, then will 
} J te a of AB=2aa, Q. E. D. 


CONSECTARY. 


4 "TD Herefore when the Radius of the Circle AO is made == a, 
” the fide of the DO AB will =y/ 244, e-g- if AO be 10, 
I AB will be /200; and if AO be 10, ooo, ooo, AB will be 
»-|# 1:00, 000, 009, 090, G00, ie 6. I41421.36. 


& Propoſition LI. 

ol - | 

il - HE fide AB of a Regular Pentagon (a) (ABCDE,) ( Fig. 93. 
| N. 1.) zs equal in Power to the ſide of an Hexagon and Deca- 


re ton inſeribed in the ſame Circle, 1. &» the 1 of AB 3s equal to the 
A ; SMuares AF and AO taken together. 


y Demonftration. 
Make AO=a and AF=6b, AB=x: 


| (a)Eucl, Prop, We are to demonſtrate that x x =aa+bb: 
13, ib, 13. which may be done by finding the fide AB by 
{(«) Excl.Prop, the parts BH and HA, after the following way: 
10. lib, 139, Firſt of all the angle AOB is 729, and the o- 
| thers in that Triangle at A and B 549%. Bur 
ie 5G is alſo 542, as ſubtending the Decagonal Arch BF of 369, 
C 4nd alſo one halt of it FG of 18% Therefore the aa ABO 
a $4ad HBO are Equiangular, and you'l have 


As 
£43 
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As AB to BO fo BO to BH 


A 4 


Da 0 . 


XX 


Secondly, in the Triangle BFA the Angles at B and A are 
qual by N. g. Conſe. 5. Def. 8. and by vertue of the fame ag 
the Angles at F and A in the AFHA are fo roo. Where. 
the Aa BFA and FFA are Equiangular, and you'l have | 


As BAto AF fo AF to AH Wk 
b E 
x tO a« +  - BS E 

X [E: "0 

| cicu 


Therefore the whole line AB (becauſe the part AH 1s four} 
= 4 and BH — —) will be =< _ which was firſt mad: } 


X X 


X 


aa+bb. —" 3 
—=x; ſo that now 147 is = x, and multipiying both ſd F 


by x, aa +bb =xx. QE.D. | 7A 
CONSECTARY I. »p 


EF Herefore if the Radius of a Circle be (a) the fide cf iP 
tagon AB will be / aaxbb. 


| TP! 


Þ tercfore the D at=* nu and 2 OI=GOA--24f 


—bb. —b ——| 
—— - <2? Therefore Ol=y 3a: T: 


= 648 — 


Which yet may be expreſſed otherwiſe, viz. OI —= = b 


Demonſtration, 


Make (a) OA or OF (N. 2.) as before =« þevide 

(2) Euc!. Prop. AF==6b, and FI now ==x; then will Oſ=z=i—: Þlide 
I. lib. 14. and having drawn the Arch FK ar the Intervil PAC 
AF, fo that AR may be equal to this, and « 


Mathefis Enucleata: Or, I4T 
F: g—x 5 then will the angle IRA=F72% Therefore the an- 
EF. AKO— 108 ; and fince ROA is 36?, RAO will be alfo 
EP and fo KASRO=AF=b. Wherefore Ol is =b + x, 
; F hich was above 4—X- _—_ 201—a——x-+b--x, i, e 


bat. Therefore OI 


I 2 


CONSECTARY II. 


TI Herefore the difference between the Perpendicular of the 
] Triangle DE (F:3. 92 andg2. N. 1.) and the Perpen- 
| dicular of the Pentagon Ol is = 36, by vertue of ConſeR. 2. of 
© this and of the Demonſtrar, of Prop. 49. 


CONSECTARY IV. 


«& TJ TEnce is allo evident,by the preſent Propoſition,that which in 

Ef þ Fabris Geneſis of an Tcoſacdr. Def. 2.2. we ſaid, viz. that ( See 
Fig. 46.) Ba is equal to the {ide of a Pentagon BA, becauſe, 
uz. Fa iS to the Semidiameter OB, and BF is the fide of a 
| Decagon. 


ad 


| > — 
CD p <_ #_ 
£ ONE: FS 4 


j Propoſition L1I. 


HE fide of an Hexagon is in Power equal to the Radius, as being 
zt ſelf equal to it by N. I. Schol. Det. I5. 


| Propoſition LIII, 


; THE fide of a Regular Oftagon (ABCD, &Cc. Fig. 94.) is equal in 
| Power to half the ſide of the Square, and the difference (PB) of 
| that half fide from the Radius, taken together, | 


Demonſtration, 


| For that the of AB is to the D of AP +-D BP, is 
4 "ident from the Pythag. Theor. But that PO is PA halt the 
« lide of the Square, is evident from the equality of the Angles 
i $PAO and POA, fince each is a half right one or 4.5% Where- 


ol | fore 
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fore the fide of the Octagon is equal in Power to half the (wþ 
of the Square, &c, Q.E.D.- | 


| 


[1 


CONSECTARY. 
Herefore, if the Radius be — AP will be, by vertye | 


© the Pythag. Theor, = an and PB<a—v 771 of thbl 
Diaa; and of this 0 1 344 — y 2. « Therefore the Sun off 
DO ABZ2a4— 24 Therefore the fide of the Otyyff 
=y/ 244/35, 6. g. If AO be 10, AB will be 1500 
20000, and if the Radius AO 10000000, AB vill vfÞþ 

4200, 000, 000, 000, £09 — Y0000000000c00005 6 

©00C080000, by vertue of the prefent Conf. or from thePro,fiÞ © 
it ſelf, if AO be 10000000, AP will be vertue of the ConſyFÞ 
Prop. 50. = 7071068, and conſequently BP =29:89, [ff 

The Squares of theſe added together give the UAB, ads « 

Root thence extracted AB= 7653 668, * 

| T; 

Pr opofition LIV. k 

| tn 

HE fide of a Regular Decagon (a) 25 equal in Power to the gra = 

T part of the fide of an Hexagon cut in mean and extreme Rem Þ tt 

| th 

Demonſtration. Fi 

F 


Suppoſe BD (Fig. 95.) divided in mean aff 

(a) Eucl. g. extreme Reaſon in E, and BA to be joined with 
lib. 1 2. Corol. long ways == to the fide of a Decagon inſcrivxhÞ = 
in the fame Circle, whoſe Radius is BC or AC a 
BD. Now we are to demonſtrate that DE the greateſt part «i 
the de of the Hexagon BD divided in mean and extreme Ref e., 
ſon, is equal to the fide of a Decagon BA, and the Power of ti: iþ , 
one equal to the Power of the other. Becauſe the Angle ACHE : * 
is 26%, ABC and A722, and conſequently CBD 108", BOW D 
and D will be each 269, and fo the whole ACD 7 29. (chat the 
CD may paſs preciſely thro' the other end of the fide of the Fei ip Per 


tagoi 


Lam 
, 5 
Fo 
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tagon AF.) Wherefore the [A 4 ABC and ADC are Equi- 


angular 9 an 


| AD boy = ot = to AB. "Therefore the whole 
F tne AD is divided in mean and extreme Reaſon. But BD is al- 
| divided in the fame Reaſon by Hyp. Wherefore 


As AD to DB and DB to BA, 
So DB to DE and DE to EB. 


| "Therefore DB is in the ſame Proportion to DE as DB to BA. 
& Therefore DE is =BA, and the Power of the one to the Power 


| | of the other. Q. E. D. 
Br CONSECTARYS. 


1 T Herefore, if the Radius of the ſide of the Hexagon is 4 
| * the fide of the Decagon will be VTa2z—E a, by Schol.. 
| Prop. 27. e.g. if the Radius be 10, the fide of the Decagon 
| will be /125—x, . and if the Radius be put xo oo00 ooo, 


* thelide of the Decagon will be=4/125 000 000 o00 ca0 
#1} — 5000 000, viz. by adding the Square of the Radius and 
" (8 the Square of half the Radius into one Sum ; whence you'l have 

| the fide of the Decagon =6180340 ; the half whereof 

| 2090170 gives the difference between the Perpendiculars of 

| the Triangle and the Pentagon, by Corſe 3. Prop. 51. 


it | II, The fide therefore of the Pentagon is by Prop. 5 1.4/5 22 
wlh = 72+ ; for the Square of the Hexagon is aa or 34a, the 
=þ O of the Decagon 3 aa — V2 * + the Root extrafted out of 


td | the Sum of theſe is the {ide of the Pentagon, viz. Viaa—Viat 
| *- 2 if the Radius be 10, the fide of the Pentagon will be 


cl /:50—y 125000, and if the Radius be put 10 O09 000, 
c0|þ fince the fide of the Hexagon is equal to it, and thc fide of the 
: 68 Decagon 6180340, their Squares being added into one Sum, 
"A the Root extracted out of that Sum will give the ſide of the 
| Pentagon, 17557 04. nearly ; and the ſides being colle&ted into 
| one 


p__— 
— as 
cp 
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one ſum, the half of it 8090170 will give the Perpendiculy : 


the Pentagon OI, by Conſe. 2, Prop. 5 1. [ 
SCHOLIUM I, F 
O illuſtrate what we have deduced in the Conſe@ury, Þþ + 
Prop. 51, you may take the following Notes. If a he Þ| | 
'= 10 or '2Y, the ſide of the Decagon will be =V/25—g n , 
618 nearly —b; therefore the M 7 a = "59229 and the 0 j;-Þ c 
331927 , therefore 445 bb or the O AB — 391224 þ. Peri I 
; __a+b__r1618 ,.. Wy | 2 
dicular OI —- ——— divided by 2, that i. Nos j ; 
F 


' theD of Al is ? of the DAB—=358! the DO] hn oy" 24h 
—<3+, Now if you add the ©! Al and the © Ol, tj iſ 

| 2aa=|-2ab-|-2bb ada 2 ab 
will b =O AO= ; 2 1 : 


—92| 95, or near 100, Thus likewiſe, ſince the Perpendialy 1 


above found Ol, in Conſe. 1. may be alſo determined vi” 4h 
V3 aa—bb, = T0G0000 #020209 Cu 


— ſince a 4 18 = "$55," and 2 a 4 3 99999 ſabtradky j 


+ .F 
from it b þ = 3222 the Remainder will be ?9927% and thi 


ing divided by 4, you'l have the O Ol = $4327. and the Roto 
it extracted 22 nearly ; ſo thar thoſe two difterent Quantities i 
ConſeR. 1. will rightly expreſs the ſame Perpendicular Ol, | an 


SCHOLIVU M II. By 


Now therefore as we have PraQical Rules to determine 4 At 

rithmetically the fides of the Pentagon and Dccagon, i 
alſo they may be found Geometrically by what we have dennÞ 
ſtrated. For if the Semidiameter CB (Fg. 96. N, 1.) be dine 
into 2, parts, EC will = 2; and erefting perpendicularly i 
Radius CD =aDE will =y/ 522. Moreover if you cut «F 
EF equal to it, FC will be = 544 — + 4 = to the fide 
the Decagon, by Conſe. 1. Having therefore drawn DF, whip 
is equal in Power to the Radius or Side of the Hexagon 
and the {ide of the Decagon FC together, by the Py:bag. Trop 
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'Þ + will be the fide of the Pentagon ſought. Much to the fame 
| purpoſe is alſo this other new Conſtrution of the fame 
.oblem, wherein BG ( Numb. 2. ) is the ſide of the 
| Hexagon BD the fide of the Square, ro which GF is made 
1 equal, ſo that FC is that fide of the Decagon , and DF 
KF the Pentagon ; which we thus demonſtrate after our way: 


| Having biſcted GH the hide of an Equil, Triangle, the Square 
'F GE will bet—-, by Prep. 48. which being ſubtracted from 


pf} the Square of GF== 2 a 4, viz. 54 4, by Prop. 49. there will 
| remain for the Square of EF } a a, and for the line EF y/ 77, 
b and for FC 522 — £4, which is the fide of the Decagon, as 
Li DF of the Pentagon, afcer the ſame way as before, 


un F FE ropofrtion LV. 


| 'THE fide of a Duindecagon (or 1 5 ſided Figure) is equal in Power 
ul © to the half Difference between the fide of the Equil. Triangle and 
| i the fide of the Pentagon, © moreover to the Difference of the Perpendi- 
| culars let fall on both ſides taken together. 


»f  __Demonſtratfon. 


lh For if AB (Fig. 97.) be the fide of an Infcribed Triangle, 
| and De the fide of a Pentagon parallel ro it; AD will be the 
fide of the Quindecagon to be inſcribed, by Conſe. 4. Def. 15. 
* But this ſide AD in the little Right-angled Triangle, is equal in 
| Power to the fide AH (which 1s the half Difference between 
48 AB and DE) and the fide HD ( which is the difference be- 
jo *fveen the Perpendiculars CF and CG) taken together by the 
# P:bag. Theer, Q.E, D. I 
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CONSECTARY. 


5 lag if we call the Side AB of the Equil. Ac, and ni 
the (ide of the Pentagon DE=4, AH will —£=4* 


HD is 36, by Conſe8. 3. of Prop. 5. Since "Pr 
A AH is = <>2cxddand the AHD = *< the A ADy3 


Co—2cadxbb + 


— i F 


Therefore the fide of the Duindecagon = V iz cd nul 


4. 
that is, ColleAing the Square of the half difference of the 
of the Triangle and Pentagon, and the Square of the differ 
of the Perpendiculars into one Sum, and then Extradting tþ 
Square Root of thar Sum, you'l have the fide of the Quinde 
gon ſought. E. 9. if rhe Radius Cl be made 1009009 þ 
difference of the ſides of the Triangle 17 320508,and ofthe wiſh 
of the Pentagon 11757704 will be 5564804. and the halt 
this 2782402 ; but the difference of the Perpendicular GM: 
from the Perpendicular CG, is 23090170. 


. of ZE MX pm_ a ET  ECENCR@RypC _——_— x ———— = 


- - 
- Wo 
"ew 


The Squares therefore of theſe T'wo laſt Numbers beiyſfh 
ColleQted into one Sum , nnd the Root Extracted will giv 
fide of the Quindecagon 41582 34 nearly. | 


SCHOLIUM. iT 


Ere we will ſhew the Excellent uſe of theſe laſt Propoliimſ 

in making the Tables of Signs. For having found abot : 
ſuppoſing the Radius of 10000000 parts, the ſides of 8} 
chief Regular Figures, if they are BiſeQted , you wil ha 
ſo many Primary Sines ; viz- from the fide of the Triangle fp 
ſide of 60 Degrees 8660754, from the S'de of the Squat 
the Sine of 45 ® 7071068; from the Side of the Pentago! 
the Sine of 262 &4g$77852; from the Side of the Hi 
£on, the Sine of 30@® Foooooo ;, from the Side of W | 
Oct: gon , the Sine of 229 230 2826842 ; from the 5# # 
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the Deca on the fine of 189 5 O9QO . "a 47 
of the uin ecagon laſtly the. {ine w _ YER - from the lide 
theſe ſeven primary fines you ma TE 207 207% On 
and conſequently all the Tangetts d EY the reſt, 
he Rule we have deduc'd; ». _ JR according to 
W which Ph. Lanisbergius :luſtrates | one - Prop. 34. and 
Trad 0h ep 7. nate ring oak 
what way, taving et 60 = the following. Bur af- 
ETangents, &c. Logarithms h e > Br eater numbers of fines, 
ET” ceatatinh two be - | of late accommodated 
452. the Logarithms of fines _ which in brief is thus 3 
Fam the Lopari oor ae » Oc. might immediately be had 
Ti numbers were enenided © _ if the tables of vul- 
bs; an his the fine g. ofo gr. 34. whichivs large 
LT ovorithrn 3 ___ . g. of 0-gr. 4. Which 1 Q- - 

oh the Logarithrh in the Chiliads of Vacs -— 98900 
Pit becanſe the other fines which cqums is 49951962916. 
t6be' found among vulgar nd yy greats 
yond 200000, others onl i (Tor they 
© oPopemiy Micro Ahern Aer ann grins 
ira teteS of finding the Logarithms of gre: | 
ce ders, than what are contained in th T ang 
If | Logarithm of the ſine of 45® whi wh S ables, | E g. If the 
] =þ57 whole number is Gon vo ig tel »Y he m7" 
tes, yer is Gf wo bb found jp any valgus 
TO Vibe of Soten Ol he corndpcndent Logan 
| 3- 8494808, and the five beſt -207 correſpondent ZUR 
CE Ee On fan 
| CharaQterittick with fo my CS OT, only by augmenting the 
| of the number pro fed <1 rope: as there remain notes Og 
| 6 that the Lo = By b codags _O found in the Tables, 
I This iis Ke ror thus out will be 6. 8494808372. 
| ty the ” the remaining notes of the opal = 
| (which for ons ws = Logarithm from the next following, | 
| Chiliads, and oh nets is every Where added in the Viacquiay 
| 4176492 caſt awa 7 cafe 614419) and from the Product 
ed number be es ny notes as adhere to the propor 
of the nog 3+ p 6 ; "gy ones, in this 
before taken pros 764, 1t rhey are added to the Logarithm 
Ee oe Tan 
ad, Wharrir ON + = according to the Tables of Vlac- 
e Log. of 1o you have 19, 920, 000, 
Joie bY 
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©OO ; but according to thoſe of Srrauchins which have {yl 
the Logarithm of io only 10, 005, 000, you muſt eu ( 
the three laſt notes, that the Logarithm of the given ( 
may be 6. $494.50 ; as is found in the Strauchian and ot 
tables of fines, except that inſtead of the Characteriſtic 
there precedes the CharaCteriſtick 9, whereof we will add ty 
reaſon : If the CharaQteriſticks had been kept, as they wal 
found by the rule juſt now given, the Logarithm of the why 
{ine (which is in the Srtrauchian Tables 10, coO, 009) way 
have come out 70, 000, 000, incongruous enough in Tri 
nometrical Operations. Wherefore that Log. of the wh 
line might begin from 1, for the eafineſs of Mulriplicaiuſ 
and Diviſion they have aſſumed 100, 000, 000 ; the Clſ 
raQeriſtick being augmented by three, wherewith it was ſe 
ſequently neceſlary ro augment alſo all the antecedent on 
and hence e. g. the Logarithm of the leaſt fine 2.909 begulſ® 
from the CharaCteriſtick 6, which otherwiſe according to iſ 
Tables of vulgar numbers would have been 3. | 
Having found after this way the Logarithms of all the neſe 
(altho? here alſo if you have found the Logarithms of ſe 
ſigns of 45 and moreover the Logarithm of 30, the Lox 
rithms of all the reſt may be compendiouſly found by addin 
and ſubſtraftion from a new principle which now ve 
omit) the Logarithms of the 'Tangents and Secants may «vi 
ly be found alſo, only by working, but now Logarithmialj|ſf 
according to the Rules of Schol. 5. Prop. 24. 1. 5. and 6, 


Propoſition LT. p 

. | Be 

HE fide of a Tetraedrum (a) or aw X 

fe) hp T Pyramid « in power to the DiamazW# *? 
(3+ 10.13" a circumſeribed Sphere, as 2. to 3. F 

Demonltration, 

F | fell 

For becauſe by the geneſis of the Terratdrum Def. 1 by 

(lee its Fig. 44. n 1.) and Schol. Prop. 49. OC is , of the ſa 


 midiameter OB, which, we will call @ the 0 of CB wil v } 
—5aa by the Pythag. Theor. and fo the power (or 5q/ Þ 


the {ide of the Terratdrum = Yaa by Prop. 49. but the pſp 
| « | 
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E.. of the Diam. 24 or fa is * 2a. Therefore the power of the 


(de of the Tetraedrum is to the power of the Diam. as 24. to 
36.4. e. (dividing each ſide by 12) as 2 to 3. Q.E.D. 


Or more ſhort. 


The 0 of CB is = 2 by Schol of Prop. 49. and the © of 
EC = Therefore the 1 EB = 6. But the O EF is 29. 


Therefore the 0 of EB is to the 1 of EFas6 tog, z. e. as 2 
of [37 Q, E. D. | | 


CONSECTARY. 
Herefore if the Diam. EF be made = a, the fide EB will 


be = V 544. 
Propoſition LVII. 


| T* E fide of the Oftaedrum (2) is in power 
one hal, of the Diameter of the circum- 


; ſcribed Sphere. 
Pemonſfratton, 


{ For fince by the genelis of the Ofaedrum Def 22. (ſee 
# Fig. 44. 2.2.) CA, CB, CF, &c. are ſo many radii of 
! great circles, if for Radius you put 4, the ſquare of AF will 
| be 2a by the Pythag. Theor. But the ſquare of the Diam. 
o& fG = 24 is 444. 1 herefore the power of the {ide is to the 
| power of the Diam as 2. to 4, z. e. as 1 to 2. Q E.D. 


(a) Eudl. 
14. /16, 12. 


More ſhort. 


| Becauſe AF is alfo the ſide of a ſquare inſcribed in the grea- 

| f*{t circle by the gen. of the O&atdrum ; the 11 of AF will be 

.& Oy Prop. 50. to the A of FC as 2 to 1: Therefofe to the 
& fQuare of FG as 2 to 4, by Prop. 35. Q.E D. qe" | 


L 2 (. O N- 
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CONSECTARY,. 


Herefore if the Diam. of the ſphere be made (a) the ( 
of the Offatdrum AF will be V-: 44. 


Propoſition L.V1IL 
THE fide of the Hexadrum or Cute (6) 


(a) Eud. in Power ſubtriple of the diameter i 
SL lib, 13. circumſeribed ſphere. p q ; 
Pemonllratton, 


Making @ the fide of the inſcribed cube GF or FE (þ 
98.) the ſquare of the diagonal GE of the baſe of the a 
will be 2a@ by the Pythag. Theor. and by the ſame Reaſon wiſh 
ſquare of the diam. of the cube and the circumſcribed phe 
GD will be = to the ſquare of GE F 0 DE & 3as. Q.El 


CONSECTARYS. 


]. *TÞ Herefore if the diameter of the ſphere be made zi 


the {ide of the cube AB- will be Y 34a. 
II. The diameter of the ſphere is equal. in power tot 
{ide of the Terraedram and cube taken together. For it i 
power of the diam. of the ſphere be made as the power iſe 
the {ide of the Tetraedrum will be } as by Conſedt. Prop. 56.ui 
the power of the fide of the cube 3as by the prel. Conſed.1 
W herefore theſe two powers jointly make ag. Q. E.D. 


Propoſition LIX, | 
(s ) rr "Pun of the Doedecaedrum (4) is eqs | 


in power to the greater part of the ſues 


Ul 


Conjcet.1.Prop, = ; | 
z "% 8 Fr the enbe aruided in mean and extreme reaun 


Y 


Pemo'ſ 


C 


/ 


4 
o 
4 
, 
s 
o 
' 
, 
o 
» 
+ 
b 
1 


LL ES 


£ 


L 


- 


Dotc=-o noon 


el "Whew, Bs 
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 *"  Pemonſtration, 


| For if to the fide of the cube AB (wig. Fig. 45. ». 1.) and 
to its upper baſe ABCD you-conceive to be accommodated or 
fired a regular Pentagon according to the geneſis of a Dodeca- 
«lrwn laid down in Def. 2.2, and at the interval Be you make 
the arch ef, the & & ABe and Aef will be equiangular ; {for 
| the angles at A and B being 36®, and AeB 108, having 
| drawn ef, the angles Bef and Bfe are each 72® ; therefore 
| Arf the remaining angle will be 36*) wherefore as AB ro Be 
© (i.e. Bf) fo Ae (s. e. Be or Bf) ro Af. Therefore the fideof 
| the cube AB is divided in mean and extream reaſon in f,, and 
| Be the fide of the Dodecardrum is i= to the greater part Bf. 
{Q.E D. F 


SCHOLITU M. 


HE would ariſe a new method of dividing a given line 
LL in mean and extream reaſon, wiz. if you apply to the 
| given line a part of the equilateral Pentagon by means of the 
| angles Aand B 36%, and ar the interval Be you cut off Bf. 
| This angle may be had geometrically, if another regular Pen- 
| ragon be inſcribed in a circle, and having drawn alſo a like 
| fubtenſe, if the angles at the ſubtenſe are made at A and B 


| equal, by Eucl. 2.3. lib. 1. 
Propoſition LX. 


| T* E fide of an Tcoſaedrum (a) is equal 11s 
| power to the ſide of a Pentagon in a circle (a) Eucl, 
| comtaining only fue ſides of the Icoſaedrum ; and y 4 F Tr aa 
| the ſemi diameter of this circie tis in power ſub- SO 

_ of the Diam. of the ſphere of the circumſcribed Icoſa- 


| farum. 


Demonſtration, 


| Both theſe are evident from the geneſis of the Tcoſaedrum 1n 
# Def. 22. The firlt immediately hence, becauſe all the other 
| ſlides 
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{ides of the triangles ( Fig. 99.) Aa, Ba, &c. are made equi 
to the {ide of the Pentagon AB by Confe#, 4. Prop 51. Th 
latter from this inference ; if for OA the radius of the cir, 
you put 4 (lince the fide of the Pentagon, which here is a þ 

the {ide of the Tcoſaedrum, it will be equal in power to the 

radius and fide of the Decagon taken together by the aforeſ\ 

Prop.) the altitude OG will be the. fide of the Decagon 2 ÞÞ 7 
Y iaa—1i2 by ConſeF. T. = 54- to which the equal in bf 
ferior part oH being added, and the intermediate altitude ( Fl 
= 4, you'l have the whole diameter of the circumſcriby 


ſphere GH Za + 2Vjaa—iatie 2VjacieV Pai 
1 5aa and fo the ſquare of the diameter of the ſphere will 
| $5aa: Therefore the ſquare of the diameter of the ſpþere is» 


the ſquare of the ſemi-diam. of the circle containing the fr 
fades of the Icoſardrum as 5 to 1. Q. E. D. 


SCHOLIVUM. 


T is alſo evident that a ſphere deſcribed on the diamets 
GH will paſs thro” the other angles of this Icoſaedrum; ir Þ 7 
aſſuming the center between O and o the radius FG will 
= \"5aa, But FAis allo=Vias; for the DO of FO: 
=7aa, and the OD AO = aa: Therefore the fum is = 


= OFA. Q.E. D. 


CONSECTARY TI. 
Herefore, if the radius of the circle ABCDE remain « 


you'l have the altitude OZ Y 5aa—1a, and the (tif 
of the Icoſaedrum V 1aa—Y ja, by Conſ. x. and 2. 
54- and the diam of the circumſcribed Sphere 2 Y i as, %iÞ 
evident from the Demonſtration, 


The Elements of the Mathemiticks, 53 
CONSECTARY II. 


Being a general one of the froe laſt Propoſitions. 


F AB (Fig. 100 ) be the diameter of a ſphere 
(a) Eucl. («) divided in D ſo that AD ſhall be { AB, 


| Prop, 18. and (hg (having erected the perpendicular DF 
| bf #6. 13* BF will be = ſide of the Tirraddving by a 
| c6. and AF the fide of the Hexaedrum"by Prop. 5g. Conf. 2. 
2nd BE or AE (ereCting from the center the perpendicular 
| CE) will be the fide of the Offaedrum by Prop. 57. Now if 
| AF be cut in mean and -extreme reaſon in O, you'l have 
| AO the {ide of the Dodecaedrum by Prop. 59, Laſtly, if you 
ze& BG double of CB, HI wili.be double of CI, and the 
oof Hl = 4 Qof CI; conſequently the 3 CH or CB = 5 0 
| CI. Theretore the 3 of AB (double of CH) is alſo = to 
50 of HI (which is double of Cl) therefore HI is the radius 
of the circle circumſcribing the Pentagon of the Icoſaedrum, 
| and IB the fide of the, Decagens inſcribed in the fame circle, 
{ and HB the fide of the Pentagon, and alfo the {ide of the [co- 
| ſaedrum, by Prop. 60. 


The End of the firſt Book. 
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SECTION LIL 
| Containing 
DEFINITIONS. 


Definition 1. 


F a Cone ABC (Fg. 1o1.) be conceived to be cut by: 
plane at right angles to the fide of the'cone, e. g. B4; 
the Plane EFGHE ariſing by this ſection, and terminated 
the external ſurface of the cone by the curve line HEG, 0: 


was anciently by Euclid, Archimedes, &c. called the Cont i 


Section ; and if the ſides of the cone AB and BC made a right 
angle at B, as 7. 1. the ſeEtion was particularly called the St 
&10n of a right-angled Cone; but if it made an obtuſe ang 
as 7.2. it was called the Sedion of an obtuſe-angled Cm; 
if, laſtly, it made an acute one, as #77, 3. it was called (3) 
the Sefton of an acute-anghed Cone. ; 


| Definition II. 


UT afterwards their Succeſſors, particularly Apollon 
Pergaws, found from the properties of rheſe Cur's 
which their Predeceffors had happily diſcovered, that the ſam: 
*(all of them) might be generated in one and the ſame con 
whether right:angled, obtuſe-angled,' or acute-angled, if it 


ſection EF (Fig. 102:) is made in- the firſt caſe paraben 


SECOND BOOQK| 


UMI 


F / 
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4s oppolite ſide BC 5 in the ſecond caſe, if it meet that {ide 


roduced upwards ; for. the third, when it meets downwards 
with the diameter of the baſe AC produced to D. And to. 


| give new names (' for the old ones would do no more now) to 


theſe Sections, to diſtinguiſh them one from another, nomi- 


| nating them from their Properties hereafter demonſtrated, they: 


| called the firſt a Parabola, the ſecond an Hyperbola, the third 
| an Elipfhs, 


Definition IIT. 


Pur it is evident, that only the plane making the ſei: 


on of the ſecond caſe, being according to the line FED 
produced or carried on, (Fig. 103.) will fall upon the verti-. 


| al Cone aBc comprehended under the fides AB, CB, cc. 


continued onwards, and there produce another Section oppo-.: 
ſte to the former ; whence theſe, viz, GEHG and gebg are 


called oppoſite Sections. 
Definition IV. 


7) Efides theſe names of the ſeQions, rhere are ſeveral others 
made uſe of to denote various lines drawn and conſidered 
both within and without thoſe. ſeEtions, the chief whereof we - 


o 


' ſhall here explain. And firſt of all, in general the line EF fo. 


kt fall chro? the middle. of the ſection from its rop E (which - 
s called the Vertex of the ſeEtion) to the diamerer of the : 
baſe of the Cone AC (produced if occaſion be) that it ſhall 
bile&t the line GH and all others parzllel ro ir, is called the D#- - 
ameter of that Seftion ; and particularly it is called the Axzs of 


the Seor if it curs them ar right angles or perpendicularly ; 


3 alſo they name thoſe lines GH, KN, ec. which are cut in- . 
differently by the diameters, bur ar right angles by the Axis, 
thoſe, I ſay, rhey call Ordinates, or Ordinate Applicates, and 
their halves, FG, IK, &*c. Semiordinates, (or tome allo- call | 
be latter Ordinares, and the former double Ordinates) and the 
parts of the Ax or Diameter EF, El, &. are called 45ciſ- 
[az (by ſome intercepted axes and diameters } 


$f 


MI Defs- 
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Definition V. 
| nk in the hyperbola they call the continuation « Þ 


the ax or diameter ED 'rtill it meet the oppoſite ide 3 
z. e. to the vertex of the oppolite ſeftion, the Larus tranſus. 
ſum of the Hyperbola, to which there anſwers in the Flip 
the axis or longeſt diameter, and ſo by latter Authors is calle 
by the fame name, but by Apollonius the tranſuerſe Ax orthe Þ 
tranſverſe Diameter, as alſo the ſhorteſt ax or diameter is cl. iſ 
led the Conjugate, and its middle point O is called the Center i 
of the Sefton or of the oppoſite Sections, 


Definition VI. 
! [lj called alſo a certain line EL (Fig. 101.) by th 


name of Latus Reffum, which is particularly to l | 
found in all the ſeQtions, as we ſhall hereafter ſhew : And he- 
cauſe this Latus ReFum is a ſort of a Rule or Meaſure, c 
cording to which the ſquares or powers of the ordinates uſe 
to be eſtimated or valued (as we will ſhew in its proper plac) 
therefore the Ancients uſed to call it by a Periphraſis Lines: 
cundum quam poſſuut Ordinatim applicate, or the meaſure of 
the powers of the Ordinates ; by ſome latter Authors it is al 
led the Parameter. Now a mean proportional PQ found be- 
tween this Latus Reffum and the Latus Tranſuerſum (Fy. 
104 7.1. and 2) (fee alfo hereafter ConſeF. 2: Prop. 8) 
and drawn thro” the centre O parallel to the Ordinares is cal 
led the ſecond Ax or Diameter, or the Conjugate of the By: 
perbola. | | 


Definition «VII. 


OW if we conceive the diameter or conjugate ax P() 
brought down to the Hyperbola fo that irs middle point 
O ſhall I its vertex in E, and from the center O you drav 
the right lines OR, OS, thro' the ends of this tangent line p 
and 9, theſe are the lines which <pellonius, Prop. 1. lib. 2. dc 
monttrates, that tho' by being continued, they always ap 
proach nearer and nearer to the curve GEH, and come _ 
muc 
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much the nearer by how much the farther they are continued, 
yet they will never concur with it or touch it, for which rea- 
on they are called Aſymptotes or non-coincident lines; and 
by ſome the Inta&z. Which non-coincidency appears molt 
manifeſtly where the hyperbolical ſection of the cone is made 

rallel to the triangular ſe&tion thro' the axis of the cone ABC 
(3. 3.) along the line e. f. parallel to the ax BF, For it we 
conceive the hyperbola geb to move forwards always pa- 
rallel to. it ſelf, according to the direction of the equal and pa- 
rallel lines gG, f F,and hH,'till it ſtands inthe poſttion GEH ; 
it is manifeſt that the curve line GEH is diſtant on both ſides 
from the right lines BC, BA, the length of the verſed fine of 
the equal arches þC and gA in the circumference of the circu- 
hr baſe, while in the mean time it is evident that they ap- 
proach nearer and nearer to them. So that hence there flow 


the following 


CONSECTARYS. 


L FN this caſe the fides of the cone are the Aſymptotes of 

JL the hyperbola, while it is manifeſt, that the point B is 
its centre, and EB half the tranſverſe diameter ; which appears 
from » 1. and 2. of the pref. Fig. for the ſeCtion ef being 
made parallel to the the ax of the cone DF by def. 5. d e 
(which in the caſe z. 3. would coincide with 4dq) is the tranſ- 
verſe diameter, but the triangles pq and OpE are equiangular, 
and conſequently as pE is to 2pq, ſo is OE to 249. 

Il. The lines AG and HC (um. 3.) are equal, as being 


\ the verſed fines of equal arches; and in like manner (7. 1. and 


2.) RG and HS are equal, ſince FR and FS as well as Ep 
and Eq are fo alſo (for 


as OE, , ſo OF wo and the ſemiordinates FG and 
FH are alſo equal. : 

' Hi. Conſequently {_3f_3jof RG into GS and of HS into 

HR are equal, &*c. all which hereafter we will more univer- 


lally demonſtrate, 


M 2 Defi- 


158 Mathefis Enucleata: Or, 
| Definition VIII. 


NM F a Parabolick plane («) HEGFH ( 
© antes | IOF. 73. 1. ) together with a triangle art 


Srher, Def. 1. inſcribed in it, and a rectangle HL circumfc;;. 
| bed about it, be conceived: to be moved roung 


abour the ax EF on the point F; it will be evident that by 
the triangle there will be generated a cone, by the rectangle, 


cylinder, and by the-parabola a parabolick ſolid, which wih I 


the comprehended cone, and the comprehending cylinder, i | 


will have the common baſe HIGK and the fame altitude FF, 
and was by Archimedes named a Parabolick Conoid. "Y 


Definition IX. 


| F moreover an (« hyperbolick play 

Rh _ & HEGFH (7. 2.) with the - inſcribed ria: 

Spher. Def. 3, Ble HEG, and another circumſcribed one RC 

made by the Aſymptotes OR, OS, be concei 

ved to be turned about the common ax OEF on the point F; 

it will be evident that there will be deſcribed by the inſcribe 

triangle a cone comprehended within ſide, and by the hyper- 
bola an Hyperbolical Conoid upon the ſame baſe HIGK and 

the ſame heighth EF; andby the A ROS another cone which 

Archimedes calls the comprehending cone, whoſe baſe i 
RTSV, and its altitude compoſed of the axis of the hyperbo- 

la EF and half the tranſverſe ax OE (which Archimedes al 

led the addirament of the ax of the hyperbola) and which ve 

may commodiouſly divide into two parts, wiz into the cone 
OPMQL., whole baſe has for its diameter the conjugate ax 

PQ, and its altitude equal to half the tranſverſe ax ; and into 
a Curii-cone or detruncated cone terminared by the two bats 
PMQL and RT'SV, bur anſwering in alrrzude ro the conoid 
and inſcribed cone : From which, as comprehending it, if you 
take away the included conoid, there will remain the hojiow 

curticone terminated below by the Annulzs or ringRGIV HSET 
and above by the circular baſe PMQL, and generated in the 
circumvolution by the intermediate lines EP, GR, &c. or the 


mixtilinear plane EGRP. Now if we ſuppoſe inſtead of 


this 


(8, r. 
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his comprehending cone a circumſcribed cylinder on the ſame 
iſe and of the fame altitude with the conoid and included 
| cone, you'l have every thing like as in Def. 8. 


CONSECTARYS. 
OW if we ſuppoſe the 7. caſe of Def. 9. to be expreſ- 


IN @d by the Fig. of Def. 7. n. 3. and conceive the pre- 


nt hgure brought thence to be turned round about the ax 


 BEF (Fg. 106.) we may deduce theſe following things in 
| the room of ConſeCtarys for the foundation of our future de- 
monſtrations. 


|. The lines EQ, RS, HC, @*c. of the mixtilinear ſpace 


| comprehended between the hyperbola and the Aſymprtotes 
(viz, the exceſs of the ordinates,) altho' they are unequal, and 
| by deſcending always grow lefs, yet in this circumvolution the 

will deſcribe equal circular ſpaces, wiz. EQ a whole circle, 


(or circular plane) but RS and HC, &c. circular Annuli or 
rings all of the ſame bigneſs ; which will thus appear to any 


' one Who compares this figure with the former : Since the ſpa- 
| es generated by the lines EQ, FC, ©c. are as the ſquares 


of thoſe lines, and the 0 of Fh or FC exceeds the ſquare of 


| {bor FH by the exceſs of the ſquare Ff or Ee or EQ, conſe- 
| quently the quantity generated ,by FC will exceed that gene- 

rated by FH the exceſs of that generated by EQ ; and alſo 
that generated by FH by the exceſs of that generated by HC; 


it is manifeſt that the circle generated by EQ will be equal to 
the annular ſpace generated by HC ; and the fame will in like 
manner be evident of any ſpaces produced by RS. 

Il. Therefore the hollow detruncated cone generated by the 
ſpace EHCQ according to Def. 9. will be equal to a cylinder 
generated by the rectangle FIQE ; for all the indivilibles of 
the one, are equal to all the indivilibles of the other by Con- 


Matheſis Enacleata : Or, 


Definition þ. 


| F, laſtly, (=) an elliptical plane be turny 
£ (a) Archim. [| about either of the axes, viz. either the lon. 
e Conoid. 9 | 
Spher, Df. 6, gelt DE (Fg. 107.”n.1) or the ſhorter Ak 
{.2.) there will be thence formed an ellipticy 
ſolid, called by Archimedes a ſpheroid ; which 1n the firſt ak 
will be an oblong or ereCt one, in the other a flac or dere. 
ſed one : And it is ſelf evident, that if before this circumvoly. 
_ tion of the ellipſis, there be inſcribed in one of its halve , 
triangle, and alſo. a retangle circumſcribed about it, having 
the ſame altitudes and baſes with the ſemi ellipſe, there will x. 
terwards in the circumvolution be deſcribed by the triangle , 
cone, by the rectangle a cylinder, ro which afterwards we 
will alſo compare the half ſpheroid ; as alſo both the conoi 
with their inſcribed and circumſcribed cones and cylinders 


Definition NI. 
IF upon the right line AE ( Fig. 18.) you conceive a whe 


or. circle. to rowl, until its point A, with which it fouche 
the faid line, come to touch it again in E;, the circle wil mes 
{ure our the line AE equal to*its periphery ; but the poinca 
by its motion will deſcribe the curve line AFE, which is at: 
ied a Trochoid or Cycloid ; and the area which this curve with 
the ſubtenſe AE comprehends, is named the Cycloidal Spare; 
and the circle by whoſe motion they are determined is call 
the generating Circle. ; 


CONSECTARY. 


TT is evident from the genelis of this curve that the defer: 

bing point @ will always be as much diſtant in the circi 
from the point of contact @ or c, as the point A in the right 
line patled over AE, is from the ſame point of contac, z. 6 ! 
the point & i3 diſtant from A the fourth part of the line AL, 
the arch da will alſu be the fourth part of the circle confidered 
in this ſecond ſtation ; and the point c being diitant from A 
halt of the interval AE, the arch ca will be alſo halt of - 
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Wcircle, and ſo the point 4 coincide in the curve with F: And 
vhen the point & is diſtant from E only an eighth part of the 
vhole line AE, the arch ea will alſo be the eighth part of the 


whole circle- 
Definition XII. 


F the right line BA (7477. 1. rog.) one end at B remain- 
| ing fixed, be moved round at the other end with an equal 
motion from A thro' C, D, E to A back again, and in the 
meari while, there be conceived another moveable point in it 
tomove With an equal motion along theline BA from B to A,fo 
that in the ſame moment wherein the moveable point A abſolves * 
one revolution, the other moveable point ſhall alſo have paſſed 
thro! its' right lined way, coinciding with the point A: retur- 
red to its farſt ſituation ; this extremity A by its revolution! 
will deſcribe the circle ACDEA, and that other moveable 
point another curve B, 1, 2, 3, 4, ©. which with Arco- 
 medes we will call a Helix or ſpiral Line, and the plane ſpace 
comprehended under this ſpiral line and the right line BA in 
the firſt ſtation is called a ſpiral ſpace. Now if we ſuppoſe, 
e.g. the right lined motion of the point moving along' BA 
to be twice {lower than in the former caſe, ſo that (fee num. 
2.) in the ſame time that the point A makes one whole Re- 
rolution, the other moveable point ſhall come to F, making 
half the way BA, and then at length ſhall concur or meer 
Wh the extremicy, when thar ſhall have performed the orher 
revolution; and ſo there will be deſcribed a double ſpiral line, 
whoſe parts with * Archimedes we will fo diſtinguiſky that as 
he calls the part of the right line BF, paſſed over in the firſt 
revolution, Gmply the fir/# lime, and the circle made by the 
| right line BF the fir/# Circle ; fo we will call that part of the 
aurve which is defcribed in that time or revolution B 1 269 12 
the fr Helix or the fir/fSpiral,and the area comprehended un- 
(&r it the firſt ſpiral ſpace : And, as the other part of the right 
Ine FA paſſed over in the other revolution is called the ſecond 
ime, and the circle marked out by the whole line BA the ſe- 
und Circle ; fo the curve deſcribed in the mean while 12, 15, 
8, 24; may be called the ſecond ſpiral line, and the ſpace, 

compre- 


162 Matheſis Enucleata: Or, 
comprehended under it the ſecond ſpiral ſpace, and ſo onwys, 
From theſe Definitions there flow the following 


CONSECTARYS. 


I. HE lines B 12, B11, B 10, &c. drawn out, ay 
making equal angles to the farſt or ſecond ſpiral (a 
 * after the ſame manner («) B12, B uo, By 

Ry -— &'c. or B12, By, B 6, Oc. ) are arithmet; 

Spir, +" cally proportional,as is evident. | 

II. The lines drawn out to the firſt ſpiral as By, B 1, 

&c. are one among another as the arches of the circles inter: 

' Cepted between BA and the faid lines (3) B7, 
(8) Archim. Bio, &c. which is alſo evident to any or: 

"Pe 4s who conſiders what we did ſuppole ; for inthe 

fame time as the end A paſſes over ſeven parts of the cirds 

the other moveable point will alſo run over ſeven parts of the 

right line BA, &c. 


III, Laſtly, The right lines drawn from th: 
p 2) 4chim. initial point (+) B to the ſecond ſpiral «, fi 
_ B 19 and B22 (num. 2.) will be one to aw 
ther as the aforeſaid. arches together with the whole peripher 
added to both ſides : for at the fame time the extremity Arun 
thro? the whole circle or 12 parts and moreover 7 parts ({« 
in all 19 part$) in the fame time the other moveable prin 
paſſes through 12 parts of the right line BA (in this cafe d- 
vided into 24. parts) and moreover 7 parts, that is, in al 
19; and fo in the others. 


Definition XIII. 


F a right line BAF be conceived fo to move within th! 
right angles ADC, CDE, that on the one hand a certat 
point C fixed in one leg of the Norma or ruler may alwi 
glide along, and on the other hand a certain moveabt 
point A may always run along the other {ide of the Now 
(which complicated morion of the deſcribing rule BAF, after i 
what way it may be organically procured, may be ſeen! 
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he 110th. Figure ;) by the extreme point of the moveable 
Ine B there will be deſcribed a curve called by its Inventor 
Nicomedes the firſ# Conchoid, whereof this is a property, that 
the right lines CB, C6, drawn from its centre C to its Ambi- 
us or curvity are not themſelves, as in the circle, equal, bur 
yet have all the parts, AB, ab, intercepted between the curve, 
zad the direfrix AE are equal; as is evident from its genes, 


Definition XIV, 


| ory diameters of a circle being AB and CD ( Fig. II. 9; 
r.) cutting one another at right angles, you take BE or Be 
| and BF or Bf equal arches, and from E or e you draw the. 


rerpendiculars EG or Eg, and through theſe from D to F or f 
you draw the tranſverſe lines DF or Df; the ſeveral points of 
| interſeftion H, hþ, &'c. decently connected together will exhi- 
bit the curve line Db, H5B (which may be continued alſo 
vithour the circle if you pleaſe, and) which is commonly at- 


tributed to Diocles, and called a C:ſſoid, 


Definition XV. 


[* having divided the-right line AE (Fig. 112.) into the 
L cqual parts AB, B2, &'c. from the points of the divifion 
A,B, C, &c. you draw the parallel lines Aa, Bb, Ce, ec. 
in geometrical progteſlion (as e. g. let Aa be 1, By 4, Cc 16, 
Da, 64, &*c. or Bb 10, Cc 100, Dd 1000, Ee 10020, &c.) 
and further biſe&ting AB, BC, &c, F, G, Q, I, you ler fall 
mean proportionals between the next Collaterals FfL,Gg,Þh,Ji, 
&c. and continue to do fo till the parallels. are broughr near 
to one another ; the curve line drawn thro? the-extremities of 
theſe lines af, bg, <<, die, will be the logarichmical line of che 
moderns, whoſe properties and uſes are very excellent, 


SC -* LIVUM 
\ Mong thoſe uſes, thitis none of the leaſt; from which 


this curve borrows its name, viz. in ſhewing the na- 
ure and invention of Logarithms. Fcr, e g. 1. If this line 
Vas accurately delineated in a Jarge ſpace, the parts AB, 


N BE: 


—_— Matheſis Enucleata : Or, 
BC, &*c. being taken ſo big, that they might be ſubdivigg 


not only into 100 or 1000 but into 10050 or 100000 part; 
making AB 100000 (and ſo A coooo) AC would 
200002,” AD 300000, &r. while in the mean while ther 
anſwer to theſe as primary Logarithms in arichm@tical pro. 
greſſion the geometrical proportional numbers, As 1, Bb 1g, 
Cc 100, Dd 1000, Ee loooo, &c. Whence, 2. Its Logs 
rithm may be aſlign'd to any given intermediate number, e., 
to the number 992, for having cut off this number from D/ 
by a geometrical ſcale on the line DM, if you draw My ps 
rallel ro AD, and »N parallel ro DM, it will give AN onthe 
ſame ſcale, wiz. the Logarithm fought, and reciprocally. By 
if, . it ſeem difficult to delineate a Figure ſolarge, yet at laf 
\ the clear conception of ſuch a delineation evidently ſhews th 
arithmetical method, which thoſe ingenious Men have mak 
uſe of, who have made the tables of Logarithms with a gre 
expence of Labour and pains, wiz. by finding continual meu 
proportionals, arithmetical ones between any two Logarithm 
already known, and geometrical ones between two vulga 
numbers anſwering ro them, &*c. by comparing what ve 
have noted in Schol. 2. Prop. 20.. Lib. 1. And we will note, 
4 out of Pardies, that, ſince the Logarithms of number: 
{tant from one another by a decuple proportion, differ: by th 
number 100coo, having found the Logarithms of all tht 
numbers from 1000 to 1ocoo you will at the fame tim: 
have all the Logarithms of all the other number 
that are between Ioo and 1G00, between 10 and 10), 
and berween 1 and 10, only changing the character 


ſtick, and leſſening it in the firſt caſe by unity, in the ſecond 


by 2, in the third by 3 ; as e. g. if of the number 9, 900yul i 
had found the Logarithm 3c9, 563, the Logarithm of it i 


ſubdecuple number 99o would be (wiz. ſubſtrating from he 
tormer 100000) 299, 563. and the Logarithm again 4 


this ſubdecuple of this 99g would be 199, 563, Oc, Thi 


in the Chiliads of Briggs to the number 


99000 Anſw. 4, 99563, 51946 
$900 —— 3» 99563, 51946 
999 —— 2, 99563, 51946 
99 laſtly— 1, 99563, 51946. 


Bu| 
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But there will not ariſe ſuch advantage for making Loga- 
thms by this obſervation as it may at firſt ſight ſeem to pro- 
miſe, becauſe there are go00 numbers between 1000 and 
10000 Whoſe Logarithms muſt be found alſo, and bux goo 
herween 100 and 1000, and but 90 between 10 and 100, 
znd but 9 between 1 and 10, and fo in all 999g, which is nor 
the ninth part of the former. ; 


Definition XVI. 


þ the radius AD ( Fig. 113.) be conceived to move equal- 
ly about the point A through the periphery of the quadrant 


' DB, while in the mean time the fide of the ſquare DC re- 


mining always parallel to ir ſelf, deſcends alfo with an equal 
notion thro'. DA, ſo that in the ſame moment the radius AD 
nd the aforeſaid fide DC ſhall fall upon the baſe AB; or (if 
ny one ſhould think that this way the proportion of a righr 
lne to a circular one is ſuppoſed by a fort of Petitio Princip 
0. begging the queſtion) the right line DA as well as the 
quadrant DB: being divided into as many equal parts as you 
pleaſe (e. g. here both of them into 8) and drawing thro' 
theſe from the center A ſo many Radii and thro' them paral- 
[lines ; the points of interſeCtion being orderly connected to- 
gether will exhibit a curve line, whoſe invention is attributed 
to Dinoſtratus and Nicomedes in the fourth Book of Pappzs A- 


| kxandrinzus, and which from its uſe is called a Quadratrix, 


it having among the reft this property, that from AB it cuts 
ofa part AE, which is a third proportional ro the quadrant 
DB and its radius DA; which hereafter we will demonſtrate. 


| lathe mean while from this deſcription of it, you have thele 


CONSECTARYS. 


[1 TF thro* any point H aſſumed in the Quadratrix you draw 


the radius AHI, and from the ſame point the perpendi- 
culars Hb and He, the whole arch DB wlll always be to the 
part IB cur oft, as the whole line DA to the part 4A cur oft, 
or He <qual to it. 


Nz 1. Gon- 


L166 Mathefis Exuclata: Or, 


II. Conſequently therefore any given arch or angle of th 
quadrant e.g. IB or IAB may by help of the qQuadratrix þ, 
divided into three equal parts or as many as you pleaſe, o j 
what proportion ſoever you will ; while having drawn t 
radius Al, the perpendicular Hz ler fall from the point of 6 
quadratrix H, may be divided into three -or as many equi 
parts as you pleaſe, or in any proportion whatſoever, and thry 
theſe ſections radius's drawn to divide the arch. 


—  — 


B GO © EK IL 
SECTION. I. 
CHAP. L 


—— 


Of the chief Properties of the Conick Settions. 


Propoſition T. 


N the Parabola (GREH Fig 114) the (4) 
fb _  /quare of the ſemi-ordinate (IK) 15 equal ti 
$47 Prop, the reftangle IL made by the Latus Retim 


11, 11b, 1, EL and the abſciſſa EI. 


| Pemonlſtration. 
ME the ſides of the cone thar is {ſuppoſed to be cnt, ab 


| — a, BC = b, and moreover EB = oa, and Ei=, 
and AC = c; therefore NI will be = ec, by reafon of the: 
militude of the A A BCA and EIN; and EP or IO =« 
by reaſon of the {imilitude of the A A ABC and EBP. There 
fore {____} NIQO = oecc = 1. IK by the Schol. of Prop. 3 


(. 3) and Prop 17. Lib. 1. Now if a line be fought wh 


'with the abſciſſa EI ſhall make the {___JIL = IK you wil 
| | RY | hait 


JMI 
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we it by dividing the faid ſquare by the Abſcifſa EI. wiz. 
yee i, &. occ & EL. And this is called the Latzs Rectum, 
4 MW | 

en in relation to the Abſcifla EI with which it makes that 
range, which, it's evident, 1s by IK, and from this 
quality the ſeftion has the name of Parabola, in Apollo- 
_ -: 


CONSECTARYS. 


[ ST Latus Retum, expreſled by the quantity occ, 
| b 
may. be found out after a ſhorter way, it you make as b to « 
(the fide of the cone parallel to the ſeftion BC at the Diame- 
ter of the baſe AC) fo oc(the fide EP called by ſome theLatus 
Primarium) to a fourth: + 
| IL But if any one, with ApoJonins, had rather expreſs this 
by meer data in the cone it ſelf as cut (becauſe oc or that La- 
ts Primarium EP is not a line belonging to the cone it ſelf ) 
he may caſily perceive, if the quantity of the Latus RefFum 
found above, be multiplyed by the other {ide of the cone a, 
there will be produc'd the equivalent oacc which inſtead of the 
| ab 
proportion above will furniſh us with this other, 
a8 ab——to cc lo oa 
[of AB into BC=10 AC — EB 
vhich is the very proportion of Apollonius in Prop. 9. Lib. 1. 
and confirms our former. ” 


to a fourth ; 


SS MOLE UA LK 


ES you have an eaſie and plain way of deſcribing a 


Parabola, having the top of the ax and the Latwus Re- 
Gum given, viz. by drawing ſeveral ſemiordinates whoſe 
extreme points connected together will exhibit the curvity of 
the Parabola. But you may find as many ſemiordinates as 
jou pleaſe, if having cur off as many parts of the Ax as you 


| Pleaſe, you hnd as many mean proportionals between rhe 


Lats 
/ 
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Latus Refum and each of thoſe parts or Abſcifla's. See y g 


and 3. Fig. 47. Introduft. to Specious Analyſis. 


SC HWEUM IL 


—_— alſo we have a new geneſis of the parabola in Ply 
EL from the ſpculations of De Witte, viz. if the reQiline. 
ar angle HBG (Fg. 115.) conceived to be moveable aboy 
the fixed point B be conceived fo to move out of irs firſt (iy. 
ation with its other leg BH along the immoveable rule FF, 
chat it may at the ſame time move alſo the ruler HG, fron 
its firſt ſituation DR, all along parallel ro it ſelf, and wif 
the other leg BG let it all along cut the ſaid ruler HG,and with 
this point of its interſeCtion continually moving from B t- 
wards G it will deſcribe a curve. Thar this curve will be the 
parabola of the antients is hence manifeſt, becauſe it will har 
this ſame firſt property of the parabola. For, I. if the a 
gle HBG (7. 1.) be ſuppoſed to be a right one, and BD « 
HI = a, Bl or KG = b (wiz. in that ſtation of the angle 
and rule HG by which they denote the point G in the inter 
ſection) you'l have by reaſon of the right angle at B, 8] 
j. e. b a mean proportional Berween Hl z. e. a, and iGar 
BK,and fo thisas an abſcifla = bb. W herefore if BK + « 


a - 


be multiplyed by BD = 4, the rectangle DBR will be =» 


= UKG; which is the firſt property of the parabola: % 


that it follows, ſince the ſame inference may be made of ary 
other point in this curve, that this curve will be the parabo- 
la, BD or Hl its Latus Reffum, KG a ſemiordinate, and Bk 
its axis, ©*c. 2. If the angle HBG be an oblique one (1m 


2 ) it may be ealily ſhewn trom what we have ſuppoſed thut 
the A A DBH and BKG will be <quiangular : 'T herefore s 8 


BD (i. e. a) to DH ſe. Bl (i. e. b) ſoKG le Bl (i. « 0) 
to BE (1. e. bb. ) Therefore again the {3 DBK = #C 


a 
KG. QE D. 


Conſe&. 2. It is alſo evident in this ſecond caſe, that BR 


drawn parallel to the ax, bur not thro' the middle of the pi 


raboll 


la 


+ | 
| the end of the ordinate, will always be equal to the abſcifſa EF 
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abola, will be a diameter which will have for its vertex B, 
s Latus Keffum BD, and ſemiordinate GR, &*c. 


Cmſe#. 4 Therefore you may find the Latus Refum in 
, given parabola geometrically, if you draw any ſemiordinate 
y Ov JK (Fg. 116.) and make the abſcifl, EF equal 
wit, and from F-draw a parallel to the ſemiordinate 1K, 
ind from E draw the right lime ER thro? K cutting off FH 
the Latus Rectum ſought ; fince as El to IK fo is EF (4. e. 
IK) to FH by Prop 34. 4b. 1. wherefore having the ab- 
kiſa and ſemiordinate given arithmetically, the Latus Re- 
Hum will be a third proportional. 


Cmſett. 5. Since therefore the Latus Refum found above 
x06, if you COncelve It to. be applyed to the parabola in LM, 


h | p 
that N ſhall be that point which is called the Foczs, IN 


wil be occ and 1ts ſquare voc+ and this divided by the Latus 
26 . 4bb 
Retum occ will give occ for the abſciſſa EN : So that the 
my ORE 4b | | 
difance of the Focus from the Vertex will be , of the Latus Re- 


Gum. 


Conſe. 6. Since therefore EN is = 0Ce, if for EF you put 
49 
#, NF will be = iþ=-—occ, whoſe ſquare will be found to be 
46 
PP.—oice | 0** to which if there be added 0 GF = ozce, 
% 26, 


| by Prop. x, the ſquare of NG will be = #6? + once F ozct 


2 .- 8 
Whoſe root (as the extraCtion of it and, without thar, the ana- 


lopy of the {quare NF with the ſquare NG' manifeſtly ſhews,) 


vill be ;þ F occ ; fo that a right line drawn from the Focms to 


+ EN 
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+EN 4. e. (if EO be made equal to EN) &o the compoungy 


line FO. 
_ you have an eaſier way of deſcribing the parabol; Ml ;4 
in Plano from the given Focus and Vertex, wiz. (Fl ( 
I 17.) the axis being prolonged thro' the vertex E to O, : the 
that EO ſhall = EN, if a ruler HI be ſo moved by the hay Wl 1; 
ies cording to PQ, from OF to HI, that putting in a ſh, Ir 
or pin, it ſhall always keep the part of the Thred NG © 
(which muſt be of the ſame length with the rule HI) as 
as if it were glued to it (which perhaps might alſo be dore 
with the Compaſles by an artifice which we will hereafter a 
ſo accommodate to the hyperbola) and at the ſame time it yil 
deſcribe in Plano the part of the line EGR. "That this yil 
be a parabola is evident from the foregoing Conſect. beca 
as the whole thred is always = to the ruler IH ; fo the pun 
GN is always neceſlarily equal to the part GH, 72. e. tothe 
line FO. Moreover from the fame f1xth Conſedt. and Fy, 
116. may be drawn another eafie way of deſcribing the parz- 
bola in Plano from the Focxs and Vertex given thro' innune- 
rable points G to be found after the fame way : wiz. If fron 
any allumed point in the ax F you draw to the ax a perpend: 
cular, and at the interval FO from the Focus N you make a WM ling 
interſeCtion in G. Which innumerable points G will be de- il - 
termined with the ſame facility, having given only, or af I ;[. 
med the axis and Latus Refum, by vertue of the preſent WO our 
Propoſition; For if, having aſſumed at pleaſure the pointt MW ; 
in the axis, you- find a mean proportional between the Lat 
Refum and the abſciſla EF, a ſemiordinate FG made & 
qual to it, will denote or mark the point G in the parabou I c. 
fought. 


SCHOLI1IVUM NN. [ 
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Propoſition II. 


N the hyperbola (GKEH Fig 118) (a) the 
[ ſquare of the ſemiordinate (IK) 1 equal to -- - Hema 
the reftangle (IL) made of the Latus Reum F | hol” 
(EL) and the abſciſſa (EI) together with ano- Prop.12;Lib.1, 
ther refangle LS of the ſaid abſciſſa (EI or 
LR) and RS a fourth proportional to DE the Latus Tranſver- 
ſm, (EL) the Latus Retium, and E] the Abſciſſa. 


Demonffratton, 


Suppoſe the fide of the cone AB here alſo = a, and BM 
el to the ſeCtion = 6b, and the intercepted line AM = c, 
nd EI & eb ; all according to the analogy we have obſerved 
in the parabola; and N! will be as there = ec. Making 
moreover MC = 4 and the Latus Tranſuerſum DE = ob, fo 
that DI ſhall be = ob F eb ; then will (by reaſon of the (imi- 
ltude of the A A BMC, DEP, and DIO) EP be = od, 
ad1O = od + ed, and ſo QO = ed Therefore fi NIO 
vill be = oecd f eecd = 0 1K Pur this ſquare divided by 
the Abſcifla EI = eb gives oecd F eecd4 or ocd F ecd for the 
eb b 
ine IS which with the abſciſſa would make the refangle ES 
= to the {aid ſquare iK. Now therefore, if here alſo we call 
a Line the Latus Refum found after the ſame wzy as in the 
prabola, viz by making 


as b —— to c ſo od to a fourth ode 


— 


b 


(4 line parallel to the ſe&'on —- to the intercepted diani. 


| —— 


b 
fourth proportional to bc and ed or to eb, ec_and ed, or (to 
peak with Apollonius as we have done in the trop.) ro ob, 
« and eb (tor in theſe three caſes you | have the ſame fourth 


b the Latus Primarium, but that the other part ec4 will be a 


td.) Wherefore now it is evident that the ſquare of the fe- 
N | 


Oo miordinate 
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miordinate oecd F eccd is equal to the rectangle 1L (made by 
the Larzs Reffum ocd into the abſciſſa eb = oecd) togethe 
b 
with 3 LS of this fourth proportional ec into the ſame 
b 
( 
ſciſa Eb, which is = eecd. Which was to be found and de. 
monſtrated. 


CONSECTARYS. 


I. Ence you have in the firſt place the reaſon why 4y. 

Jonius called this Setion an Hyperbola ; viz. becauſ 
the ſquare of the ordinate IR exceeds or 1s greater than th 
rectangle of the Latus Reffum and the Abſcifla. 


IT. Since therefore the Latus Reffum here alſo as well ain 
the parabola is found by making as 6 to c ſo od to ode (3 


| b 
the parallel to the ſection BM is to the intercepted Diam. a\f 
ſo is the Latus Primarium EP to a fourth EL.) If anyone 
had rather expreſs this Latus Rectum after Apolloniuss wy, 
he will eaſily perceive, this quantity being found and mul: 
' plyed both Numerator and Denominator by b the paralle 
the ſection, there will come out the equivalent quantity 
| bh 

which gives us inſtead of the former proportion this other, 

as bb to c4 —— fo ob 

DOBM—_ AMC—Laas Tran/verſum | 
which is that of Apollonius in Prop. 12. Lib. 1. and conſequett 
ly herein confirms our former. 


to a fourth; 


III. You may alſo have this Latus Reffum geometrical) 
by finding a third proportional (as we have done in ihe pr 
rabola Conſe. 4. Prop. 1.) to the abſcifla EI (Fg. 119.) ul 
the ſemiordinate IK (= EF ;) and then find a fourth pro 
portional EL to Dl (the ſum of the Latus Tranſoerſum 
abſciſſa) and FH already found, or 1S equal to it, and D 


_ (the Latys Tranſuerſum) and that will be the Latus Reftun 
ſought. 


SC H0 


U 
| 
t 
{ 
| 
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"Rom this third ConſeEtary, we may reciprocally from the 
Latus RefFum and tranſverſe given, find out and apply 
15 many ſemiordinates to the ax as you pleaſe, and fo deſcribe 
the hyperbola thro? their (ends or) infinite points : wiz. if 
;fuming any part of the abſciſſa EI, you make as DE to EL 
pDIto IS ; and then find a mean proportional IK between 
1 and the abſciſſa EI, and that will be the ſemiordinare 
fought : And both this praxis and the Conſect. may be abun- 
tntly proved by ſetting it down in, and making uſe of, the 
literal Calculas. | 


Propoſition 111. 


'N the Ellipfs (KDEK, Fig. 120.) the (a) | 

ſquare of the ſemiordinate (IK) is equal to ( e) -Y 
the rectangle (IL) of the Latus Reftum (EL) Fi: erl 
and the abſciſſa (EI) (leſs or ) taking firſt out Prop.13. Fe 
anther reffangle (LS) of the ſame abſciſſa (EI 
or LR) and RS a fourth proporti:nal i :þ DE) the Latus 
Tranſoerſum (EL) the Latus Ret/um and (EI) the abſci(/a. 


Pemonſtration. 


Suppoſe the {ide of the cone to be AB here alſo = @ and 
BM parallel to the ſection = 6 and the intercepted AM = 
, and El = eb; and NI will be again = ec, all as in 
the hyperbola. And mak ng allo here as in the hyper- 
bola MC = 4, and the Latus Tranſuerſum DE = ob, to 
that DI will be 0þ— eb; then will (by reaſon of the fimili- 
tude of the A A BMC, DEP and DIO) EP be = od, and 
I0& ed — ed. Therefore ©; of NIO will be = vcd — 
red = D1K. But this ſquare divided by the abſcitha EL = eb 
pives oecd—— eecd or ocd —— ecd for that line 18S which with 
4 b 
the abſciſſa would make the reCtangle ES — to the ſaid ſquare 
IR. Now therefore if we call the Lats Re&Fum a right line 


found after the ſame way as in the parabola, by making ac- _ 


cording to Conſ. 1. Prop. 1. O 2 bo 
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as b toc ſo od — to a fourth ocd. 4. e, as the line be 


þ 
rallel to the ſeftion -— to the intercepted diameter —- þ 
the Latys Primarium, &c. It is manifeſt that the Larus þ, 
&um is one part of the line juſt now found ; and the othe 
part ecd is a fourth proportional to b, c and ed, or (to ſhe 
b 
with Apollonius, as we have done in the Prop.) to ob, ocd an 
b 
eb (for there will come out the ſame quantity ecd ;) where. 
| b 
fore now it is evident that the 0 of the ſemiordinate IK i; +. 
qual to the = IL (of the Latus Refum ocd and the 


b 
ſcifla eb 5 oecd,) having firſt taken out thence the CI LS, v 


eecd out of that fouNh proportional ecd by the fame abſch 


b 
eb; which was to be found and demonſtrated. 


CONSECTARYS. 


I. Ence yov have firſt of all the reaſon of the named 

| the Ellipſe, which Apollonius gave to this feQtion; 
Viz. becauſe the ſquare of the ſemiordinate IK is defeCtive d, 
" leſs than the re&tangle of the Latus Reffum and the abſi 
a. | 


I. Since therefore the Latus Refum here allo as well asn 
the parabola and hyperbola, is found by making as 6 to cb 
04 to ocd (3. e, as BM parallel to the ſeftion is to the inter 


[; 
cept. diam. AM ſo the Latus Primarium EP to a fourth EL) 
now if any one had rather expreſs this Lats Refur ater 4 

ollonixs's way, he will eaſily fee that the quantity above fount 

ing multiplyed both Numerator and Denominator by 6, thu 

there will come out an equivalent one obcd, which inſtead dl 
bb 

the former proportion will give this other, 


© as 
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as bþ — to cd —— fo ob 
BM— 3 AMC—Latz Tranfoerſ. to a fourth; 
which i; the ſame with that we have alſo found in the hyper- 
ola, and which alſo Apollonizs has Prop. 13. Lib. x. , 
Ill, This Latzs RefFum may alſo be had geometrically, if 
jou find, 1. in the hyperbola a third proportional FH to the 
abſeifla EL (Fig. 121.) and ſemiordinate IK (= EF.) 2. But 
EL a fourth proportional to DI (the difference of the Latus 
Tranfoerſum and the abſciſla ) and the found FH, or IS equal 
vit, and the Latns Tranſverſum DE, is the Latus Reffum 


ſought. 
SCTCHOLIT M. 


Rom this third Conſe&t. we may reciprocally, having the 
Latus Reffum and Tranſverſum given, apply as many 
fmiordinates to the ax as you pleaſe, and fo draw the ellipſis 
thro? as many points given as you pleaſe,v:z. if,taking any ab- 
kia EI, you make as DE ro EL fo DI to a fourth IS ; then 
between this 1S and the abſciſla EI find a mean proportional 
IK, and that will be the ſemiordinate ſought: And this Prax- 
#alſo and the third Conſect. may be abundantly proved by 
making uſe of a literal Calculas. For e. g. here a fourth 
proportional to ob, ocd and ob —eb will be od —ecd ; and 
b | b 


2 mean proportional between this fourth and eb will be 
Y oeed— eecd, &C. ; 


Propoſition TV. 


N a Parabola (& ) the ſquares of the (a) 2, Property of 


ordinates are to one another as the ab- the 1 arab. 20, Prop, 
fſſa's. Apoll. Liv 1. Con. 


Pemon- 
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Demonffratton. 
For if EF (Fig. 122.) be called ib, as above El wa; «. 


led eb, fince the Latus RefFum is occ ; the ſquare of FG il iſ* : 
b 
be = oicc. Therefore 
OIK will be to O FG asTe to 7 or 
0ecE ——=—= oicc Yebto ib. QED. [ 
CONSECTARY. L 
tr 


Eence having drawn LO parallel to the ax or diamete 

EF, if it be cut by the tranſverſe line EG in M andhy ” 

the curve of the parabola in K; then will OL, ML, andki.M 
be continual proportionals. For EF is to EN as FG to NMyr 
IK, by reaſon of the {imilitude of the A A EFG and ENY, 
But the ſquares FG and IK are in duplicate proportion of FF 

to EN by Prop. 35. £3b,1. and are alſo in the ſame propor: ] 
tion as the abſcifla's EF and El by the preſ. Therctore E 


to El is alfo in duplicate proportion of EF to EN 2. e. hy 
EF . T7FEN 8 oi | 

OL ©? FML © MLS®? KLE SD. Rn 

D) 


Propoſition VN. 
| no 
L IJ” the hyperbola and Ellipfis ( &) the ſquares i the 
: (&) _ P". M3. the Ordinates are as the rettangles containts 
= o 7 5 gies J* under the lines which are intercepted between tem, Bl te 
Eliipſ. Apol-21, and the Vertex's of the Latus Tranſuerſums. 


Lib. 1. 
Pemonilration, 


For, if EF (Fg. 118. and 120.) be called 4b, as El vi 
above called eb,then will according to Prop. 2. and the 34.dedt 
tion. 

GF =-oicd Þ eicd in the Hyperb. 
oicd—eicd in the Ellipl. 

and the © DFE Roibb | bb in the Hyperb. 
0ibb—1ibb in the Ellipl. 


7 here 
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Therefore the 5 RI 1s to the ſquare GF as vecd Þ eecd to oicd 


| tijcd i.e. 25 00 F ee tO 06 F 4. | 


nd 3 DIE is to the i DFE, as vebb Þ eebb to ojbb  wibb 


al. i eq, in like manner as 


ul 2+ ce to 06 7 74. WE. D. 
CONSECTARY 1. 


N the Ellipſis this may be more commodiouſly expreſfed 

apart thus 3 the ſquares of the ordinates (Kl and GF) are 

the rectangles contained under the ſegments of the Diame- 

xr (viz. DIE and DFE) in which ſenſe this property is alſo 

ter BY ommon to the circle, as in which the ſquares of the ordinates 
v Wl is always equal to the reangles of the ſegments. 


" CONSECTARY Il. s 


Herefore, if the Latzus RefFum be conceived to be apply- 

ed in the hyperbola, ſo thar N ſhall be the Focrs ; (lee 

Fg. 12.3,) then will LN = oca, and its ſquare be ooccdd. But 
, 26 4bb 

5 the O KI to the ſquare LN, fo is the £3 DIE to the — 

DNE i. e. oecd | eecd to ooccdd lo is vebb + eebb to vocd. But 
4.96 4 

now the 3 of the whole DE and the part added EN into 

the part added EN, L 4 DNE = 00ce rogether with 


> —D, 


4 . 
" Wl fe ſquare of half CE (= oobb ) is 2 0 compounded of halt 


4 | 'Y 
and the part added CN 5 oocd + oobb by Prop. 9. bib. I. 


4+ . ; 
7%; MW Wherefore CN the diſtance of the Focus from the centre is 
Wl = Y ode + oobb, But oocd 1s the fourth part of the SD of 


-+ + 
lie Latus Tranſuerſum ob and the 7.atus Reftym ocd (or the 
Þ 


fourth 
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fourth part of the figure, as Apollonius calls it)) and ob} is th 


[of ob i. e. of half the Latus Tranſverſum. Wherefore We 


2 
have found the following Rule of determining the Foc iny 
hyperbola: If a fourth part of the figure (or the reQangle i i « 
the Latus Reffum into the Tronfoerkes ) be added t th 
ſquare of half the Latus Tranſverſum, and from the ſum Ju 
extra} the ſquare root ; that will be the diſtance of the Figy 
from the center CN: And hence ſubſtracting half the Lt 
Tranfverſum CE, you will hawe diſtance of the Focus from th 
Vertex EN. 


CONSECTARY lll. 


T7 like manner in the Ellipfis having drawn the ordinas 
LM ( Fig. 124.) that the Focus may be in N, the 0 LN 
would be ooccdd as above, and by a like inference {_ DNEz 


S=S Eos NnomDSD 


4bb | | 
coed. But now {_i DNE together with the ſquare of the df- þ 


4. by 
ference CN is equal to the 0 of half CE by Propoſ. 8. li.1 W 
and conſequently the 0 CN is = © CE——{} DNE, tha Wl (73 
is, oobh-—— cocd. Wherefore CN the diſtance of the Fw MW 1h] 


DEE — 


4 s = fm 


from the centre is '=Z Y oobb—— oocd. Wherefore we har; 


found the following Rule to - DOM the Focxs in the Fl: WK 
lipſe. If the fourth part of the figure (or the rectangle of the that 
Latus Reum into the Latus Tranſverſum) be fubſtraced fron  ; 
the ſquare o half the Latus Tranſverſum, and from the remant my 
der you ſubſtrait the ſquare root ; thut will be the diſtance i NG 
the Focus from the Centre CN: And taking hence balf the LY , nd 
rus Tranſverſum CE, you'l have the diſtance of rhe Focus fron won 
the Vertex EN. bon 


SCHO 


4 
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SETEAUCULIUM I. 

BY the Rules are caſie in the practice, for ſince oobb is 

nothing but the ſquare of CE, and oocd nothing but as re- 


24-4 
Quogle of ; DE into LM ; it between LM and 1 DE or MO 
(Fg. 125.) you find a mean proportional MN, (and ſo whoſe 


[0 ig equal to thati_3) and in the hyperbola join to it at right 


angles MC = CE, rhe hyporhenufa CN will be the diſtance 
fuphr of the Focus from the c-ntre: And the ſame may be 
had in the Elliplis, if (7. 2.) having deſcribed a ſemi-circle 
won CM = CE you draw or apply the mean found MN, 
1nd draw CN. 


SCRECLF DM I 


5 rg alſo we have («) a new geneſis of ids 
the Ellipſe in Plano about the diameters (4) D: Witt 
Elem, Curv, 


giren, from the ſpeculations of Monſieur de 7; 7 co. 
Wit; viz. If about the rectilinear angle DCB prop, 13. 
(Fg. 126. 1. 1. and 2.) conſider'd as immove- | 

able, the rule NLE ( which all of it will equal the greater 
[midiameter CB, and with the prominent part LK the leſſer 
(D) be fo moved that N going from ( to D, and L from B 
to C may perpetually glide along the {des of the angle, the 
extreme point in the K in the mean while deſcribing the curve 
BRE (and in a like application the other quadrants) and 
that this curve thus deſcribed will be the elliplis of the ancients 
s hence manifeſt, becauſe it has the ſecond property of the 
= juſt now deſcribed. For, r. it the angle DCB or 
N B be ſuppoſed to be a right one (as in Fg. 126. num. 1.) 
nd the rule KN in the ſame ſtation, it marked out the 
point RK, and having apply d the ſemiordinate Kl, and 
drawn the perpendicular LM, from the ſquare KL and the 


hure CE (as being equal) ſubſtra& mentally the equal 


huares LM and CI, and there will remain by virtue of the 
Prthaporick Theor.on the one hand LKM and on the other by 
| P Prop. 
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Prop. 8. lib. 1. 3 DIE equal among themſelves. But noy 
the ſquare of KI is to the ſquare of RM (7 e. tothe {Dp 
as the ſquare of KN to the ſquare of KI. (5. e. as the ſquy 
of CB to the ſquare of CE) by reaſon of the {imilitude of th 
A A KLM and KNI; and fince the ſame may be demonſtr. 
ted after the fame manner of any other ſemiordinate Kz qj, 
that its I Kz is to the £3 DE as the ſquare CB to the ſquir 
CFE. Ir alfo follows, that the © KI is to the _} DIE as 0k; 
to the {_} DiE, and alternatively, the ſquare Kl will be y 
the ſquare Kz as the C3DIE to the La D#E ; which is the 
cond property of the ellipſe. 2. If the angle NCE ben; 
right one (as in Fig. 126.7.2. and the like caſes) having dray 
NO and KP parallel to the rule »/B in the firſt ſtatin, 
ſin which ſtation the angle NCE, to which the flexi 
ruler is to be made, is determined, wiz. by letting fall th 
perpendicular B/ from the extremity of one diameter upon the 
other, and moreover by adding or ſubſtraCting the differen 
of the ſemi-diameters /»] having alſo drawn the Ordint 
KIM,and PI parallel ro CN ; which being done the A &C 
and IKF, and alſo CB» and IKP will be fimilar. Where 
fore having joined NP, from the paralleliſm of the linsV 
and NC and the ſ{imilitude of the aforefoid A A, as alſo d 
NCO and »CJ, it will be eafie to conclude that NCIP s: 
parallelogram. Wherefore ſince KN is & CE and GEN- 
0 CE, having ſubſtrafted the ſquares of the equal insVM fl 
and Cl,there will remain on the one hand DO KP on the ate wi 
the i_+ DIE equal among themſelves as above. There ;, 
the ſquare of KI will be to the ſquare of KP (+. e. to tel | 
DIE) as the ſquare of BC: to the ſquare of By (z. e. tt » 
ſquare of CE) asin the former caſe : And fince here allo ti 
fame may be demonſtrated after the ſame manner of any & 
ther ſemiordinate Kz ; we may infer as above, that the CC 
'KI and Kz are to one another as the rectangles DIE a 
DzE, &c. 

But after what way the ſame ellipſes may be dcſcribed ) 
theſe right lined angles without any of thele rulers thro! wr anc 
nite points given, will be be manifeſt from the ſame figure 
_ any attentive Perſon For having once determined theanfl 

NCE or »CD (num. 2. e.g.) if NL or »l be applyed wit Q 
”ou pleaſe by help of a pair of compaſles, and continued 


BY 11 TS 
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now if x, fo that LR or Ik ſhall be equal to /B, you will have eve- 
IE) ;j where the point K, &c. 

Uare 

the CONSECTARY TIV. 

ſtrs 


vi MO fnce in the hyperbola (Fg. 127.) the 0D CN— 0G CE = 
Uare [3DNE, and in the ellipfis (Fg. 124.) D CE— OCN 
1&- {3 DNE, by vertue of Prop. 9 and 8. /ib. 1 if for CN 
T) i put on both fides for brevity's fake 9, then will the Ko 
ee MW DNE in the hyperbola be rightly exprefled in theſe terms 


ot: i =-00þb, and in the elliplis in theſe 00bb — 1779. | 


aWn 4. 4 

100 C 

. Propoſition VI. 

the 

tel T1 the paravola (a) the Latus Reffum is to 

ence | the ſur of to ſemiordinates (e.g. IK 7 . (@) 13k #=" 
mat FG i.e HO in Fig. 122.) as their difference ov wel 


WY (0G) ro the difference of rhe abſeiſſa's (IF or 
ine KO.) | 


L -  Pemonſfrattion, 


= For if the greater abſcifla EF be made = ib, and the leſs 
NY fl = eb, the ſemiordinates anſwering to them FG and IK 
ue Wh vill be Y 005 and V oecc as is deduc'd from Prop. 1. Where- 
— fore if you ſet in the ſame ſeries 


| I y 3 
We The Latus R.-——- ſum of the ſemiord, 


0 their diff. 

” Occ V orc | V 0c — won V 0c mm V Gece 
I0 b 

a0d 


4. 
——dift, of the abſcifl. 
— eb | 
uM 20d multiply the extremes and means, you'l have on both 
ldes the fame produdt ozcc— oece, which will prove by vertue 
of Prop. 19. [b, 1, the proportionality of the ſaid quantities, 


ll] Q.E. D. 


3 & 7 
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SCHOLIVM. 
_—_ is that property of the parabola, whereon the Cl; 


L Geometrica Catholica of Mr. Thomas Baker is found 
which as unknown to the ancients, nor yet taken notice of 
Des Cartes, he thinks was the reaſon why thar —_ 
Wit could not hit upon thoſe univerſal rules for ſolving 4 
Equations howſoever affected. Concerning which we (þ 
ſpeak further in its place. We will only further here no 
that Baker was not the firſt Inventor of this property, hy 
had it, as he himſelf ingeniouſly confeſſes, our of a Manuſciy 
communicated to him by Tho. Strode of Maperton, Eſquire 


Propoſition VII. 


N the hyperbola and ellipſis (s) the Lay 
—_—_ ” Refum ts to the Latus Trawſvuerſum, « 
Eyperb.and El. #he ſquare of any ſemiordinate (e. g. IKink, 
lip. Apollon, I18 and I 20.) LW the refFanple (DIE) (a 
lIib.1. Prop.21. tained under the lines intercepted between i; al 
. +6 a the Vertex's of the Latus Tranſverſum. 


Demonftration. 


| 


For the Latms ReFum is on both ſides ocd, the Lats Tra 


b 
wverſum ob, &c. Wherefore if you make in the ſame ſeries 
as the Latus R. to the Lat. Tranſv. fo the 0 IK to £-3Di 
ocd—ob— in hyperb. oecdF cecd=-— oebb Þ eebb 
b in ellipſ. oecd—eecd — ebb — ebb 
The rectangles of the extremes and means will both be ok 
+ oeebcd, and fo will prove the proportionality of the li 


quantities, by Prop. 19. kb. 1. Q.E. D. 


Ky, 
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CONSECTARY I. 
pf having given in the ellipſs (ſee Fig. 124, ) the La- 


tas Reffum and the tranfverſe ax, you may eaſily obtain 
he ſecond ax or diameter, if you make 
4 the Lat. Tranſ®. to the Lat. Red. fo the <l DCE to O AC 
oh — ocd o0bb F. —— oocd. 


b 4; 4 
CONSECTARY HI. 


Herefore the 0 of the whole AB will be = oocd = © of 
the Latus Refum into the Lat. Tranſv. (which Aplle- 

iu calls the Figure) ſo that the ſecond Ax (and any ſecond 
Diameter) will be a mean proportional between the Latas Re- 
um and the Latrs Tranſuverſum. Hence in the hyperbola 
ab the ſecond or conjugate diameter may be called a mean 
proportional between the Latus RefFum and Tranſvuerſum, i.e. 


Y wed or a line which is equal in power to the Figure, as A- 
polonize ſpeaks. 


SCHOLIGUGM I. 


_ may be derived another and more ſimple way of 
delineating organically the ellipſis in Plano about the 
given axes AB, DE (Fig 127.) which Schooten has given 
us; viz. by the help of two equal rulers CG and GK move- 
able about the points G and G : If, viz. the portions CF and 
HK are equal to half the lefler ax AC, but taken with both 
the augments (viz. CF + FG GH) may = :the greater ax 
CD or CI; and the point K moving along the produced line 
DE the point H may deſcribe the curve EHAD. That this 
will be an ellipſis will be evident by vertue of this ſeventh 
Prop. from a property that agrees to this curve in all its points 
H. For having drawn circles about each diameter, and the 
lines IHN, FO perpendicular to CE ; and having made the 
Lates Reflum EL, which is a third proportional to DE and 
AB by the ſecond ConſeR. of this Prop. &c. by reaſon of the 
{militude of the triangles CFO, CIN, FO will be to FC as 

| IN 
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IN to IC, and alternatively FO to IN as FC to IC 5. e. as AC 


to CE or AB to DE. Therefore alſo the ſquare of FO(or HN) 


will be to the ſquare of IN, as the ſquare of AB tothe ſquare 
of DE, by Prop. 22. 4ib. 1. 1.e. as EL the Latns Reffuy t, 
ED the Latus Tranfoerſum, by Prop. 25. lib. 1. Buttheq 
IN is = DNE from the proporty of the circle. Therefore q 
FO (or of the ſemiordinate HN) is to the [-_3 DNE a EI 
the Latus Reum to ED the Latus Tranſo. therefore by ver 
rue of the preſ. Prop. the point H is in the Ellipfis, and 6 any 
other, &c. Q.E. D. 


CONSECTARY HI. 


OW if in the ellipſis the 9 of AC the ſecond Ax (: 
oocd by Conſe#. 1.) and 3 CN the diſtance of the þ 


4. 
cus from the centre (= oobb—oocd by Cenſe&t 3. Prop. 5. the 


figure whereof you may ſee ». 124.) be joined in one fun; 
the O AN will be = oobb, and ſo the line AN = ob i. E, (0 


4 | - 
half the Latus Tranſuerſum : So that hence having the ax 
given you may find the Focz, if from A at the interval CD 
you cut the tranſverſe ax in N and N. 


b CONSECTARY Iv. 


OW if, on the contrary, in an hyperbola (Fiz. 113 
the © AC or EF = oocd be ſubſtracted from the 0 Ct 


4 
or CN = oobb Þ ooed by vertue of Corſet. 2. Prop. 5. thet 


will remain oobb and its root ob , 5, e. half the Latus Tran: 
ry 5 


werſum CD : To that here alſo, the axes being given, Jl 
may find the Focus's, it from the vertex E you make EF a pt 
pendicular to the ax = to the ſecond Ax AC, and at the it 
terval CF from: the centre C you cut the Latus Tranſver|u 
continued-in N and N. 


SC Hol 
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SCHOLIVUM I. 


UT now, that the right lines KN and KN drawn from 
any other point (. g. K) to the: Focz, when taken toge- 
her in the elliplis, but when ſubſtra&ted the one from the 0- 
ther in the hyperbola, are equal to the L atus Tranſuerſum DE, 
we will a little after demonſtrate more univerſally, and alſo 
hew an caſte and plain Prax of delineating the elliplis and 
typerbola in P/ano, having the axes and conſequently the Fo- 
ci given. 


CONSECTARY V. 
_ we have: before demonſtrated ConſeF#. 2. and 3. Prop. 


5. that the {_3DNE in the hyperbola and alſo in the el- 
lpfis is tj oocd ; and here in Conſe&. 1. the 17 of the ſecond 


4. | 
ſmi-diameter AC is alſo = oocd; it is evident that this DO AC 


$equal to the 2] DNE. 
| CONSECTARY Vl. 


T is hence moreover evident, if the ſquare of halt the tranl- 
verſe diameter GE = c0bb be compared with the ſquare of 


4 
half the ſecond diameter AC or EF = vcd, multiplying both 


| 4 | Þ 
lides by 4. and dividing by o; they will be to one another as 
wh to ocd i, e. further dividing both ſides by b, as ob to ocd 

b 
the Latus Tranſoerſum to the atus Rectum. 


CHRESECIHARY VILE 


UT fince alſo the {}DIE is to the © IK as the Latns 

DU Tranſuerſum to the Latus Reftum, by vertue of the pre- 
{ent 7, Prop. the ſquare of CE the tranſverie ſemidiam. will be 
to 


186 Marheſis Enucleata: Or, 


to the ſquare of AC the ſecond ſemidiam. (or by the Fth. Coy: 
fe. of this, to the f JDNE) as the [_J} DIE to the {quare of 
IK. 


CONSECTARY VII. 


Y OU may alſo now have the 0 1K (which otherwiſe j 
the hyperb. is eocd | eecd, in the ellipſe oecd—eecd, by 
vertue of Prop. 2. and 3.) in other terms,if you make as QC} 


to the E3DNE ſo thef_] DIE to a fourth; 5z. e. 4 
as oobb to mm—oobb I vertue of Conſe. 4. Pry, 
4 1 3 Ss, 
(lo oebb | eebb in the hyperb. , 
as oobb to oobb —— mm fo oebb—eebb in the ellipſ. 


4 4 
For hence by the Golden Rule the ſquare IK may be infer! 
as a fourth proportional. 
In the hyperbola 487m Þ 44emm—— ebb —eebb ; 


| 0 00 
In the ellipfis oebb— eebb — 4.emm | 4eemm : 


0 00 
The uſe of which quantities will preſently appear. 


Propoſition VIII. 


HEY Apprepate in the ellipſe | 
(a) 4p 79 þ Fe in the 10,0 of the rgh [ 


ne) "pe3F* lines (4) KN and Kn (Fig. 128.) draw f Ws 
from the ſame point K to both the Focus's is equi i 

to the tranfuerſe ax DE. We 
| I 

An Ocular Demonſtration. » 

ly 


W/ + conſiſts wholly in this ro find the lines KN A 
and Ks by help of the right-angled triangles KN 8. i 
and IKz (ſc. the hypothenuſes having the ſides given) ad 
afrerwards ſee if the ſum of both in the ellipſe, and difterent I yy 
in the hyperbola be j ob, z. e. to the tranſyerſe ax DE. <J:q 


I. 5 


of 


--— 
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I. I the Ellipft. 7s. 


Purting for for CN CN (which above Prop. ” Conf. 3. was fountl | 
tobe bo cd) 1 fay putting tor it 79, you'l bave 


NZ ct CN = job ——eb + mm 

Is = Cy —ClI = pr" 7 |; 
Therefore 0 IN = {oobb——oebb | eebb + by 2ebn + mm 

O Is =; oobb— cebb + eebb — obs f 2ebm f mm 
Add to each O IK which was found in Prop. 7. Conſe. 8. in 
O_o = ohh = + 4cemm and you'l have - 
00 

OKN = 00bb 4 ohm — 2ebm + — f geemm | 


00 


nd by extraQting the roots (which is eaſe) guy” have 


KN = 50bF m—2em and 


| 2 
Ky Sib —mt 20m 7 
0 
_ : y 


Sam ob, Q.E. ÞD; 
Il. In the Hyperbola.” 


Putting again m-for CN (which above Con. 2. - Prop, ny 
ws-found to be Y code _ o0bb) and you'l have 


Nz7 CI+CN 2 26 + eb + m 


bz C-— Cz = + eb —1. Therefore. | 
G IN = = 400bb F oebb f eebb + obm f 2ebm | mm and. 
Us = *00bb + oebb + eebb — obm — 2ebm | mm _ 
Addto both the O 1K which was found in Prop. 7. Confſedt.. 
b in the byperbola 4mm Þ 4eemm ==— ebb ——eebb and 
0 00 
foul have 
VEN'= © oobb + obm'+ and -- m + geemm 
we” 


Q OK 
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DO Ky = | cobb-—obm— zebm + mm f 4emm | 4eemm 
0 00 


and extraQting the roots out of theſe (which is eaſie) you! 
have KN =,0b fmwT 2m. 


0 
Ey i= [| ob ——= 21 —— 298 


A —— 


0 . "8 
(which is a falſe or impoſlible root, for it would be CEC 
and moreover —— another quantity. 
Or Knz=mÞ 2em— ob ; which is a true and poſſi} 
root. "-M 


_—C— —  _____@ 


The difference therefore of the true roots is = ob. Q. E. D, 


SCHOLI1IUM I. 


\ 'Y; E firſt of all tried to make a literal Demonſtration by 
uſing the quantity of the ſquare IR as you have i 
expreſled Prop. 2. and 3. and the quantity IN as it was com: 


pounded of CI = 0þ Feb FCN = V oocd { oobb, +, bu 


we found it very tedious in making only the ſquares of IN and 
Izz. Then for the ſurd quantity CN we ſubſtituted another, 
Viz. 1, and we produced the ſquares of IN and TI as aboie 
but we added the ſquare of IK in its firſt value ; and thus ve 
obtain'd the ſquares KN and Kz, but in ſuch terms, that the 
exaCt roots could nor be extracted, but muſt be exhibited a 
ſurd quantities, and conſequently we muſt make uſe of the 
rules belonging to them to tind their ſum or difference, wh 
we laid down Conf. 3. Prop. 7. and Conſeet. Prop. 10. Lib. | 
which rho” it would ſucceed, yet wou'd be full of trouble ui FF - 
rediouſnels. Therefore at length when we eame to w/e that 

other terms which expreſs the 1quare IK, the buſineſs ſucceed 

ed as cafe as we could wiſh, and that in a plain and eabie vi 

and no leſs pleaſant, which I doubt not bur will alſo be it 

opinion of the Reader, who ſhall compare. this with ori! & 
demonſtrations of the fame thing, which ogly lead indiredl) 

ro this cruth, or with them, which de Fitte has given us ini 


lim. Curvar. lin. p. m. 293. and 302, and which he w- 
| I eali 
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efie and ſhort enough in reſpeCt of others both of the ancients 
ind moderns, and which we have reduced into this yet more 
kiſtint form, and accommodated to our ſchemes. 


Preparation for the Hyperbols. 
Make BSI 0 Cl to CM 


f that the £3 of Mick © vill be = 7 _ 


Becauſe therefore it will be by ConſeF, +. Prop. 7. 
30 CD to C3 DNE, ſo the T4DIE to the DO 1K. 


And alſo by compoſition, 
7. CD ro CD 4 D DNE ſo DIE to DIE FO 
" i.e, ACN perg.lb 1. | —_ 


Therefore by a Syllepſis, 


 80CDtothe DCN od CD + DIEJ to 0 CN + DIE 4 0 


a095 FS 
| Burt alſo by the Hypotheſis. 
the D CD to the 3 CN fo 0 Cl to 5 CM. Therefore 
OCMis= OCN+DIE+0 3K. 


Demonſtration, 


Since therefore it is certain that the difference between DM 
and EM is the tranſverſe ax DE; if it be demonſtrated that 
DM'is = KN and EM = Ky, the bulineſs will be done, be- 
_ -% difference between KN and K» is alſo the tranſverſe 
ax 

Reſolve the O KN. 
[tis certain that NIg 4 IKq = KNg. 
vbſtitute for N1q, by the 7: Lib. 1. Clq 4 CNg + 2NCl. 


Preparation for the Ellipfes. 


. Make as CD to CN fo Cl to-CM. 
$ that the {3 DOM is = DI NCI. 

Becauſe therefore by Conſett. 7. Prop. 7. 
s#UCDto [3 DNE ſo f J DIE to the D IK; 


Q 2 
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A Then alſo by dividing, he 
DO CD-— DNE ſo DIE to DIE 
as 7 CDtoJ 7 Do CN, by 8.1.1.5 IK. = 
| © Therefore by a Dialepfis, 
as 0. CD ro Fa CD-—LI DIET to a CN—DIE to 
__ DCN, ſoz.e. CI G by 8.c:. 
But alſo by the Y rotheds 
as 0. CDtoO CN, foQO Clto DO CM; 
Therefore oO CM is 0 CN—DIE +0 1K. 


Pemonſtratton. 


Since therefore it is certain that the ſum of DM and EM 1 
the tranſverſe ax DE ; if it be demonſtrated that DM is =KY 
and EM = Kz, the bulines will be done, becauſe the furn of 
KN and Ks is allo equal to the tranſverſe ax DE. 


Reſolve the KN. 
Ir is certain that Nlq + iKq zz KNg. 
Subſtitute for Ntq, by the 4 Tb. x. Clq + CNgq + 2NC. 
Then will Clq + CNg 4 2NC! + IKq = KNg. 
Subſtitute for C'q, by the 9. 1b. r. CDg4 DIE ; then wil 
CDg + DIE + CNgq 7 2NC: + {Kg = KNg. 


Reſolve alſo 0 DM. 

t 15 certain that CMq F 2DCM F 

+ CDg + 1 2NCI [- DM, by the 7 lia. 1, I 
Subſticute tor CMq its value by the Preparation, and jou! I vl 


have | 


CNq9q— DEE 4 \Kq 4 CDq f 2NCi zz DN: Cl 
Which were before = KNg. ul 
Therefore KN = DM ; which is one. : ; 
In like manner reſolve 0 Kn. Wi 
It is certain that n'q f !Rq = Knq. Th 
Subſtitute for z1q, { Conſeft. 1. - i 15. Li6. 1. Ciqg tO 


17” "Rp; and you'l have 

Clq +CNg ——:vCl jt iKg 5 Kngq. 
Subſtitute for Clq, by the 9. bb. 1. CDqg FDE, and you! 
have CLq + D!E 4 CNq—2zCi f ilKqz Rng. 


Reſoke 


ZZ an 
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; Reſolve alſo the ) EM. 
|: is certain that 2.CDq j 2CMq—DMgq = EMq per 12. 


hb, T. | Mo+. M4 
Then will Clq + CNg 4 2NCI + 1Kg = KNg. 
cbſtitute for Clq by the 8. 5b. 1. CDq—DIE ; then will 
(D4——DIE 4 CNq | 2NCI + IKyg a KNe. 


| Reſolve alſo the D DM. 
[is certain that CMgF 2DCM TJ, 
+ CDg + 2NCI on, nq per 7. bb. I. 


kbltirute for CMg its value from the preparation, and you'] 


have 
(N9-——DIE + IKq 4 CDq 4 2NCI = DM: 
Which before were = KNg. 
Therefore KN = DM ; which is one. 


" In like manner reſolve the Q Kn. 
is certain that #1q 4 IKq = Kg. 
Sſtcute for Ig by Conſe. 1. Prop. 10. bb. 1. 
C4 CNqa—=2NCI, and you'l have 
C44 CNq ——2NCI F IKq = Kg. | 
Sſtiture for CIq per 8. /5b. 1. CDq—— DIE, and you'l have 
(Dy-— DIE + CNq — 2NC1 7 IKq = Kng. ; 


' Reſolye alſo I EM. 
|'s certain that 2CDq | 2CMq—— DMq & EMg per 12. 1. | 
ow: the value of DMq firſt found above, and you'] 

ve 
Wy + CMq — 2Cl = EMg. | 
ww for CM the value as in the preparation, and you'l 

we | | 
(Dy 4 CNq + DIE—2*CI + IKq = EMg : 
Which were before = K-19. | "» 
Therefore Ky» 3 EM ; which is the other. 


Matheſis Emnucleats : Or, 
SHCOLIUM 1M. 


Ence you have the common mechanical ways of deſert. 

ing the ellipſis and hyperbola about their given axes; 

and the ellipſis, if the Foci N, N, (Fig. 129. ». 1.) are gi- 
ven, or found according to Conſe#. 3. Prop. 7. and having 
therein ſtuck or fixed two pins, put over them a thread NF, 
tyed both ends together preciſely of the length you deſign the 
greater ax PE to be of, and having put your pencil or pen in 
that A-ſtring draw it round, always keeping it equally extended 
or tight. Now becauſe the parts or portions of the thread tr 
main always equal to the whole ax DE, what we propoſe i 
evident by the preſent Prop. which may alſo be very eleganty 
deſcribed by a certain fort of Compaſles, a deſcription where- 
of Swenterus gives us in his Delze. Phyſico-Math: Part. 2. Pry, | 
20. Which may be alſo done by a fort of organical Mechaniſn, 
by the help of two' rulers: moveable in the Foc: GN and 
Hz ( 2.) and equal to the tranſverſe ax DE, and faftned+- 
bove by a ranfeat ruler GH equal to the diſtance of the F+- 
ci, as may appear from the Figure. For if the ſtyle F be 
moved round within the fflures of the croſs rulers Hz and 6 
the curve thereby deſcribed will be an ellipſis from rhe pro 
perty we have juſt now demonſtrated of it, which it hath inevey 
point F. For the triangles HGN and NH», which have one 
common fide HN, and the others equal by conſtruction, ar: }} 
equal one to another, and conſequently the angles FHN a 
FNH equa}, fo alſo the legs HF and FN, and fo likewiſe FN 
and Fs: together are equal to Hy = DE; which is the ver 
property of the ellipſe we are now treating of. But Van Schu- 
tern, who taught us this delineation, hints, that, if thro tht 
middle point i of the line HN you draw the line IFL, it wil 
couch the ellipſis in the point F ; for ſince the angles IFH and 
IFN are equal, by what we have juſt now fiid, the vertial 
angle LFz of the one IFH, will be neceflarily equal to tne 
ther 1FXN : Bur this equality of the angles, made by the int 
KL, erawn thro' F, wik both thoſe drawn from the centres, 
here a tign of contact, as is in the circle the equality of tt 
2n:gies with a line drawn from irs one centre. So that af 
this way you may draw a tangent thro? any given point F . 


ww ww —=@o{ —-=-_— 


teellipfis withour this organical apparatus of Rulers; wiz: if, 
tying drawn from both. the Focws's thro? the given point F 
the right lines zH, NG equal to the Latws Trapſoerſum DE, 
you biſe&t HN in I and draw IFL.: Or if the line that conneQts 
he extremes GH be prodiced to K,and you draw thence KFL, 
viz. in that caſe where GH and N# are not parallel ; others 
viſe a line drawn thro' the point F parallel to them would be 
he tangent ſought. + | | 

'Asto the. hyperbola, there is a mechanick method of draw- 
ng that alſo, nor unlike the others, from a like property in 
that, communicated by the ſame Van Schooten, wiz. If ha- 
ring found the Focus s N and »» (Fig. 129. ». 3.) you tye 2 
read NFO in the Focus N and at. the end of the ruler 2O of 
he length of the tranſverſe ax DE ; then putting in a pen or 
the moveable leg of a pair of compaſles (nor would it be dif- 
fcult to accommodate the praCtice we before made uſe of to 
 thisallo) draw or move it within the thread NFO from O to 
E, fo that the part of the thread NO may always keep cloſe 
to the ruler as if it were- glued to it. For if we call the length 
of the thread X, and the tranſverſe ax ob as above, the ruler 
10 will be, by the Hypoth. = X F ob. Make now the part 
ofthe thread OF = } XR, the remainder or ather part will be 
NF =i3X andnF =!X + ob, and the difference between FN 
and Fn, = ob. Make OF =3 X,then will FN be; X and F= 
X + 0b, the difference ſtill remaining ob and fo ad infinitum. 
In ſhort, ſince the difterence-of the whole thread and of the 
whole ruler is ob, and in drawing them, the ſame OF is taken 
from both, there will always be the ſame difference of the re- 
minders. Hence alſo aſſuming, at pleaſure the points N and 
» you may deſcribe hyperbola's ſo, the thread NFO be ſhort= 
er than the ruler »FO: For if ic were equal there would be 


(ſcribed a right line perpendicular to Ny, thro' the middle 


point C. 


| There yer remains one method of deſcribing hyperbola's 
indellipſes in Plano, by finding the ſeveral points without the 
help or Apparatus of any threads or inſtruments, wiz. in the 
eliphs, having given or aflumed the tranſverſe axis DE and 
the Foci N and »» (Fig. 130. #. 1.) if from N at any arbi- 
tary diſtance, but not greater than half the tranſverſe ax NF, 
fou make an arch, and keeping the ſame opening of the com- 
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paſles 
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paſſes you cut off, from the tranfverſe ax, EG, and thenwty 
the remaining interval GD, from » you make another ai 
cutting the former'in F, and ſo you will have one po 
'. of the ellipſe, and after the fame way you may have innun» 
rable others, f, f, f, &c- ; 

' In like manner to delineate the hyperbola, having giveialll; 
aſſumed the tranſverſe ax DE and the Foras's N and » (1,1, 
if from N at any arbitrary diſtance NF you ftrike an ard 
and keeping the ſame aperture of the compaſles from the 4 
meter continued, you cut off EG, and then at the interval 6) 
from » make another arch cutting the former in F, yofty 
will have one point of the hyperbola, ' and after the ſame wy; 
innumerable others, f, f, Se h 


Propoſition IX. 


F the ſecon ax, or conjugate diameter of the hyperbola 418 
EK ( re” be applied oarale] to the þ bly fo tha 
may touch the hyperbola, and OE, EP are equal like BC ale 
AC, and from the centre C you draw thro' O and Þ right Ini 
running 01 ad infinitum, and laſtly QR parallel to the Tay 
OP; ou'l have the following: 


CONSECTARYS. 


[. HE parrs QG and HR intercepted between thecun 

and thoſe right lines CQ, CR will be equal, for by 
reaſon of the ſimilitude of the A A CEP and CFR as abi 
CEO, CFQ as CE is to-EO: (and EP) fo will CF be tof 
and' FR, and conſequently theſe will be equal; and fo rakingWe 
away the ſemiordinates FG and FH. which are alſo equal, teſſau! 
remainders GQ and HR will be alſo equal, and confſequentiMr y : 
the (CI QGR, GRH, .&c. all equal among themſelves: Maſe 
Which we bad already deduced before in Conſe#. 2. and WF te 
Def. 7. hat t 


N77 
II. There&angle QGR will be = © EO or EP = od! 


LPR 


{ e 


4 
(as Apollonias ſpeaks) to the fourth part of the 6gure : For ſj © 


reaſon{4mec 
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reaſon of the ſimilitude of the A A CEO, CFQ, CE will be 

EO as CF to FQ : z. e. 

gthe 7 CE to the [7 EO | 

ie, as (by Conf 2. 7.) the Lat. Tranſv. ſothe O CF 
to the Lat. Redf. tothe DFQ 

1a i.e, (by the 7. Prop.) as the £3 DFE to the 0 FG 


But now if from the 3 CF you take the t3 DFE, there 
mil remain the 7 CE, by Prop. 9. 1ib. 1. and if from the 17 
fQ you take the _iFG there will remain the 3 QGR, by 
Wir. 8: 5b. 1. wherefore that remaining 0 CE to this remain- 
in QGR will be, as was the whole ſquare CF to the 
whole ſquare FQ. by Prop. 25. bb. t. 3. e. as was the 0 CE 
the 1 EO ; conſequently the i 3 QGR and the ſquare EO 
(p which the ſame ſquare CE bears the ſame proportion) will 
x equal among themſelves, 


IL Since this is alſo after the ſame manner certain of any 
aher rectangle ggr or grh, &c. it follows that all ſuch rect- 


mples are £qual among themſelves. | 


IV. Wherefore it is moſt evident, ſince the lines FR, fr, 
Cr. and ſo GR and gr grow ſo much the longer, by how 
much the more remote they are from the vertex E; that on 
be contrary the lines QG and qg muſt neceflarily ſo much the 
wore decreaſe and grow ſhorter, and conſequently the right 
":CQ approach fo much nearer and nearer to the curve EG; 


V. But that they can never meet or coincide altho' produ- 
kd ad 7nfinitun will thus appear, if ir were pothible there 
eoud be any concourſe or mecting, fo that the point G and 
rand 9 could any where coincide,. ic would follow from 
ne. 2, that as the ©} DFE to the ſquare FG tothe {quare 
UF to the ſquare F ; e. to the fime ſquare FG 5 aud fo. 
at the £3 DF © wound be =19 CF ; which is abſurd by Prop. 


1 0 » . . 4 
lib. 1. fo thir now it is evident thit the lines COM and 


pM, W371 
We curve. of the hyperbola) as Apoiiontes 
Wand them, 

R 


ti } 
A 4s 


—_ 


(a) Apollon, 
Prop.12+ 159-2: fmilitude of the A: T'QG and r9g, frf, I 


I. >. 
as TG to QG to pr to gs 
ſo ig to qo to GR to GS) 
you'l have ex £quo or by proportion of equality as TG'to j 
ſo ig to GS, by Prop. 24 hb. 1. Therefore, by Prop. 17. 
the ſame, the i_3of TG into GS = i] of tg into gs. \. 


ESD. 


SCE Ei U 8 


Ence, laſtly, we have a new geneſis of the hyperboi i 
- 4 Plano about its given diameters from the ſpeculationsd 
(B) De Witt ; it, viz. having drawn the lins 
AB and EF croſs one another at pleaſure (Fy. 
122 ) to the angle BCF you conform the move 
able angle BCD (zcd being to be delineatedin 
the oppolite hyperbola equal to the contiguous ACD) one d 
whole legs 1s conceived to be indefinitely extended, bur the 0: 
ther CD of any arbitrary length ; and to the end of it Dap 
ply the {lic of a moveable ruler GD about the point G 4 
any arbitrary interval GD (bur yer parallel to the leg CB 
this firlt {tation) and fo carrying together along with it tit 
moveable angle BCD abour the line ECF, bur fo thar the leg 
CD may always remain faſt to it, and the other CB be inter 
ſected in its progrets by the ruler GDH, e. g. in bor 5 I 
point of interſection, thus continually moved on, wil! deſcribe 
the curve 6GB, which we thus prove to be an hyperbola . De 
cauſe the ruler GDH turning about the pole G, and carrie 


(B) DeWitt 
Elem,Curvlio, 
I Cap 2.P!0P+ Je 


1 | . 
from D c. g. tod or & cuis the leg of the moveable angle (» 


brougit 


{ 
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wrought to the ſituation cb or yB,and in the mean while r-main- 
ng always parallel to it ſelf; and having drawn from the points 
nd Ml finterſection þ and B and G the lines Gl, bK and Bu parallel to 
 « ihe ruler CF, becauſe e. g. in the ſecond ſtation, having ta- 
the MW ken the common quantity cD from the equal ones CD and cd, 
IG Wlke remainders Cc and DJ are equal, and by reafon of the {1- 
of Mnilitude of the A A dcb and dDG, 


\ofl xs Dd) to DG, fodc Jrtocb; 
ol 40 Ge 1,e. DCG 
or bK or Gl 

te rectangle of Kb into bc will be = 133 of DG into GI, by 
Prop. 1 9, lib. 1. and in like manner, when in the third ſtarion 
wing added the common line Dy to the equal ones CD and 
#, the whole lines D# and Cy are equal, and, by reafon of. 
the (militude of the A A By and GD 


s Di)is to DG ſo is ylpto yp; 

«Or Z. C. ce 

or Bu | or Gl 

«o {Mie Jof xB into By & ©) of DG into Gl, by the ſame 18. 
ins MI "9. Wherefore the three points b, G, 3, (and 1o all the 0- 
by. hers that may be determined the ſame way ) are in the hyper- 
ve BY lt, Whoſe aſymprtotes are CB and CF and its centre C, &c. 
din {!) the preſent Prop. Conſe. 6. Q. E. D. 

«of MY You may allo determine innumerable points of this curve 
- 0 puarely withour the morion we have now preſcrib'd, vis. 
ap #the point 2 in the oppolite hyperbola, it thro' any aſſumed 
; at Point © 1n the aſymprote CE you draw a parallel to the other 
Bin MYymptote CA, and having made cd equal to CD, from G 
the ito draw Gda, and o in others. 
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CHAP. II. 
Of Parabolical, Hyperbolical and Elliptical Spares, 
Propoſition X. 


; AN E (=) Parabolick Space (i. e. in Fy. 
(a) _ 133: that comprehended under the righ 
- \. gw line GH and the parabola GEH) is to a Gy. 
17. and 24 cumſcribing Paralielogram GK, as 4.to6 (1 


to 3) but ro an inſcribed 8 GEH as 4.1 9, 


Pemonſtratton, 


Suppoſe FH divided firſt into two then into four equal parts 


and draw parallel to the ax EF the lines ef, f, &*c. Alviding 
alſo EF into four parts, the fir{t fg will be 2, the ſecond 4 
the third 1, by Prop. 34. ib. 1. but as ef isto ge foi fey 
he, by Conſe. 1. Prop. 4. Therefore he in the diameter EF 
is 20, in the firſt ef it is =; (for as ef, 4, to ge, 1, fog, 
1, to be, ,) in the ſecond ef a portion of he is = }, in the thid 
ro 3, and fo the portions c/ in the trilinear figure E5HR mike 
a ferics in a duplicate arithmerical progreſſion, wis. 1, 4, 9, 
16 : After the ſame manner, if the parts Ff, eXc. are bilected 
you'l hind the portions eh in the external trilinear hguretomuke 
this ſeries of numbers s, 8, 8, 8, *% Þ» Y, &, and fo onward. 
Wherefore ſince the portions << or the indivilibles of the tril 
near ſpace circumſcribed about the parabola are always in 
duplicate arithmetical progreſſion : the ſum of them all wil 
be ro the ſum of as many indivilibles of the parallelogran FB, 
«qual to the line RH, z.e. the trilinear fpace it felt ro thu pr 
railelogram as I to 3, by Conſe. 10. Prop. 21. {5.1 
\\'herctore the ſemi-parabola FEL4H will be as 2, and the© 
{EiHas 12; therefore the whole parabola as 4,and the while 
GEE as 2, and the whole parallelogram GK as 6. Q Eb. 


C 0ON| 


> = 2 haawm_l 
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Te E Elliptical Space (a) comprehended by 
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CONSECTARY I. 


T is evident () that in the firſt diviſion, the | 
[ ſecond line fb (5. e. that drawn from the 6 by chim, 
niddle of the baſe FH) is three ſuch parts hits. a 


whereof FE is 4.3 forehis 45. e. 1, therefore 
fbis 3. 
CONSECTARY I. 


T is alſo evident, that this demonſtration will hold of any 
L parabolick ſegment. 


Propoſition RI. 


the Ellipſis DAEB (Fig. 127.) is to a \ _—_ 


arcle deſeribed on the tranſverſe ax DE, as the g Prop. 5. 
Ax ReFus or conjugate diameter AB to the 
nanſverſe ax DE. 


Pemonltration. 


THis is in the firſt place evident from the geneſis of the 
L ellipſe we deduced in Schol. x. Prop. 7. for in that de- 
bution we ſhewed that FO, z, e. HN was to NI as AB to 
DE: Which fince it is true of all the other indivifibles or or- 
nates HN and IN ad infinitum ; it is manifeſt that the planes 
liemſelves conſtituted of theſe indivifibles will have the ſame 
ralon among themſelves, as the Ax& Refs AB to the tranſ- 
rle DE. QE.D. 


| CUNSECIARY . L 


Herefore the quadrature of the' ellipſe will be evident, if 
that of the circle be demonſtrated. 


' 


C ON- 
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CONSECTARY IL 


Ince a circle deſcribed on the leaſt diameter AB will be 1, 
one deſcribed on the greater diameter DE, as AB & , 
third proportional by Prop. 3 5. liþ. 1. it follows by vertue of 
the preſent Prop. that the ellipſe is a mean proportional betweeq 
the greater and lefler circle, 2 e. as the ellipſe is to the preg: 
er circle ſo is the lefler circle to it, viz. as AB ro DE. 


CONSECTARY Hl. 


| = you may have a double method of determining the 
arca of an ellipſe. 1. If having found the area of the 
greater circle, you ſhould infer, as the greater diameter of the 
ellipſis to the leſs, ſo the area of the circle found to the arca of 
the ellipſe toughr. 2. If having alſo found the area of the leſ: 
ſer circle, you find a mean proportional between that and the 
area of the greater. 


SC SEL 1D A 


E may alſo ſhew the Jaſt part of the ſecond Conſd, 
thus, 1. If having deſcribed the circle EadbE (Fr. | 
134.) about the leaſt axis of the ellipſe we conceive a regular 
hexagon to be inſcribed, and an ellipſe coinciding with one 
end E of its tranſverſe ax, and with the other or oppoſite one 
D to be ſo elevared, thar with the point 4 it may perpendicu- 
larly hang over the circle, and further from all the angles df 
the figure inſcribed in the circle you erect, the perpendiculars 
gG, bB, &c. it is certain that the ſides ED and Es of the 
triangle DEd will be cut by the parallel planes FGef, 
into proportional parts, and that thoſe by reaſon of the lim 
litude of the A A FDG and fdg, and lo alſo the other rectar 
zles will be among themſelves as the intercepted parts of the 
lines ID and 4d, Cl and co, and iz infnitum, (vit. of how 
many fides ſoever the inſcribed figure conſiſts :) Wherelore allo | 
all the parts of the ellipſe taken together will be to all the part 


of the circle taken together, z. e. the whole eliiple to ac whole 
| circle | 


= eos oe = 


C 
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ircle as all the parts of the diameter ED or ab, 3. e. as DE it 
ff to AB. Q.E D. 


CONSECTARY Iv. 


T is alſo evident that both theſe demonſtrations of the pre- 
ſent Prop. will be alſo the fame in any ſegments of the el- 


liplis or circle, » 
Propoſition XII. - 


NY Hyperbolical ſpace GEHG (Fig. 135 ) is to any 
A Hyperbolick figure of equa; heighth gEhg | whoſe Latus 
letum and Tranfuerſum are equal (as in the circle) and alſo 
qual ro the Latus Tranſverſum of the former DE, as the Axis 
Retus (or conjugate) AB is to the Latus Tranſuerſum DE 


(a; #1 the ellipſes. ) 


Demonſtration, 


By the Hypoth. and Prop. 7. and its ſecond Conſet?. the 0 
rt) DFE. Wheretore this CIDFE + e. the O Fg is 
vthe 7 FG as the Lats Tranſuerſum to the Lats Reftum 
& the hyperbola GEHG, by the fame ſeventh Prop. z. e. (by 
(mſeF, 2 of the ſame) as the ſquare of the Lata Tranſverſ. 
DE to the ſquare of the conjugate AB : Therefore the roots 
d theſe ſquares will be alſo proportional, viz. Fg to FG as 
DEto AB ; and conſequently (fince the fame is true of any 
aher ordinates ad infmnitum) the whole hyperbola gEhg will 
& tothe whole one GEHG as DE ro AB. Q., E. D. 


CORNSECIAREK LE 


Herefore having found the quadrature of ſuch an hyper- 
bola, whoſe Latus Reffum and Tranſuerſum are equal, 
jou may have alſo the quadrature ot any other hyperboia. 


C O N- 


JMI 
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CONSECTARY Il. 


JZ is evident that the ſame demonſtration will hold jn ary 
o ther hyperbola's. 


Propoſition XIII. 


"A NY Parabolick ſegments upon the ſame baſe, and hyper, 
A lical and elliptical ones deſcribed about the ſame conjugat 
( one hereof ſhall be a right one, the other a ſcalene) and y- 
ſtitued between the ſame parallels, are equal. 


Pemonſtration. 


T. It isevident of Parabola's ; for both the right one GEHG, 
and the ſcalene one GEHG (F#p. 136. ». 1.) (forthe demon: 
ſtration of Prop. 10. will hold in both) is to a A inſcribedin 
them as 4. to 3. But the triangles GEH and GEH are equal 
by Conſe?. 5. Def. 12. or Prep. 28. hib. 1, Therefore the 
Parabola's alſo. | 

Or thus, in the right parabola GEHG every thing is the 
ſame as in 1. and 4. Prop. of this Book, wiz. El = eb, EF: 
;b, the ſquare IK = oecc, the 0 FG = oicc. And becak 
therefore in the ſcalene Parabola alſo the ſquare FG remain 
= oicc, make FA} = », and find both the abfciſla EJ, and 
the 0 anſwering to it JK. 

I, For the abſcifla; as FE to El fo FE to Ef, jr 


tb eb 7 en 


Conſe&. 4, Prop. 24 bb. 1. | 
$. ror the JK; as FE to EA ſo O FG to (JR, 


2 CH Occ —— Þ, vet, 


— 


; 


per Prop. 4. of this. | 2 
Theretore the 2: FK = © 1K and JK = IK, and this 
any caſe ad infinitum: "Therefore the one parabola is = to ric 


other, Q. E.D. 


II. Th} 
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Il. The buſineſs is much after the ſame way evident of LI 
lipes and hyperbolas. For making all things in the elliplis 
ary  znd right hyperbola /#. 2. and 3. Fig. 136.) as in Prop. 2, 
1 5, 7- vis. the OIK oecd eecd in the elliplis, oecd F 
«d in the hyperbola, the T7 AB oocd by Conſe&. 2. Prop. 7. 
fl &&, DE = ob, &c. if in oblique ones for the Latas 
Tunfuerſum DE you put », and ſeek the Latus Reffum and 


ia EF, you may by means of theſe alſo have the ſquare 
Jh, by Prop. 2. and 3. | 


I. For the Latus Reftum. 
hs to Y oocd fo VN vocd to vord;' by Conſe 2. 7: 


| 7 
2. For EF the abſciſſa. 


ks ob to eb.ſo n to en = EF. 


| 0 
1. For the ſide RS 11 deficient or exceeding, from Prop.2. and 3. 
bs y to.vocd 1o en to ocde i= RS. 


LS 38 7 F 
Now the abſciſla multiplyed by [The abſciſla multiplyed by 
the Lat. RedF. RS. | 


by oocd gives 4 oecd. 


en by ocde g1VES 1] eecd. 


0 7 0 7; 
nl BY The fu of theſe [1 02 vecd +] The difference of theſe C1 0 
td in the hyperb. = 0 JK|oecd-—eecd gives in the elliplis 
XN if Prop. 2. evidently = © 1K [9 JK by Prop. 3. evidently = 
| IK. 


BI Wherefore the lines JK and IK, and the whole KL and 

6, WF AL will be equal; and fince the fame thing is evidenc after 

« MWitrhme way of all other lines of this kind ad infnitum, the 
Uiptical and byperbolical ſegments will be ſo alſo. Q. E. D. 


CHAP. 


Matheſis Enucleata : Or, 
CHAT. HL 


Of Conoids and Spheroids, 


Propoſition XIV. 


| Parablick Conoid () is ſubduple o ; 
(a) Archimed, Cylinder, and in ſeſquialteran reaſon ( 
Prep 23. and I h fe b 4 h; 
Ges. . «2 2) of a cone of the ſame baſe and altitud, 


and 27.) 
Pemonſtration. 


Becauſe in the parabola the 2 AD (Fig. 137.) istoth 
© SH, as BD to BH, #s.e. as3to1, and ſo to the D Tl x 
BD to BI, 5. e. as 3 to 2, by Prop. 4. of this; it is eviden 
that theſe ſquares of SH and 'T'l and AD and conſequently d 
the whole lines alſo Sh, 'F;, AC, and the circles anſwering ty 
them will be in arithmetical progreſſhon, 1, 2, 2 ; and mar 
over if there are new BiſeCtions in infinitum, as the abſciſh; 
fo alfo the fquares and circles of the ordinates, by vertue of th 
aforeſaid fourth Prop. will always be in arithmetical Progr 
fion 1, 2, 3, 4, 5, 6, &c. It is evident that an infinite feris 
of circles in the conoid,conſider'd as its indivifibles,will beto1 
ſeries of as many circles equal to the greateſt AC, 5. e. theo 
noid to the cylinder AF as 1 to 2, or as 1 {to 3, by Ci, 


9. Prop. 21. or Confſc6t. 4. Prop. 16. ib. 1. but to the fan 


cylinder AF the inſcribed cone ABC is as 1 to g, by Prop.3b 


lib. 1. therefore the cylinder, conoid and cone are as 2, 15 
and i. Q.E. D. | 


Propoſition XV. 


(a) Archim. FY E half of (a) any Spheroid, or att 


ther ſegment of it is in ſubſeſquialteran jit 
—_ portion to the cylinder, and double of the «i 
having the ſame baſe and altitude. 


Pemo'l 


SD SSnH»HEP35 =ETS=R  OOOQ©ES2a _ 


} 


LIM! 
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Pemonftration, 


Having divided the altitude BD (Fig. 138.) e. g. into three 
qual parts, becauſe in the ellipſe as' well as in the circle the 
ſquare of AD is to the ſquare of SH as the {_] GDB to the{_} 
GHB, 5. e. a89 to 5, and fo to the ſquare Tl as 9 to 8, by 
Cnſet. 1. Prop. 5. of this; and in like manner if you make 

f <l @ biſetions, the ſquares (and conſequently the circles) of 
(# de ordinates go on or decreaſe by a progreſſion of odd num- 
ar bers, 28 36, 35, 32, 27, 20, II, and fo ad infimtum, the 
tie&ions being continued on; as we have ſhewn in the ſphere 
nd circumſcribed cylinder Prop. 39. {ib. 1. ang it will neceſ- 
follow here alſo (by vertue of Conſe. 12. Prop. 21.) 
tat the whole cylinder will be to the inſcribed ſegment of the 
ſheroid, as 3 102; and {ince the ſame cylinder is to the - 
«qo as 3 to l, Ot _ of the ſpheroid will be 
tothe cone as 2. to 1. EE DD. 


P ropoſitioi XVI. 


A” byperbolical | Conoid () is ta a cone of | 
the ſame baſe and altitude, as the aggre- (a) Archi 
att of the ax of the hyperhola that forms ir and "= i, Sn 
lf the Latus Tranſuerſum, to the agpregate of an 51.) oh 
the ſaid axis and Latus Tranſuerjumn. | 


Demonſtration, containing alſo the [vention of this 
Proforiiton. 


Make (in Fig. 139.) CES a, EF = b, OE = c; then 


a1 

li But as theſe ſquares ſo alſo are the circles of the lines EO and 8 -:: 

We fQto one another, by Prop. 32. lib. 1. and fo the cone COPAF - 
G 2 *; Do 


wilCF = aj 6. Since therefore & | 
as CE to OE fo CF to FQ. AY 
il © an— ——aFfb—acfFbc be. 
p "IE a -M 
all the 2 EO will = coand O FQ = ance  2abce 4 bbc, fs 
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will be as acc, and the cone CQR as ace Þ bce | bbce + jp, 


SEOTIS, £37 1191.38 a 
(wiz. by ular the third part of the altitude CF ws 
baſe FU. :) Having therefore ſubſtrated the cone COP fr 
the'cone CQR, there will remain the truncated cone QOonR 
bee + blee + bee, and from this ſolid truncated cone having 
a aa | 
further bt; Red the hollow truncated cone, which the ſpac 
EHRP produced in: the geneſis of the conoid (and which x. 
cording to Conſe&. 2. Defmnit. 9. is as bcc) there will reman 
the kyperbolical conoid bbce F b3ce, i. e. (by ſubſtituting noy 


a aa 

«the values of the ax or abſciſſa EF, and of half the Lat. Tran, 
EC, and of the conjugate diam. OP, &*c. found in the 
monſtrations of the preceding Chapter, wiz. ob for a, {x 


2 


b, and Y oved for © or oocd for cc). the hyperbolical conail 
will come out 2ecbocd | 4®bcd i. e. Geebocd | 4ehed, By 


Z 3 
the cone GEH (multiplying the third part of EF into thet 
GH, z. e. jeb into 4oecd | 4eecd) is as A4eebocd f awd 


Therefore the conoid is to the cone as Geebocd F 4&hd t 
geebocd F 43bcd, 1.e. (dividing on both fides by 4eecd) s 
206 F< to 06 Feb, Which was to be found and demar: 
{trated, 


SCHOLITTU M. 


F any one had rather proceed herein by indiviſibles, as n 
the precedent Prop. having divided the ax EF ( Fig. 149) 
again into three equal parts, and aſſuming the values of tie 
lines determined in the hyperbola, viz. eb for the abſcifla El, 
0b for the tranſverſe ax, ocd for the Latus Rectum, cecd 7 tt 


b 
for the ſquare of the ſemiordinate FG, e*c. the loweſt and 
greateſt circle of the diameter HG will be as oecd F eecd, and 
if you make 
% 


DS 


t 22D 


= = <uwW S_. © = _ 44 * R Qyot3 
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:. the Lats Tranſo. to the Latns RefFum, fo the C1. DFE 
_, 


>> > — 


b 
ron MW made of ob + 3 eb into 5 eb (1. e. 3oebb F Seebb) to a fourth; 
Pa there will come out } oecd Þ 4 eecd for the ſecond circle of the 


ing dam, by 3 and by the fame inference (as ob to ocd fo ob + ; eb 


| b 

ac into { > to a fourth) for the third circle of the diameter HG 
ac 2d + g 686d ; fo that theſe indivilibles | for which here and 
nzn WY in the precedent alſo the partial circumſcribed cylinders may 
on  beafſumed?] proceed in-a double ſeries of numbers, the firlt in 
; imple arithmetical progreſſion 3, 2, 1, the latter in a du- 
wa me Arithmetical progreſſion of ſquares 9, 4, 1 3 and the 
me if you make further new biſeEtions, will neceſſarily hap- 
fre pen ad Infinirur, (the former numbers e. p. in the firſt biſe- 
Aion will be 5 54234 oecd the latter 5 55 35 2, 4 4 eecd, &c-) 
tis manifeſt from the conſeCtaries of Prop. 21. lib. 1. that the 

whole cylinder HR will in like manner be exprefled by a 
double ſeries of parts anſwering, in numbers to the indivilibles 
of the conoid. made by any bifeftion, but in + magnitude to 
el i the preateſt:of them all, and in the ſum of its hilt ſeries of 
vii, WY parts will be to the ſun of the firſt in the conoid, both being 
I nfnite, ias 2 to x or 3 to 1 5 vecd, by Conſe#. 9. of the 
| WY fd Prop. 21. and the ſum of its latter to the ſum, of rhe 
v WJ former in the conoid will be as 2 to 1 eecd and 1o. the whole 
on MI cjlinder :to the whole conoid as 3 vecd | 3 eecd to 1; vecd F 
ed 1. e. (dividing by ecd) as Zo F 3eto1:0Fe 1. e. mul- 
iplying both ſides by b) as 3ob F 3eb to 1206 Feb; and 
conſequently the cone (which is 5 of the cylinder) to the co- 


noid as ob febro1,06Feb. QED. 


CONSECTARY. 


: [2 Ges alſo appears the proportion of the hyperbolick co- 

noid to a cylinder of the fame baſe and altitude, which 
ve did not expreſs in the Prop. viz. as the aggregate of the 
xx and half the Lats Tranſverſum to triple the aggregate of 
al Wl the faid ax and Lat: Tranſverſum, 


CHAP. 


' Matheſis Enucleats : Or, 


CHAP. IV. 


Of Spiral Lines end Spaces. 
Propoſition XVII. 


(a) Archim. HE (s) firſt ſpiral ſpace is ſubtryh 
Prop.24.de Spi- F the firſt Fl. 4 E. £ I 44 ak 


ral, 
Demonſtration. 


Having divided the circumference of the circle into (Fj 
141. 74. 1.) three equal parts by lines drawn from the initia 
point, beginning from the firſt line BA, the line BC will te 
as I, BD as 2, BA as 3, by Conſe&. 1. Def. 12. of this bock, 1 
and conſequently the ſeCtors circumſcribed about the fpiri ki 
will be CBc as 1, DBd as 4, AB as 9, by Prop. 32. s.i. f 
and in like manner, if you make new biſe&tions, the lins 
drawn from the point B to the ſpiral, will be 1, 2, 3, 4 5, 

G; but the circumſcrib'd ſefors, x, 4, 9, 16, 25, 36; ul 

ſo the circumſcrib'd partial ſeftors ad infinitum will proceed in 

an order of ſquares, there being always as many ſeQors inthe ; 

circle equal to the greateſt of them. Therefore all the ſeQtors that WO ; 

can be circumſcrib'd ad infinitum about the ſpiral = 4. e, the i 
W 
th 


— > 2 55 Rv. Ss, , Y 


ſpiral ſpace it ſelf (in which ar laſt they end) to ſo many equi 


ro the greateſt, 3. e. to the circle, is as 1 to 3, by Conſels. 10 
Prop. 21. lib. 1. Q. E.D. 


CONSECTARY I. ( 


_— the farſt circle is to the ſecond as 1 to 4 (#4. 5} i 
to 12) by Def. 12. of this, and Prop. 31. ib. 1. and the h 
firſt ſpiral ſpace to the firſt circle as 1 to 3 by the preſent Prop b 
the ſame ſpiral ſpace will be to the ſecond circle as 1 to 12, 


and to the third by a like inference as 1 to 27, to the four 8 
J 
25 1 to 48, &c. | , 


E ON 
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CONSECTARY Hl 


HE firſt you line is equal to half the circuniference 

of the firſt circle. For the lines or radii of the ſeors, 
ind conſequently ther peripheries or arches proceed in a fim- 
pl arithmerical reaſon, as 1, 2, 3» 4» 5» 6, ec. while in 
the-mean time the whole periphery of the circle contains ſo 
many arches equal to the greateſt. Therefore the whole pe- 
tohery of the circle is to an infinite ſeries of circumſcrib'd ar- 
hes, 5. e. to the ſpiral line it ſelf, as 2 to 1, by Conſe. g. 
Prop: 2.1. bib. 1. 


Propoſition XVIII. 


HE whole ſpiral (a) ſpace comprehended = 
under the ſecond right line E.A and the , (a) Archim, 
rnd ſpiral EGIA (ſee Fig. 141. 1.2.) is ro 
th ſecond circle as 7. to 12. 


Demonfratton, 


For having divided the circumference of the circle firſt into ..... 


three equal parts, there will be drawn to the ſecond ſpiral four 
ngtit lines BE, BG, BI and BA being as 3, 4, 5, 6, and 
but only three ſeCtors circumſcrib'd, wiz GBg, 1B; and AB, 
which proceed according to the ſquares of the three latter lines, 
us, 16, 25, 36, ſo that the ſum is 77, while the ſum. of 
three equal to the greateſt is 108, and fo the one to the other 
(viding both fides by 9g) as 12 to $5; Having moreover 
biſeQted the arches and parts of the line BE, fo that thar ſhall 
te 6, the ſecond BF will be 7, and fo the other five 8, 9, 10, 
Il, 12; and the ſeQtors anſwering to them (excepting the 
it) 49, 64, 81, 100, 121, 144, fo that their ſum ſhall 
559, While the ſum of (ix equal to the greateſt, 3. e. the 
Whale circle is $64. and fo one to the other (dividing both 
ly 72) as 12 to 735. In the other biſeRion of thearches and 
the parts of the line BE,ſo that the one ſhall be 12,the ſecond 


| 13, Oc. to the thirteenth BA which will be 24, the ſum of 


Welye ſeftors will be found to be 4250 ; and the tum of 
as 
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as many equal to the oreateſt 6912, and ſo the one to the 
other (dividing both fides by 576) -as 12 to 94 a 
Therefore the proportion will be 
. L In the firſt caſe 12to7 Fr Þ3iÞF © wit, 4. 

TE. In the ſecond caſe 12 top Fz2ÞT Tf 52 Viz. + 

II. Tn the third caſe 12 to7 Fi Þf 1 Þ #s &c. 
The firſt and ſecond fraftions thus decreaſing by 2 the latter by 
:. Wherefore the proportion of the ſecond circle to the {cond 
jpiral ſpace will beas | "I 

I2to 7 |l tz tu 


2 o 2 
— Semi Oc.—;3, Oc. 
By vertue of Conſe&. 3. and 8. Zo 210 
Prop. 21, lib. 1. 
z. e. as I2to 7. Q.E.D. 


CONSECTARY LI 


| | mrs the ſecond circle is to the farſt ſpiral ſpace as 12 to 
1, by Conſe&. 1. of the preceding Prop. and to the (e- 
cond ſpiral ſpace as 1% to- 7,; by theipreſent. it will be to the 
ſecond ſpace without the firſt (viz. BCEDEAIGE) as 12 to 6 


5.-C. 'AS2. tO Il. 


> FF qcuqGcGgTMt 59 == = 3- T9 © ww 


CONSECTARY IL. 


_ | pK the ſecond ſpace ſeparately to the firſt is 256 
fo I. | 


CONSECTARY HL. 


Ince in the triſe&tion of both theſe circles, firſt and ſecond, 
there ariſe {ix lines, and as many ſectors, wiz. three line 

BC, BD, BE, z.e. 1, 2, 3, to which there anſwer three at 
ches in the ſame progreſſion within the ſecond circle, and allo 
as many equal to its greateſt ; therefore the ſum of all the un- 
equal arches will be 2.1, but the fum of the equal ones of both 
circles (each of which in the firſt are equivalent to 3, it the 
ſecond to 6) will be 27. Wherefore the ſum of both the Fe 
ripheries to the ſum of all the circumſcrib'd arches will be ® 
Ee 27 
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27 to 21) 5. Ee. (dividing both fides by o) as 2 to 2;. More- 
over biſeQing the arches of the circles and the parts of the line 
there will ariſe fix circumſcribed unequal arches within 
the firſt circle, which are as 1, 2, 3, 4, 5, 6, and as many 
within the ſecond 7, 8, 9g, 10, 11, 12; the ſum of all 
which is 78, while the ſum of as many equal ones on both 
r by (des is 208. Wherefore the one will be to the other, z; e. the 
ond fl fim of both the peripheries to twelve circumſcribed arches ra- 
ken together, is now as 108 to 78, z. e. (dividing both ſides 
hy 36) as 3 to 26 And making yer another bileCtion, the 
rtion will be found to be as 3 T0 2 2 Oc. and hence at 
h may be evidently inferr'd; that the ſum of both the 
heries will be to the ſum of all the arches circumſcribible 
d imfinitum, i. e. to the whole helix as 
3102q3; 
6 
—; &c.= 0. thatis, as 3to 2. Q. E. D. 


CONSECTARY IV. 


Herefore, ſince the periphery of the ſecond circle is dou- 
ble of the firſt, that alone will be equal to the whole 


CONSECTARY V. 


; 6 Herefore, if the periphery of the ſecond circle be 2, the 
periphery of the firſt will be 1, and the farſt ſpiral line : 
by Conſe&. 2.. of the anteced. Prop. wherefore the ſecond 
fil alone will be 11, and fo the periphery of the ſecond 
arcealone will be to the ſecond ſpiral alone as2 to 1; 2. e. as 

nd M43; and to the firſt alone as 4. to 1. 


are SCHOLIVM I. 
n- F NUT as Conſeft. 4. may be alſo deduced after another way, 


J viz. by comparing only the arches of the ſecond circle 
ith the correſpondent circumſcripts, bur coniidering them as 
twice (becauſe that circle is twice turned round while 

be yhole helix or ſpiral is deſcribed) and finding in the firſt 
; T | triſection 
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triſe&tion the proportion of double the ſecond periphery to 
the circumſcripts as 12 to 7 ; and in the ſucceeding biſeQion 
as 12toG*; in the ſecond biſeCtion as 12 to 6 ;, - i and x 
length by inferring, that the ſecond periphery is double of a 
the arches circumſcribible about the whole helix ad nfinitun, 
that is to the helix i ſel. | 
3 as 12 to6F I 
| — Oc. 5 ©. 2.e. 28 12to6; 
and conſequently the ſimple ſecond periphery will be to the 
whole helix as 6 to 6 : 'Thvs the 5. Corſet. may be ſeparate 
ly had after the ſame manner, if inſtead of the firſt triſe&inn 
you only biſe&; (wid. Fig. 141- 3. 3.) for ſo in the firſt hy 
ſection the arches circumſcribed about the ſecond ſpiral line 
would be ſeparately two ſemi-circles Dd, 3 and Az, 4, (kr 
as the line BC is one, BE, 2, BD, 3, BA, 4; fo the 
deſcribed by the radius BD is 3 and deſcribed by the rad 
BA = 4,) and their ſum 7 ; while the ſum of rwo equaly 
the greateit is 8. In the ſecond biſetion (when BE is 4) B 
and its arch is made 5, the arch BD 6, the arch BG 7, 
arch BA 8, the ſum 26 ; while the ſum of ſo many quadrany 
equal to the greateſt is 32. Thus in the third bilection the 
ſum of eight Octants circumſcrib'd about the ſecond helix wil 
be found to be 100, the ſum of ſo many = to the preact 
128, &c. Wherefore the periphery of 'the ſecond circle n 
the firſt caſe will be to the arches circumſcrib'd about the & 
tond helix as 4 to 3F21; in the ſecond as 4 to 3Þ;; inthe 
third as 4 to 3 fs, &c. and lo to all the arches circumlai 
bible in infinitum,. i.e. to the ſecond helix it ſelf as 
4, tO Z Tz | l- 
4 
— &c. = 0. 4.6. as 4to3. QED. 
By the fame method you may eaſily find the proportions 
the third circle to the third ſpiral ſpace, and of that periphery 
cither to the whole ſpiral, or ſeparately to the third, as Wil 
be evident to any one Who trys, 


=> 5 - - 2, 


al 


UIMI 


10n 


W 


| Biz, BL 13 
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I. For the third ſpiral ſpace. 


(Fig.' 14.2.) 
1 4M 7] 49 
3D 2 BG 5 BR 8 | 64 


$7 are the three firſt ſectors 


BÞ 3 BH 6 BAg | 
ircumſcrib'd about the parts of the third helix. The ſum of 
hee three ſetors is 194. ; and the ſum of ſo many equal to 
te greateſt 2.4.3. Therefore the firſt proportion of the one 
im to the other will be as 2.43 to 194, z. e. (dividing both 
tis by 9) as 27 t021g | 
In the firſt biſetion there will be ſeven lines : 

169 
BI 14 | 96 | 
BM 15 225 SeQtors circumſcribed about the 
BK 16 | 256 parts of the third helix. 
BN FF | 289 
BA 18 | 324. 
et 


Sum | 1459; while in the mean time the ſum 
#3 many equal to the greateſt is 94.4, and fo the ſecond pro- 
portion as 1 944 to 1459 2. e. (dividing both fides by 72) as 
27 to 20 = 
fo the ſecond BiſeCtion there will be thirteen lines, viz. BH 
14, the reſt 25, 26, &c. bur the ſum of the ſeCtors, 5. e. of 
he ſquare numbers anſwering to the twelve latter will be 
fund to be 31306 ; while in the mean time the ſum of as ma- 
ry equal to the greateſt will be 15552, fo that you will have 
te third proportion of this ſum to the other, vis. as 15552 to 
11306, 2. e, (dividing borh ſides by 576) as 27 to 19 3%. 
| Therefore the I. proportion will be as 27 to 19 F2F} 2. e. 


o19Tt>Tales 


IE. as 27 to 19 FF BIEE 
twlgfliT;fh 7: 
I, as 27 to 19 | 5——2. 6. 


to 197 2T 8 T 288 
Therefore the proportion of the third circle ro the third ſp1- 
al ſpace w1ll be 
p > - AS 
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as 27 toig9f2fifn 


— —;—7 $.e. as 7 019... 
: &C. —g &c. " ain &c. : 


= 0. WW: woe 4D 
II. For the third ſpiral line. 


If inſtead of the farſt triſeftion (as leſs commodious for yþ, 
end propoſed) you make uſe here alſo, as before, of biſed;. 
on in the ſame fhgure, there will come out ſix lines from th 
point B to the helix, wiz. By, 1, BE, 2, Br, 3, BH, , 
Bo, 5, BA, 6; to which there anſwer as many ſemicircyly 
arches in the ſame progreſſion, and to the greateſt of the tw 
as many equal to2, 4, 6; fothat the ſum of the unequal ons 
is 21, and of the equal ones 24, and ſo the proportion of thre 
peripheries together to all the circumſcripts together will be x 
24 to 21 (and dividing both by 6) as 4 to 3z. In the 
cond bifeCtion the twelve unequal lines and arches make the 
ſum 78, and as many equal to the greateſt of the four wil 
give the ſum 96 ; fo that the ſecond proportion will be 96 to 
78, z.e. (dividing both fides by 24.) 4 to 3 ;. In the third 
biſeCtion the proportion will come our as 384. to 3od, i.e, 
(dividing both ſides by 96) as 4, to 35, &s. Therefore the 
proportion of the three circles together ro the whole Heli 
will beas 4 to3ÞF, 

— F 


—_—, = £& 5. 4 to Z or 12 t09 


CY 


Q E.D- 


CONSECTARY VI. 


OW, if the peripher7 -F the firſt circle be made 2, ti 

ſecond will b*@;, iiþ;e <ofrd 6, and conſequently ti 

ſum 12; it wil '@ j64nifelt that t6&hird periphery ſeparate] 
will be to!” 16 whole helix as 6 to 9, 7, cM % [0 3: 


C ON: 


QT _MH .c._<NNS fc. © _ 


> 4 


SY)” TP_AS Sf it ﬆ* x3. 5. 


LIMI 
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CONSECTARY VI. 


ND becauſe the ſecond periphery (which is 4) is equal 

to the firſt and ſecond helix together, by the above Con- 

{#. 4. the remaining third ſpiral will be 5, and fo the pro- 
portion of the third periphery to it as 6 to 5. 


CONSECTARY VII. 


W/ Hercinre the proportions of each of the peripheries to 
YY their correſpondent ſpirals will be in a progreſſion of 
adinal numbers, wiz. fo that the latter of every two will 
knote the periphery of a circle, and the former an inſcribed 
firalz and conſequently the ſpiral lines will be in an arith- 
| netical progreſſion of odd numbers, and the peripheries of the 
arcs in 2 progreſſion of even ones. | 

j——'" The firſt Spiral, 

/ The firſt Periphery, 
| 1——— The ſecond Spiral, 

j——— The ſecond Periphery, 
j—— T he third Spiral, 
6 &'c—- The third Periphery, ec. 


SHCOLIUM IL 


09 Tr ſeventh ConſeQtary may alſo be eaſily deduced ſepa- 
rately this way : In the firſt biſeQion the line BA and 
periphery is 6, the line Bo and its periphery 5, the ſum of 

te circumſcribed Peripheries 11 ; the ſum of as many equal to 

the greateſt 12. Therefore the periphery of the third circle 

, UW vill be to the two circumſcripts as 12 to 21, 4.e. as6 to 5 7. 
y i: W ihe ſecond biſeion the Pour circumſcribed quadrants will 


al te12, 12, 10, 9, their ſum 42 ; and the fur of four equal 
to the greateſt, z. e. the periphery of the third circle 48. 
erefore the proportion is now as 48 to 42, 5. e. (dividing 
bath ſides by 8) as 6r05;. Thus you will have the third 
froportion 'as 192 to 164, 2. e. (dividing both ſides by 32) 
ON: #6 to 5, Wherefore the proportion of the third periphery 
to the third helix or ſpiral is 


as 
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= ©. 4.6, as6 to5. Q.E.D. 


CONSECTARY Ix. 
A S ConſeCt. 8. ſupplies us with a rule todetermine the pro: 


| ortion of every ſpiral of every order to the periph 
of the era i viz. if the number of the colds 
doubled for the periphery of the' circle, and the next anters- 
dent. odd number be taken for the ſpiral line ; fo what ye 
have hitherto demanſtrated ſupplys alſo another rule, to define 
the proportion of the ſpiral ſpace in any order to its circle, 
For {ince” the circles are in a progreſſion of Squares 1, 4, g, 
16, &c. but the farſt circle is to the firſt ſpace as 3 to 1 (e, 
a,1to;) by Prop. 17. and the ſecond to the ſecond as 12 to 
'7 (4.e. as 4to 2,) by Prop. 18. the third to the third as 27 
ro 19 (7.e. as9 to 65) by Schol. x. of this. And conten- 
plating both theſe ſeries one by another, 

Of the circles, 1, 4, 9. 

Of the ſpaces, }, 23, 6 z- - Tha 
We ſee the numbers of the ſpaces are produced, if from the 
ſpuare numbers of the circles you ſubſtra&t their roots, and 
add to the remainder 5. Wherefore, if, e. g. we were to &- 
rermine the proportion of the fourth circle to the fourth ſpinl 
ſpace ; the ſquare of 4. viz. 16 would give the circle ; henge 
ſubſtracting the root 4, there wiill remain 12, and adding; 
you would have the fourth ſpiral ſpace 123; and in like man- 
ner the ſpiral ſpace 20; would anſwer to the circle 25, Ot 
And that this is certain is hence evident, that it we mul- 
tiply theſe numbers 16 and 12}, alſo 25 and 20, by 3, thit 
we may have thoſe proportions in whole numbers, 48 and 
37, 75 and G1, theſe are thoſe very numbers Archimedeshad 
hinted at in the Corof. of Prop, 25. 
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CONSECTARY X. 


AY what we have now faid, is that very Coroll. com: 
prehending alſo that 25:h. Propoſition, viz. that a ſpi- 
nl ſpace of any order is to its correſpondent circle, as the re- | 
&ungle of the ſemidiameters of this and the preceding circle 
ther With a third part of the ſquare of the difference be- 
meen both ſemi-diameters ro the ſquare of the greateſt ſemi- 
BN Gameter. For, if e. g. the proportion of the third ſpiral 
pace to the third circle be _— ſince the ſemidiameter of 


this third circle is as 23, and the ſemidiameter of the ſecond 
ent one 1s 2, and fo the difference x 3 the reQangle of 
.yinto 3 4. e. 6, together with ; of the ſquare of the diffe- 
rence will define the third ſpiral ſpace 6 7; fince the third cir- 
- de may be defined by the ſquare of the ſemidiameter of the 
greater, iS. by 9, and fo in the reſt; as the numbers we 
have found ſhew, or further that may be found according to 
ziren Rules which may be here ſeen in'the following Table. 


Jo —TT uma: 
Crdles, _ 1[4\9}16[25|36]49| 64|8r {els 
1 [The whole ſpaces, iS : | | 
o the preced. ones | 3; |2 36 ;j12. $20 130 42 456 472.390 ; 
nM | ing included.” HD © M3 pg 
| Separate ſpaces the | i | 
preced. ones be-];3|2]416]8 |10|12{\14|16| 18 
_ing excluded. | 1 | | W 1 


CONSECTARY -X._ 


| ("7 of which table_it is obvious to fight, that the ſee 
cond ſpace excluding the firſt is ſextuple of the firſt, as 
Ke have already deduced in ConſeF. 2. Prop. 18. andthe third 
lparate ſpace double of the ſecond, and the fourth triple of 
tte ſame ſecond, and the fifth quadruple, and ſo onwards. 


SC HO- 


1 . : ? Ml 
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SCAHOLIT M IL. 


A* D this ſhall ſuffice for ſpirals, which comprehend; wy 

only the chief Theorems of Archimedes of fpiral i pics 
bur alſo the chief of ſpiral lines (whereof Archimedes ha 1 
nothing.) If any ſhould have a mind to carry on our m6. 
thod op he may ealily demonſtrate after the fame w, 
what remains in Archimedes, and what Dr. Wallis in his 4. 
rithmetick of [nfinites from Prop. 5. to the 38, and what 9. 
thers have done on this Argument. 


CHAP. V. 


—_——_ 


Of the Conchoid, Ciſſoid, Cycloid, Qaaaratrix, &, 


Propoſition XIX. 


{ by E faſt conchoid of Nicomedes Bbb (Fig. 110) mb 
fides of the perpendicular cDb approaches nearer ahwaji 
the direttrix or horizontal line AE, and yet will never cmd 
with it, altho' is be conceived to be produced on both ſide; ad 


inftnitum. 


Demonſtration, 
For ſince only Db is perpendicular to AE, and all the 


ab are ſo. much the more inclined to it by how much the more 
remote they are from the middle one Db, and all in the men 
while are equal both to it and to one another, by Def. 13. i 
18 evident that the points þ and B will come ſo much the neat 
er to AE, by how much the farther they recede from the mit: 
dle line Db. And yet becauſe the lines BAC and bac are dl 
right ones, whoſe points A, 4, are in a right line AE it is e 
qually as im e that the point 6 or B, which is always i 
the conchoid ſhould ever touch this right line, as it is 1wpo 


fable that the point C ſhould be in it, by vertue of the aior'F 


cited Def. Q, E. D. _ 


| 


The Elements of the Mathematicks, 219 
Propoſition XX. 


7 ET no other right line can be drawn between the dire- 
Grix AE and the conchoid, but what will cut it if pro- 


duced. - © Ti : 

. Demonſtration, 8] 
For if ſuch a right line be. made parallel to AE, ' as GH,: 
nd you make, as DI to IC: ſo Db to a fourth, which will be 
eater than IC, as Ds is greater than'Dl, and conſequently, 
— W imaking that an interyal you draw the circular arch trom C, 
t will neceſſarily cut the line GH e. g. in'G. Drawing there- 

fre CaG. 'you'l have as DI to IC fo aG to GO, 2. e. to that 
WJ furth proportional before found, by vertue of Prop. 34. ib. 1.. 
c, Wits Dito IC, fo was alſo Db to the fame fourth by Con- 
fc, Therefore aG and Db, which have both the ſame pro- 
portion to the ſame quantity, are equal ; and conſequently rhe 

pant G 1s in the conchoid by virtue of Def. 13. and: conſe- 

it) WM quently the right line GH being produced will cut that pro- 
#0 d alſo, on both ſides, by the ſame reaſon. Much more: 
de MY VI it cur: it on either (ide if ir be nor parallel to the dareCtrix 
il WE, which is very obvious. Therefore no right line can be 


tivn between the conchoid, &c. Q. E. D. 
CONSECTARY. 


'Ence, beſides orher Problems, that may 'be very ealily | 


2 >& S -S SE. 


rel 

or WEL folved, which requires, having any rectilinear angle gi- 
an Wn ABD (Fig 143.) and a point* without it, from that 
it Ppt to draw a right line DEF, fo that part of ic EF, which: 
ead Wb ttercepted between the legs of the angle, ſhall be-equat ro 

nd: MW gven line Z. For it you draw the perpendicular DG from 

ad *given point:D through the neareſt leg of the- angle BC, 

s e- FP make GH equal ro the given line Z, and from the center: 


; in 7 the interval GH deicribe the -conchoid } HK, which 

W's be neceffarily cur by the other jeg of the angle. by verrue 

ore! the preſent Prop. e. g. in F, the line DF being drawn will © 
| ul ; give 


* ' 
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give the intercepted part = GH by the nature of the conchoid, 
and conſequently = to the given line Z, 


SCHOLIUM 


Y means of this Conſe&tary Nicomedes ſolves that nobl: 
Problem of finding two mean proportionals,after this way, 
which we will here ſhew from EZutocizz, but drawn into ; 
compendium, and ſomewhat changed as to the order, Le 
two given lines AB and BC ( Fig. 144.) between which ya 
are to find two mean proportionals, be joined together at righ 
angles, and divide both into two parts in D-and E, and hy. 
ving compleated the reQangle ABCL, from L thro' D dry 
LG to BC prolonged ; ſo that after this way GB may becone 
=AL or BC: Having let fall a perpendicular from E cut of 
from C at the interval CF = AD the part EF, and having 
drawn FG make CH parallel to-it ; and hſtly thro' the ley 
of the angle KCH draw the right line FHK, fo that the pan 
HK ſhall be equal to the line CF, by the preceding Conled, 
and alſo draw the right line KM from K thro? L to the on- 
tinued line BA : All which being done, CK and AM villbe 
two mean proportionals berween AB and BC ; which af 
our way we thus demonſtrate: By reaſon of 'the' ſimilitude of 

the A A MAL and LCK 

MA is to L.C or AB as AL or BC to CK 
þ m— eb c — CC 
and moreover, 
as MA to AD ſo GC to CK 3. e. FH to HR 

b —— jeb — 2c ——ec by reaſon of GF and CH be 
ing parallel, by Conſe&. 4. Prop. 34. bib. 1. therefore nc 
HK 1s = AD = 2e6, FH will be = A = 6, and conſequent 
ly MD = FR, wiz. both 6 # ;eb, and the ſquare of bot 
—= bb Feb jecbb 8 & EF+ EK by vertue of the Pytby 
Theor. Now if to theſe equal quantities you add the equi 


O 0 DX and ECH cc, their tum, viz. DO MD 40D) | 


z.e, O MX will be bb + ebb Þ jeebb F fcc, equal ro the fun 
of theſe, viz. CEF FO EC 4.e. 0 CF (by the Pythq: 
Theor. or EX by Conſtruct.) FO KX ; whence theſe 8 
things now follow: 1. That the lines MX and KX are equal, 
2. 1f from thoſe equal ſums you take away the common quar 


Fins) | 


BY o i? QC 5 Ty rs, 
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nies 7 ebb | 4 cc, the remainders will be equal, wiz. bb þ ebb 


=eccÞ eece; and (fince the part raken away, viz. bb is ma- 


rifeſtly to the other part taken away, viz. ecc as the remain- 
kr eþb to the remainder eecc, and the whole with the parts 
aken away and the remainders are in the ſame proportion by 
Prop. 26. 1b. 1.) ſeparately alſo bb will = ecc and ebb = eecc. 
Fit from the latter equation it follows that 

eh to ec fo ec to -b by vertue df the 19. Prop. lib. r. 
AB toCR ſo CK to MA | 
ind by rhe fame reaſon it follows from the former Equation 

wee to b ſlo b to c 

CK to MA ſo MA to BC z.e. CR and MA are two 

nean Proportionals between AB and BC. Q.E. D. 

From which deduction you have alſo manifeſt the foun- 


(ation of that mechanical way, which Hiero Alexandrinmus 


makes uſe of in Entocius, lib. 2. of the Sphere and Cylinder, 
ad which S2yerterus has put into his praCtical Geometry [b.1. 
Tr. 1. Prop. 23. when, wiz. having joined in the form of 
1 rectangle the given right lines AB and BC (Fg. 145.) and 
continued them at the other ends, he fo long moves the ruler 
nL, having a moveable center, backwards and forwards, 
W XK and XM by help of a pair of compaſles are found 
qul. 'T'o which, another way of P#bo's is not unlike, and 
tows from the ſame fountain, wherein, having made on AC 
: ſemicircle, rhe moveable ruler in L is fo long moved back- 
marks and forwards, until LM and NE are found equal : 
Which ſeems to Eutocizs to be more accommodated to practice, 
nd eaſier to be perform'd by help of a ruler divided into ſmall 
qual particles, 


Propoſition XXI. 


[* from any point of the other diameter in the generating cir- 


cle e. 5 from G (Fig. 111. 1. 1.) you draw a perpendicu- 


kn GE thro' the ciſſoid of Diocles . the lines CG, GE, GD, and 


GH will be continual proportionals. 


U 2 Demon 
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Pemonlſxation. 


For ſince GE and IF, as right fines, and alfo GD ang 1c 
as verſed (ines of equal arches by the Hypoth. are qu] 
you | have as ID to.lF (ze. CG'to GE) fo IF to IC. (G.; 
GE to GD) per n. 3. Schol. 2. Prop. 34- lib. 1, But GD is 
GH as ID to IF (4. e. as GE to GD) by the forcciced Prop, 
34- Ib. x. Therefore CG to GE, GE to G12, and Gl), 
GH, are all in the ſame corrinual. propottion. Q). E. |. 


CONSECTARY. 


Ence it was eakie for Diecles to find two meen proporiy, 
nals x and y between two given right lines V and 7, 
(Fg. 146 )for he made(having firſt deſcribed his curve DHB); 
V to Z, fo CL to LE,and having drawn CKH to the cur, 
and thro? H the perpendicular GE,he had between CG and Gl 
rwo mean proportionals GE and GD by vertue of the yr: 
ſent Prop. when in the mean while CG the farſt would be t 
GH the laſt, as CL to. LR, 5. e. as the firſt V to jhe lat], 
given by vertue of the Conſtr. Therefore nothingremain! 
but to make, 1. as CG to GE fo V to X; and laſtly, s GE 
toGDſoxtoy. | 4,55 48009 ; 


SCHOLI1U M. 


ing two mean proportionals between any two given lineshy 
the help of two Parabola's, which Aenechmus formerly mad 
uſe of, viz. by joining at right angles/the given lines AB ind 
BC (Pg. 147.) and prolonging them as occaſion ſhall rcquir 
thro: E and D; and then deſcribing a Parabola about b 


FE may not be amiſs to mention here another way of nd 


Its axis, ſo-made chat BC ſhall be irs Latus Re&nm, and in lik! 


manner deſcribing another Parabola about BD as its ax, thi 
ſhall have AB for its Letus Refum, and thar ſhall cut rhe id: 
mer in F: Which being done, the ſemiordinate Fi (or BY 
Which is equal to it) being drawn to the point of Interlection 


F, will be the two mean proportionals ſought. For by Vi 


we of the fourth ConſcRary 6f Prop 1. of this Pook, " 
L 


=_— TT = 2 wy 4 
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pr is 2 mean proportional between AB and BD, and in like 
manner EF or BD is a mean . proportional berween BE and 
BC, and conſequently as AB to BE fo BE to BD, and as BE 
o BD ſo BD to BG; QE.E. D. | 

'To this, way of Menechmus that of Des Carres is nor unlike, 
which be gives us p. 9. 91. except only. that inſtead of two 
Parabola's, he makes uſe only of one and a circle in room of 
the other : In imiration of whom Renatus  Franciſcus Sluſtus 
bs fince ſhewn infinite methods of doing the ſame thing by 
kelp of a circle, and either infinite Ellipſe's or Hyperbola's, in 
hs ingenious Treatiſe which he thence names his eſolabium. 


Propoſition XXII. 
NY ſemiordinate of the Cycioid as BF ( Fig. 148.) or bF 


A #s equal to its correſponding Sie in the generating circle 


18D, bd, toget! er wit) the arch of thaz (me AD or Ad, 


 Demonfration. 


For the motion of the point A deſcribing the ſemi-cycloid 


 AFE, by Def. 11. is compounded of the motion of the orb 


(or wheel) B along the ſemi-circle ADC, and of the motion 
& the centre along the right line BC equal to CE, and conſe- 
quently to the ſemi circle it ſelf, or motion of the orb, There- 
bore as the point A: moving ta E by the motion of the orb (or 
wheel). moved or was carried from the diameter AC thro' the 
whole ſemi circle ADC 'till it came to AC again, and by the 
motion of the Centre paſles thro? the whole ſpace EG or CE, 
Fhich is equal to the ſemicircular arch; thus the ſame A, 


\*hen come to F, will have defcrib'd the quadrant Ai), by 


moving from the diameter AC the quantity of the fine BD, 
ad moreover by the motion of irs centre (which 1s equal to 


-the motion of the Orb) moves from AC the ſpace of DF : And 


bthe ſemiordinate BF will be equal to the arch Ai) and to its 
Ine BD taken together ; and in like manner the ſemiordinate 


If will be «qual to the arch Ad and its fine 64, &. QUE. D. 


CON: 
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CONSECTARY LI. 


_— may be eaſily aſlign'd by help of the cycloid a right 
line equal to the ſemi-periphery or any given arch AJ 
or Ad; wiz. CE double, or taken twice for the whole circum. 
ference, and ſingle for the ſemi-periphery or half circum. 
rence, DF for the quadrant Ad, df for the arch AD, &+, 


CONSECTARY UI. y 


| ra the quadrature of the circle may be geome- u 
trically obtain'd according to Conſec. 2. of Def. t;, 
lib. x. 0 


WI, | 


CONSECTARY HIM. 


F you take Be, be, double of the fines BD, 4, ec. fo that 
all the indiviſibles bd taken together, may be to all the in- 
divilibles be taken together as BD to Be, a curve deſcribed thro 
the points e will be an ellipfs by Prop. 1 x. and the curviline 
ar ſpace ADCeA will be equal to the ſemicircle ACDA. 


CONSECTARY Iv. 


ND fince DF (z.e. DeFeF) is equal to the quadrant 

DA, by vertue of the preſent Prop. BD + FG vwillk 

alſo equal to the quadrant (becauſe the whole BG or CE = 

to a ſemicircle) and conſequently eF and FG will be equi; QY 
in like manner ſince df þoth above and below is equal to tht 
arch dA, below bd 7 fg will be = to the remaining Arch dC. 
and above bd þ ef (5. e. df) will be equal ro the equal ar 

dA. Therefore ef above and fp below are equal, and (line T 

the ſame may be ſhewn of all the indiviſibles of the ſame (ot 

throughout) the trilinear figure FG= will be equal to the trv 

linear eFA. | 


. 
- 
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Propoſition XXI10IT.. 


HE cycloidal ſpace 7s triple of the generating circle 1. e. the 
ſemi-cycloidal ſpace AECA is triple of the ſemi-circle 
ADCA. 


Pemonftration, 


Since the parallelogram BCEG is equal to the whole circle 
by Conſe@F. 2.. of Def. 15. lib. 1. 7 e. to the ſemi-ellipſe AeCA, 
jy the preſent conſtruction the Trapezium CeGE will be equal 
pthe quadrant of the ellipſe or the ſemi-circle. ' Bur the trili- 
rar ſpace FEG is i= to the trilinear ſpace FAc, by the fourth 
(nſett. of the preced. therefore allo the trilinear ſpace AeCEA 
s equal to the ſemi-circle. "Therefore the whole cycloidal 


{pxe is equal to the three ſemi-circles. Q. E, D. 


Or thus. 


Since the Whole parallelogram AE is equal to two circles 
and the ſemi ellipfis AeCA to one ; the remaining ſpace AeCEC 
one circle, and its half AeGC to a ſemi-circle. Bur the tri- 
linear ſpace AeF is equal to the trilinear ſpace FGE by Conſe@. 
4 of the preced. Therefore the one being ſubſtituted in the 
aher's place the trilinear ſpace AFEC will be equal to the ſe- 
nicircle: Therefore the remainder of the Parallelogram, z. e. 


the cycloidal ſpace AFECA will be equal to three ſemrcircles. 


QED. 


STAULITUM 


O theſe ſhort Demonſtrations, which we confeſs we owe 
for the moſt part to Hor. Faber, we will ſubjoin another 
lmewhat more prolix, but yer not unpleaſant, which we find 
 Carolus Renaldinus, lib. 1. de Reſol. & Compoſ. Mato. p.299- 
kit here we will give it the Reader more plain, and free from 
al Scruples, and likewiſe much eaſter. lr is perform'd in theſe 
inferences, I. That the right lined Parallelogram AbaB 
(Fe. 149 2,1) is equal to the curvilinear ſpace AbdaBDA. 
| 2, I hat 
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2. That as that is divided into two equal parts by its right jj. 
ned diagonal Az, ſo likewiſe is this by the ſemi-cycloid Au, 
ſo that rhe right lined triangle AaB, is equal to the curvilines 
ſpace AaaBDA. 3. Therefore the one as well as the other ; 
equal to the generating circle; and conſequently, 4, ft 
this curvilinear ſpace there be added the ſemi-circle ADB, 
the ſemi-cycloidal ſpace AaaBA will be equal to three ſemi-cir. 
cles. - The firſt is evident, while if you take from the right 
lined parallelogram the ſemi-circle ADBA on the one fide, ang 
on the other add rhe ſemi-circle ab4a,there will ariſe the cury;. 
linear Parallelogram. The third is evident from Conſe, », 
Def. 15. lib. 1. Becauſe the line Ba is equal to the ſemi-per;. 
phery, which multiplyed by the diameter BC gives the area of 
the circie.The fourth is ſelf evident ; and ſo there remains only 
the ſecond to be demonſtrated, viz. That the curvilinear par]: 
lelogram' is divided into two equal parts by the cycloid, ;.z 
thar the external trilinear Figure AadbA is eqaal to the inter- 
nal one AaaBDA ; which may be thus ſhewn : Having dii- 
ded the baſe Ba into three equal parts, and drawn thro' them 
three ſemi- circles, and moreover the tranſverſe right lines D4 
and Ee thro? the interſe&tions of the ſem-icircles and the cy- 
cloid; it is certain from the geneſis of the cycloid, by vertuc 
of the Conf: of Def. 11. that as the right line ar is « third 
| part of the whole 2B, ſo the arch 18 is a third part of the ge- 
nerating periphery, and by the fame reaſon the arch 24 two 
thirds, and ſo the remaining arch a11 alfo;; inſomuch that 
the firſt arch 149, and the laſt air, and confequently their right 
{ines af; ag, and likewiſe their verſed ones f1, gt 1, are equa, 
and ſo the curvilined partial Parallelograms, both above and 
below, all upon equal baſes, and of the ſame height (v1. 
the two linear ones aez1 and 4a 11.1.) are equal amony 
themſelves, and fo likewiſe the two pricked or pointed ones Vs 
2Band ae bi, Wherefore it now the baſe Ba (7.2 ) becor 
ceived to be divided into {ix equal parts, and having aravn 
ſemi-circles, and tranſverſe lines thro” their interſections #iu 
the cycloid, the arches 


” * 22 and 24 ar.d =. 
| =wwill bes x ; | ' of a ſemi-cucl 
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:nd ſo the verſed {ines of each, 2. e. the altitudes of the corre= 
ſponding parallelograms -will be equal, and conſequently the 
arallelograms of the internal and external trilinear ſpace that » 
re alike noted or {igned will be equal to each other. Now 
this inſcription of curvilinear parallelograms always reſpe&tive- 
equal both in number and magnitude, fince it may be con- 
inued in both the trilinear figures ad infnitum ; it will evi- 6 
{ently follow, that the trilinear figures themſelves, whoſe in- 
faite inſcripts are always equal, will be likewiſe qual to one 


another. 


Propoſition XXIV. 


Tx E baſe of the quadratrix AE (Fig. 150 ) and t'e {e- 
| 1 midiameter of the generating quadraut AD and the qua= 
tran it ſelf BD are in continual Proportion. 


| | Pemonlkratton, 


For the quadrant DB is to the radius DA as the arch IB to 
the perpendicular He by Conſe. 1. Def. 16 and lb is to Fle 
5Ab to Ae by Prop. 34. ib. 1. But the arch IB (if ir be con- 
av'd to be leſs and leſs ad infnitum) will at length coincide 
th [þ, as ending in the ſame moment in the point B, where- 
n He will end in the point E, and fo Ae will end in' AE and 
Ain AB, Therefore at length DB will be to DA as IB (. e. 
ig, z. e, as Abto Ae, 4.e. as AB (or DA) to Af, 


SCHOL1VUM: I. 


Lavius about the end of the {ixth Book of Eaclid, and 0- 
thers,demonſtrate this indirealy by a deduction 4a 45- 
ſlum, or concluding the oppolite much atter this manner : 
IDA orAB is not to At as DB to DA,tfuppoſe it to be fo to the 
gater Af or the leſs Ae. in the firlt caſe therefore, becauſe 
19isto Af as DB ro DA per Hypoth. i.e as Rf ro Af the 
Wrant RF and the radius ABor DA will be equal.;3ut as BD 
Ito IB fo is Rf to Hf by reaton of the {imilirude of che arches; 
$9 3 BD to 1B fo allo DA (or = Kf) to the line He, by 
+ Cunſ. & 


; 22d Matheſis Enucteata : Or, 
ConſeF. 1. Def 16. Thprefor the ſine He and the arch Hf 


(to which the ſame Rf bears the ſame proportion) will be ©. 
qual ; which is abſurd. In the latter caſe, becauſe AB Would 
| beto Ae as i-B to DA by the hypoth. 5. e. as Leto Ae, the 
quadrant Le and the radius AB or DA would be again equal, 
Bur as BD is to IB fo is Le to Me by reaſon of the {milituge 
of the arches; and as BD to IB fo alſo is DA (4 e Iz) 
He by Conſe&. 1. Def. 16. Therefore the tangent He 1 
the arch Me (to which the fame Le bears the ſame proponi. 
on.) wil! be equal, which is again abſurd. Wherefore BD is 
DA, not as DA to a greater Af or a lefs Ae; therefore x 
DA to AE; Q.E. D. OE 


CONSECTARY. I. 


'T Herefore it is evident from what we have deduced, i 
by means of the baſe of the quadratrix AE youdry 
a quadrant, the fide of the quadratrix DA will be equal toi, 
and coniequently double of the ſemi-periphery, and quadruyl 
of rhe whole periphery. eg 


CONSECTARY UI. 


I is evident alſo that you may obtain a right line equal t 
the quadrant DB of any given circle, it, having deſcrive_, 
a quadratrix, you make as AE to AD fo AD to a third equl 
to the quadrant DB: Which third proportional taken toi 
times will be equal tc the whole periphery. by 


CONSECTARY Il. 


\ / OU may allo obtain a right line equal to any lefs ar 

if you make, as DA to He ſo a third proportional Foun 
(3 e the quadrant DB) to a fourth, by vertue of Con/.! *r 
_—— BE mn, | tb, 
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CONSECTARY IV. 


he BA HE quadrature of the circle therefore, by vertue of Conf. 
wlll þ 2, Def. 15. /ib. 1. as likewiſe the triſeftion of an angle, 
by vertue of Conſe? L. Def. 16. AL 2. may be Geometrical- 
jobrain'd, if the Quadratrix might be number'd among Geo- 
netrical Curves. 


SHCOLIUM TI. 


\Lavius was allo of this Opinion in the book afore menti- 
4 oned, who thought that if the quadratrix be excluded 
at of the number of geometrical curves, by the ſame reaſon 
jou may alſo exclude the ellipſe, parabola, and hyperbola, 
ncethey as well as this are commonly deſcribed thro' innu- 


2T BY nereble points. But by thar great Man's leave, we may de- 
21 i ty this conſequence, by the ſan reaſon as Des Cartes has de- 
pl md the converſe of it in his Geom. p 18. and 19. by vertue 


« which he ſuſpects the ancients rook the conick 1eions, &*. 
ir mechanick or non-geometrick lines, becauſe rhey did the 
| jo quadratrix, @*c. for ſuch. Bur this is the difference 

een the deſcription of the quadratrix and the conick ſecti- 
ns thro? points, thar all and every of the points of the conick - 
ons, relating to any given point of the axis, may be geo- 
terically determin'd ; but all the points of the quadra- 
tx promiſcuouſly related ro any point of the generating qua- 
tant.cannot be geometrically determin d,but only thoſe which 
rect. ſome certain point, from which the quidrant may be 
Wided into two arches of known proportion. For if, e g. 
n the quadr:inrt BD the point X be given at pleaſure, it will 
-impoſlible by Clawius's Rule to define a point of the quadra- 
fixanſwering to it, becauſe the proportion of the arches DX 
ud BX is unknown, and conſequently neither can a: propor- 
tonal feEtion of the right line AD be made : Not to mention 
tut the laſt point E (which is the primary and molt neceflary 
me to the quadrature )even by C/avizs's own contetiion cannot 
| i geometrically defined We may patis the like judgment on 
ON lrehimedes's ſpiral and ſuch like curves, which are conceiv'd to 
x deſcribed by two motions independent on one anuther ; as 


X 2 will 
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will be manifeſt to any one who compares the geneſis of th, 
ſpiral with that of the quadratrix and what we have hitherty 
ſaid. Whence neither will Monanthehus's triſeCtion of a g;. 
ven angle (which he eflays) by means of a ſpiral be enough 
geometrical ; which in his Book de Puntto, Cap. 7. y,,, 
he attempts to perform thus : *To the centre of a deſcribed ſp 
_ ral and its firſt helical or ſpiral line BA (Fig. 151.) he appli 
the angle ABC equalto the given one abc ; then having draw 
circles thro? F and A where the legs of the angle cut the ji 
ral, he divides the intermediate ſpace DA into three equal pars 
in 1, and K: And then thro' theſe points he draws circles Ct 
ing the helix in L and M; and laſtly having drawn BLN, 
BMO, he cafily demonſtrates from the genelis of the fir 
that the arches AO, ON, NC are equal. And fo after th 
ſame manner not only any angle or arch, but the whole per; 
phery may be geometrically divided into as many parts as yoy 
pleate ; only ſuppoling that this ſpiral line may be numbred 
2mong geometrical ones ; as we have heretofore hinted tha 
the cycloid, conchoid, cifſoid, and logarithmical curve, &s, 
might be ; and we have above f1xreen Years ago declared our 
opinion; for it in our German Edition of Archimedes, and now 
are therein conhrm d by thoſe celebrated Mathematicians Zej- 
7%, Craige, &c. who number lines of this kind, altho' they 
cannot be expreſſed by our common equations, among geome 
. trical ones, notWithſtanding the contrary opinion of Des Gur 
zes, &c. becauſe they admit of equations of an indefinite o 
tranſcendent degree, and are capable of a Calculs as well 
others, tho' it be of a nature and kind different from tha 
commonly uſed. See tne A&a Erud, Lipſ. ann. 84. p. 23h 
and ann. 86. p. 23%. and 294. 
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CHAP, VL 
The Concluſion, or Epilogue of the whole Work. 


OW we may at length underſtand what Honoratus Fa: 


IN br; delivers concerning the diſtribution of figurate mag- 


nitudes into certain Claſſes, in his Synopſis Geom. p. 57. and 
the following. 


M 1. The firſt Claſſe contains elementary figures, or equal in- 


lrifbles, ſuch as, 1. All Parallelograms, as the Square, Ob- 


2s, Rhombus and Rhomboid, the elements whereof are e- 


right lines, as in Def. 12. jb, it. 2: Convex or con- 


re Surfaces, the elements whereof are curve lines moved 


hro' right lines by a parallel motion ; among which are chiefly 


-reckon'd cylindrical ſurfaces, whereof ſee Def. 16. lib. 1. about 


the end. 3- Parallelepipeds, and among 'them the eube, 
whoſe indivifibles are. ſquares, or - other Parallelograms.” 
þ Priſms made by the motion of a Triangle, 'Trapezium, or 
ay Polygonous Body, along a right line, all the indiviſibles 


whereof are conſequently fimilar and equal to the generating 


lane, - | 

rE The ſecond Clafle contains Figures whoſe Elements de- 
naſe in a ſimple arithmetical Progreſſion ; ſuch are, 1. Tri- 
aples, as is evident from Prop. 37. lib. 1. 2. The circle, 
ad its Se&tors, as refolvible into concentrick Peripheries ac- 
arding to Conf. 1. and 3. of the aforecited Prop. 3. The 
Cylinder as reſolvible inro concentrick cylindrick Surfaces, as 
bindivifibles.. 4. The Surface of a Cone, whoſe elements 
we circular Peripheries, and alfo of the Pyramid whole indivi- 


bes are ſimilar angular Peripheries every where increaſing in 


aihmericat Progreifion. 5.The Parabolick Conoid, whoſe indivr 
lbles are Circles according to the proportion of the abſcifJa's in 
uithmerical Progrefſion, by vertue of Prop. 1 4. lib. 2. &c. 

- 3- The third Clafle contains elementary Figures increaling 
n duplicate arithmetical Progreſſion ; ſuch are, 2. The Py- 
amid and Cone, . the firſt whereof may be reſolv'd into an- 
pular Planes, the ſecond into circular ones increaſing accord- 


vs to a ſeries of ſquare numbers; as is evident from Prop. 38. 


nr 24. ii Ra > —_—RX x ee EE 


lib, 
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[b. 1. and &s ConſeQary. 2. The trilinear parabolick Spacy 
as defin d Prop. 10. ib. 2. by the letters Eb ER, ,. The 
Sphere, as far as it may be reſolved into ſpherical concentrig 
Surfaces, every one whereof may be conſider'd as a baſe, tak. 
ing the ſemidiamerer for the altitude. 4. The Cone, as re. 
ſolvible into parallel} conical Surfaces deſcrib'd by the paralle 
indivifibles of , the Triangle. 5. The remainder of a Cy. 
linder after an Hemiſpnere of the ſame baſe and altitude is tak. 
en out, according to Schol. 1. of Prop. 29. lib. t. 

The fourth Claſſe would comprehend all magnitudes re 
ſolvible into elements or indiviſibles increaſing in triplicate 
quadruplicate, &c. Arithmerical Progrefſion ; ſuch we hare 
not treated of, but may be found among Planes terminated by 
Curves of ſuperior Genders ; ſee Fabri's Synopſis, p. m. 67, 

5. The btch Claſſe is of thoſe Magnitudes, whole indivij- 
bles decreaſe, proceeding from a ſquare number by odd nun- 
bers, 25, 36, 35, 32, 27, 20, 11, Oc. ſuch are, firſt, an 
Hemiſphere, as is evident from Prop. 39. lib. 1. 2 An Hm: Wl | 
fpbercad, as in Prop 15 lik 2. 2. A Semi-parabola, as my Ml 
be gather d-from the demonſtration of Prop. : © lib. 2, For Ml 
fince the indivitbles of the circumſcrib'd trilinear figure e are 
Found in a duplicate arithmetical Progreſſion, ;, 4, ?, ®. the 
indivilibles of the ſemi-paraboia will neceflarily be 7, 5, 5,7, 
Oc. 

6. We may make a ſixth Clatle of thoſe Magnitudes whoſe 
indivifibles decreaſe in a like Progretiion, not ot the number 
themſelves deſcerding by odd iteps from a given ſquare, but of 
their roots, which are for the molt part ſurd ones, tuch as's 
firlt, the Semi-circle, as is evident trom Prop. 4.3. (ib. 1. and 
by vertue of Prop. 5. Ib. t. and allo the ſemi-eiliple, &«, 

7. The leveuth Ciafle comprchends - thoſe Magnitudes 


whole Elements are in a Progretuon of a double ſeries of num- 


wy = t> 75> I. IE 
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bers, as in the Parabolick Conud, as may be teen in the Sev th 
kium of Prop. 16. bb. 2. B; 

But, to omit the other Clailes of Magnitudes of a ſuperiour G 
Gender,the conlider: r1yn whereot theic Elements either havenot Pr 
touch'd on, or only vy the by ; (which any one who pleaſes fa 
may ſee in Faber s > J noplis, C 'DECLa iy thoie which he Compre” Te: 
hends under ths {1h and leventh ©.lies, P- 70 and the tob L. 


lowing} about thuic we have here Pariiculariy uutcd, there If 
maifl 


_ 


The Elements of the Mathematicks, = 22 


min only two things to be taken notice of. 1. That ſince in 
te firſt Clafſe we place Parallelograms and Cylinders, in the 
foond Triangles, in the third Pyramids and Cones, in the 
ih Hemiſpheres, in the ſixth ſemi-circles, ec. We ma 


with Hor. Faber call the firſt Claſſe, that of Cylindrical or 
Parallelogrammatick Figures; the ſecond, the Clifle of Trix 
gular Figures; the third, of Pyramidals; the fifth, of He- 
mipherical Figures ; the ftxrh of ſemicircular ones, &c. 
4 That having ranged or reduced after this manner homoge- 


neous Figures, or thoſe of like condition, to a few Claſles, 


teir dimenſ1on, and conſequently almoſt the whole bufineſs 
o meaſuring may be very compendiouſly reduc'd to a few 
ules; whereof we will here give the Reader a ſhort Speci- 
pea, in the following 


CONSECTARYS. 


LA HE dimenſion of Parallelogrammatick Figures, 3. e: 

T of thoſe of the firſt Claſſe, may be had, by multiply- 
ng the whole baſe by the whole altitude : See [:b. 1. Def. 12. 
(nſ-7, Def. 18. Conſ. 6. Def. 16. Conſ 3. and 4. 


| If, The dimenſion of Triangular Figures, 7. e. of thoſe of 


the ſecond Clafle, may be had by the multiplication of the 
whole Baſe by half the Altitude, - or of half the Baſe by the 
hole altitude ; | ſee /:b. 1. Def. 12. Conſe. 8. Def. 15. Con- 
k#.2. Def. 18. Conſe&#. 4. 1b. 2. Prop. 14 | and their Pro- 
portion is to their reſpective circumſcribing Parallelograms, as 
Ito 2; [ſee beſides the Prop. already cited, 4b. 1. Prop. 37. 
ad its firſt Corſet. | 


Il. The dimenſion of Pyramidals, z. e. of magnitudes of 
the third Claſs, may be obtain'd by the multiplication of the 
biſe by the third part of the of Alticude ; | fee 4b. 1. Def. 17. 
Cſe. 3. and 4. and Def. 20. Conſe&t. 1. &c. and their 
Proportion to the correſponding Figures of the Clafle of the 
ame Baſe and Altitude is as 1 to 3. | ſee beſides the Prop. al- 
Rady cited Prop. 38. lib. 1. and its Conſ. Prop. 39. and Schal. 
L kib.2, Prop. 10. &c. | 


IV. The 
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IV. The Proportion of Hemifpherical Magnitudes, ;,« 
the fifth Claſſis to correſponding ones of the firſt Claſſe of q1, 
ſame Baſe and Altitude is as 2. to 2 ; | ſee 1b. 1. Pry, » 
lib. 2. Prop. 10. and 15.) and fo their dimenſion may he þ;y 
- by multiplying theit Baſe by 3 of their Altitude, 


V. 'The-Proportion of ſemi-circular Magnitudes, ;. e, 
thoſe of the ſixth Claſle to ſo many correſponding ones of the 
firſt Claſſe of the ſame Baſe and Altitude cannot be expreſſe4 
by whole numbers or by a ſmall fraction | ſee Ub. r. Prop. 43; 
and ib. 2.; Prop. 11. and conſequently their exa& numer 
dimenſion cannot be had. 
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PECIOUS ANALYSIS, 
OR, 


The New Geometry, chiefly according to 
the Method of Des Cartes, 


But much facilitated by later Taventions, &c. 


By J. CHRIST. STURMIVS. 
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PREF A C'E 


READER. 


INCE thoſe ingemous Mathematicians of this preſent 
Ape, which is now. drawing to a Concluſion, Vieta, 
Ougthred, Harrior, Cartes, Schooten, Beaune, Van 
Hudde, Heuraet, de Witte, and Sluſius, and ſeveral 
tier Famous Men coeval with them, hawe by their Endeawvours 
moved the Algebra of the Ancients, raiſed it to vaſtly an 
lwber pitch, and brought it from Numbers to univerſal Symbols, 
md not only found the excellent uſes of it in Geometry themſelves, 
tu alſo communicated them to others; almoſt all Countries have 
fmihed us with ſome excellent Perſons, who treading in the 
ſutfeps of their Predeceſſors, have endeavoured to advance it yet 
fmber : And even our Times are not without thoſe of the high- 
rank, as Wallis, Baker, Renaldinus, Mengolius, Hug- 
ms, Malbranch, Leibnitz, Craan, and ſeveral others, who 
mieavour to promotethis Science, deſervedly reputed the very 
pex of Humane Reaſon, and carry it more and more towards 
Imoſt Perfection by dayly augmenting it with new and curious 
mentions. But in the mcan time, while theje ingentous Men 
viilly buſie themſelves in | romoring it, there are few found who 
ondeſcend to explain the firſt Principles of it, and [new a ready 
vo to young Beginners to arrive at the knowledge of thoſe In- 
Wntions. Ut 1s n10t lms ſince a certam Friend of mine, 220 for 
Y ime time has publickly and ſucceſsfully taught theje SCences, 
Aa 2 complain 'd4 


_ 


UMI 


The Preface to the Reader. 


complain'd to me by his Letters, of the want of a good Guide y 
Specious Analyſis, whereby he might inſtill the Principles of thy 
admirable Art into his Auditors. To whoſe Deſires bemg not juf 
then at leiſure to ſatisfie, 1 immediately after projeed this ly.. 
trodufion, which at length you ſee finiſhed, in the Form we ny 
preſent you with it, wherein we have all along conſulted to ſu 
the Endeavours of young Beginners, as far as poſſible ; as wy 
thought our ſelves engaged by the Duties of our Profeſſorſhip to dy 
& have compriz'd the Precepts 4 the Art in ſix or ſeven Pa. 

es. and accommodated Examples of every kind to illufra 
rher.z. Fi berein if I have but mdifferently accompliſh my + 
fre 1 ſuall not think my Labour loſt. We here add it ton 
Ilethetis Enucleata, both as being properly a part of , 
and more eſpecially, becauſe this Introdutt1on prejeppie the 
Reader to be acquainted with the firſ# Principles of Syeciu 
Computation, which we have therem laid down. And ſ» we 
commit our Endeavours to the Peruſal and Cenſure of the Car 
did Reader, 


INTRO 
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PECIOUS ANALYSIS. 


HE Analytick Art, or Specious, Analyſis, is ſolely 
ſubvervient to finding of "I'heorems, ang reſolving 
Problems, by leading us from certain Data or given 
uantities, into the knowledge of unknown and 
bught ones, by a Chain of certain and infallible Conſequen- 
&: This admirable Artiftice may be reduced to four Primary 
Hads, viz. Denomination, Reduttion, Equation, and Effe= 
tion (if rhe Problem be a Geomezricas one) or ConſtrutFton. 


I. DENOMINATION. 


Y Denomination is underſtood a preparatory impoſition of 
D Names peculiar to each Quantity, whereby every one of 
the Quantities given or ſought, are denoted by one or more 
 puliar Letters of the Alphaber at pleaſure, but with this 
(zbitrarious) difference, that known or given quantities are 
nak'd by the former Letters of the Alphaber, a, b, c, ©. 
ad the unknown or ſought ones by the latter, &, y, x, &c. 
but although this impoirion of Names, is, as we have faid, 
together arbitrarious, yet there often happens nor a little faci- 
Ity to the Solution ir {cit, by its being choſen as accommodate 
spoflible to the conditions of the quantities given and fought; 
which any one w.ll learn better by Uſe than Precepts : As we 
ind that both Theorems may be demonſtrated, and Problens 
relolved e. &. by an extraordinary Compendium, if we denote 
ay reaſon of two given Homogeneous quantities by @ and e a, 
vand? b, dandod, &c. (v &. by expretiing . the Names of 
the Reafons by e, and 4, and v, &*c.}) and continued proporti- 
| | onality 


* Introduttion to 


onality by a, ea, e*a, £34 , eXc. and diſcontinued or diſcrete by 


bib, c ic, d id, or after the like manner, as we hays 
done in our Math. Enucl. Lib. 1. Cap. 2, 3, 4, 7. and Lj, 
2. Cap. I. =. 


IL EQUATION. 


Ps thus given each quantity its Name, and making 
no further diſtintion between the quantities given and 
thoſe ſought, bur treating them all promiſcuouſly, and as already 
known, you muſt carefully ſearch into and diſcuſs all the Cir- 
cumſtances of the Queſtion, and making various Comparilon; 
of the quantities, by adding, ſubſtralting, multiplying, and 
dividing them, &*c. *till at length, which isthe chief aim and 
deſign of it, you can expreſs one and the ſame quantity two 
ways, Which is that we call an Equation: - And you muſt had 
as many of theſe Equations, or Equalities of literal quantities 
(as expreiiing the fame thing) as there are ſeveral unknown 
quantities in tae Queſtion, independent on each other, and 
conſequently denominated by ſo many difterent Letters, z, y, 
*, ©. Butif ſo many Equations cannot be found, after hav- 
ing exhauſted all the Circumſtances of the Queſtions by one 
or two Equations; that is a {ign the other unknown quanti- 
ties may be aſſumed at pleaſure : Which the Examples we ſkil 
hereafter bring will more fully ſhew. 


Bur as here allo (as likewiſe in all this Art) Ingenuity and | 


Uſe do more than Rules and Precepts ; yet we will here ſhew 
the principal Fountains,for the ſake of young Beginners, whence 
Equations, according to circumſtances obvious in the Quelti 
on, are uſually had. Theſe are partly Axioms felt evident, 
E | 


That the whole is equal to all its parts taken together. | 
That thoſe quantities which are equal to one third, are equa 
among themſelves. 
S _ 4 "EIT 

That the Products or Rectangles under the Parts or Segmens, 
are equal to the Produtt of the 2v90le. 

Partly ſome univerſal "Theorems that are certain and already 
demonſtrated, us, 


Tiree ] 


Specious Analyſis, - } 
by Three ( 4) continual Proportionals being propoſed, the Re&- 
ve Wl mole of the Extremes 1s equal to the Square of the mean. 
bf (5) Four being propoſed, whether in continued or diſconti- 

wed Proportion, the Produt# or Rettangle of the Extremes is 

ual to that of the Means. | 

And ſeveral others ſuch like, which we have demonſtrated 

Cap. 2, 3, and 4+ Lib. 1. of our Matheſis Enuclat. partly 
is Ml « the laſt place, ſome particular Geometrical T heorems al- 
1d Wl ady demonſtrated, as e. g. that common Pythagorick one. 
ly That in rightangled Triangles (ly) the Square of the Hypo- 
i- WY tema is equal to the tnvo Squares of the ſides. 
's WW That the Square of the Tangent of a (4) Circle is equal to 
il Wh te RecFangle of the Secant and that Segment of it that falls 
11 Wl vithout the Circle; the firſk whereot, we have demor® 
'0 Of frated, ib i. Math. Enuc. Def. 13. Schol. and alſo 
d Pr. 34- Conſet?.8. alſo Prop 44. after various ways ; to which 
5, W ny be numbred Prop. 34. with Schol. 11.7. 3. Prop. 37. and 
2 WW flowing, Prop. 45. and 46. alſo the 48. and ſeveral others in 
4 WM 14. tr. Math. Enucl. and likewiſe Lib. 2 Prop. 1, 2, 3, and fe- 
7) WI rel following. And as for Examples both of Denomirari- 
'- MW «, and Equations found after various ways, you may ſee 
I mc oem a8 follow, and ſome we will here give you by way 
- W « Anticipation. 


mL REDUGTIOQON. 


An Equation thus found muſt be reduc'd, 7. e. thoſe two e- 
Wl quantiries, which for the molt part are very much com- 
pounded of the quantities given and fought together, mult be 
rducd to ſuch a form, by adding or ſubſtracting ſomething to or 
tom each part, or multiplying and dividing by the fame, &c. 
lat the unknown or ſought quantity alone, or its Square or 
lube or Biquadrate, &*c. may be found on the one ſide, and 
n the other the quantity expreſs'd by meer given or known 
letters, or affe&ted with the unknown and fought ones ; ſuch 
«theſe Forms which follow, diſtinguiſh'd by their Names 
9 Wprfx'd to them, 


Introduttion to 
A {imple Equation, 2 = 6, or y = :@b, 
Cc 
A pure Quadratick, yy = ab, or xx = 44 —=bþ, 
| 2 
A pure Cubick, 23 = abc, or y3 = @3bb. 
cd 


An affected Quadratick, x? = —axFÞ,; or, 
Pf = 2by+2 abc. 
£0 


An affeCted Cubick, 23 = az? F Þz,—0 &c. 

A Biquadratick, y* = a 33 F 8 P——=0G y | d* &c. 
To one of which, or ſome es like them, when youu 
reduc'd your Equation firſt found, there are Rules in ready 
whereby the Value of the unknown or ſought quantity 
or x, may be either expreſſed in Numbers, if the Que £2 
an Arithmerical one, or geometrically determin'd 1 ti hy 
Geometrical one : Which is that' we call Effection ® ata 
103. "5 

'T hus therefore the whole, : or at leaſt the chief b 
Analyticks, is converſant in finding a convenient or fit 
on : For Reduction is very eafie, and conſifting wo 
Operations and mere Axioms, as e; 8. 

If to equal quantities you add or ſubſtract m_ 
Aggregates or Remainders will be equal ; 

If equal quantities are multiplyed or divided by the fat 
the — or Quotients thence ariling will be equi, Oy 
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T7: FFECTION, or CONSTRUCTION. 


{ 1. In ſimple Equations. 
) ppoſe 2 j= b, the quantity 5 . ſought. 
asctobloa to z, 


as btoaloato x, 


as b—1tobjglofto yz, 


3 v = fb—f g-- | as hþF1 to b—g ſo f to, &C. 


4 "bx | every Where according to 7. %. 
j Schol. 2. Prop. 34. Lib. 1. Math. Enuc. 


be = k/ 5», the Reſolution of it into Proportionals 
j p r T $ 
be-more difficult, becauſe neither of the Letters are found 
Ein the Numerator. That therefore you may have e. g. 
vice, you muſt make as & to » fo 7 to a fourth Proportio- 
Which call p; then will, by vertue of Prop. 18, [b. 1. 
= 77, and the propoſed Equation be changed into this 
| KI | kp, to be now conſtructed from the 24. Cale, | 

= rÞs. 

Ur if y = klf mn, find a mean Proportional between k 
Wis. 7 = 

ih which callp; and between »» and 7, which call q, 
ding to 7, 3. of the afore-cited Schol. ; and the propo- 
g Equation, by virtue of Prop. 17. will be in this form : 
fp #49. Make theretore in che right-angled A (F77.1.) 
Ts 
ip 2nd BC=49; andthe DO AC by vertue of the Py- 
forick "Theorem, = pp | q4q: Which ſince it mult be di- 


Kd by r— 5, make turther, by Prop. 18 asr —s to the | 


+ 49, fois V pp +qq to jy, according to the afore- 
B B b 4 In 
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*>Equation will be in this Form: x = am + 
| C 


4 In like manner if x be = bg — n, mke Tf. azb 


cf d 
» fo wto a fourth which call £; and fo putting b& for wy 
the Equation will be reduced to the ſecond Caſe under thi 
form ; x = bg —bk 


c{Fd | 
Or thus : Find a mean Proportional between b and pg, which | 
call p, and between »# and s, which call q; and the propoſe 


td 

6 \ therefore (in Fig. 2.) AB = p, and having on ti 
deſcribed a Semi-circle, apply BC =_q ; then will, by veny 
of Scbol. 5. Prop. 34. OAC. = pp—99q: Which finci 
muſt be divided by c f 4, make farther, 

asc4+ dtoV pp—qq, oY pp—q9qtox; all fronts 
fame atten: wh you = as Conftrudtion of the 
third Caſe. 

5- If z be = 4abc ; make firſt as f to #, ſoa to ati 


Proportional 7, and you'l have (putting f m: for as): 
fmbc, i. e. mbc. Make ſecondly as f to »», ſo 6 toafunt 


its 


7, and by putting fn for 2b you'l have z = fnc, i.e #% . 
| Ie i 
wherefore thirdly you'l have as g to » fo c to z. 7 
6. If 5 be = 411, make firſt as mm to, fol to a fort Ml , 
7m” 
which call », and by putting now 99» for 1, you'l havens! 
mm bo 


i.e. #1 = y, Therefore you'l now have ſecondly, as mo! 


OY 


27 
ſo Ito y by Caſe 2 : So that the Conſtruftion of the fifth an 
ſixth Caſes is nothing but reiterations of the Rule of three, # 
cording to what we have often inculcated, N. 2. and 3. SY yt 


2, Prop. 34- In 
2 | 
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2. In ſimple Quadratick Equations. 


I. 
[ xx ab) < x = V ab a and b 
O . 
& that is to a 
af = 10s —V = Y 146 mean propor- YI and ce 
< tional between 
a2 = 3 dd '2= Vidd | 3 dand 4 


nd ſo the Conſtrution will be had from ». 3. Schol. 2. Prop. 

14. (ſee Fig. 3.) 

If = fg 'R7 ay = V fg jk make there 
or x? = fg —k1 have = v fg— 47 fore 

on the one {ide the Right-angled Triangle ABC (Fr. 4 ) 

whoſe fide | 


AB is = to a mean Proportional between f and g, 

BCis = to a mean Proportional between & and / ; 
0n the other a Right-angled A( Fig.5.) whoſe fide AB is =ro 
1mean Proportional between f and g, and the fide BC = to 
1mean Proportional between & and /; 


ind on the one handÞ A C will y 
the Hypothenuſa, on the - ſought. 
on the other the ſide ,) lue of x 


And all by vertue of the Pythag. Theor. and according to 
Schoh, 5. Prop. 34- or the ConſeCtarys of Prop. 44. See Fig 4. 


and 5. 
2. If z* = fhh&& i.e. bbkk; extratting the Roots on 


fee CE 
both ſides, 2 will = + &, and fo be the ſecond caſe of ſimple 


C 
Equations. 


4 If f be=fg hk, make firſt as / ro f, fo g toa fourth 


Im 
which call 2, and by putting In» for fg, youll have = 
Inbk i.e. nh k. Mcke a as mton, fo hrto a fourth, 


—emmrrn_— 
Im 2 


bhich call p; and by putting »-p for 2b, youll have 3 = 
Bb z mpk 


JMI 


8 Introduttion to 
wpk i, e. pk, ando the firlt caſe of the preſent Equations, 


Ur 
5. If x* = qbceFbeed | qbed Fbedd 
g tim 
in the firſt place the Retangles f g and 7/7 being turned into 
Squares, and collefted into one Sum, make them = #5. Then 
(lince cc and cd are multiplyed by q4b4b4d) in like 
manner qb and bd added make pp; and you'l have x 


ppcctpped. Thirdly (lince pp is already multiplyed by 


75 
cc | cd) having added cc F cd into one Sum that they m; 
e. g. make 77; x* will = pprr, and fo be the third caſe g 
17 
the preſent Equations. 


3. In affetted quadratick Equations. 


1.VF z22be= az bb, then will 2 =34a+ V ; aat)); 


which may be thus in ſhort demonſtrated 4 priart; 
Since 2*—a & = bb per Hypoth. and that firſt quantity if i 
be added to 544, it becomes an exact Square, the root where- 
of is 2—2: 4; therefore 2* —az Fjaa= bb | aa, ud 
conſequently 2— 1a = V bb; a8; and laſtly z = 15 
Y iaatbboria—V iaatbb; which laſt Root s 1 
falſe one and leſs than nothing, bur yet gives you rhe props 
ſed Equation back again as well as the former ; as will be evi 
dent to any one who trys, viz. having transferr*d | @ on the 
other {ide, and fo the two equal quantities 2 —} a and — 


Y * aa — bb being ſquared. For here will come out j a4 5b 
as well as if the radical Sign were affected with the Sign 7 be- 
cauſe—— by —— gives F. Therefore 22——az Þ |; aa = | 44 
+ bb, and taking away on both ſides | aa, 22—axz = 00 i«, 

$2 = 42+ bb. | 
The value therefore of this Root will be had geometrically, 
by making (in Fig. 6.) CD = ja and DE =6, that the Hy- 
pothenuſa CE may be Y ! aa + bb ; and moreover, drawing 
out on both {des CD, and art the interval CE deſcribing a Ser 
mM1-ClIcit 


nn 4 id GW 
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ni-circle AEB : This being done, AD will be the value ſought 
Fthe true Root &, and DB of the falſe one. 

2. If * be = —ap F bb, then will ; x —22}Y,aaſbb; 
phich again may thus appear : Since y* f ay is = bb per Hy- 

þ. adding to both fides js, the firſt quantity will be an exa& 

ware, and ? f a7 f 144 = aa bb. Therefore the Roots 
gill be alſo equal, viz. y T:4 = VanÞbb, and conſequently 
T-BCL jbb— 4 or —Yjaa Fbb— 14; which is a falſe 
Root. 

The value of theſe Roots may be had geometrically, wiz. 
{the true Root DB in Fig. 6. or BE in Fig. 7. and of the falle 
ne in the firſt AD, in the ſecond AE. 

3. Ifxxis= 4x——bb, you'l have 

= a} V ,4a—bb 


or a —V iaa—bhb: 


Which may be demonſtrated after the ſame way a prior, as 


te former Caſes, wiz. Since x*—— ax is = —— bb, adding on 
bath” ſides 44 4, the former quantity will be an exa& Square, 
tut, x*—ax | 148 = jaa=— bb, Therefore the Root of the 


ne x—4 = to the Root of the other, viz. V iaa—bb, and 
ding on both ſides 22, x = ia | V 4 aa — bb which is one of 


he true Roots. Or j4—= Yiaa— bb which in this caſe is al- 
ba true one. But the value of each may be obtain'd by 
naking (Fg. 8.) CB = 14 and by creCting BD perpendicu* 
ary = 5, and making the Semi-circle BEA, and drawing DE 
urallel to CB, and letting fall the Perpendicular EF : For 
tus CF will be Y ;/2a—+band conſequently AF, lafViaa—bb, 
nd FB 1a—— Y 124 — >. 

Or, with Cartes, making (Fig. 9) CB =: and BD = b, 
tawing DF parallel ro CB, that Fi) may be one root and 
ID the other ; as is manifeſt from the precedent Conltruction, 
nd its Rule. See alſo another DeduEtion from Cartcs's Con- 
tuctions, Schol. x Prop. 47. Lib. 1. Math. Enucl. 

NB. I. The ingenious S: þo9ten has before ſhew'd this Me- 
ho of demonſtrating, and allo of finding out theſe Rules mm 
is Comment on the Geometry of Des Cartes, v. 2. 103. and 


moreover deduces another ingenious Method tor al tie three 


Gaſes of theſe Equations, by raking away the ſecond rerm 1n 


# 
mt OB ti. A - Jap 5 a en Guhbes <72-:, maggnnarv hn 
/ - 


the 


- wow —— Mew 47.4 
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the Equation, p. 290, and the following, wherewe may mu; i 
only this Remark concerning the third Caſe ; that perhaps the Ml the 
Rule might be better deduc'd, if we make x = 1a—2 rats Bt 
than X = 2—24. | 

NB. 2. If any one has a mind to fee the new Conſtrudio,, Ml 
of affected quadratick Equations of the Abbot Catelan, he may W £9 
find them in Aa Erud. Lipſ. Ann. 1682. p. 86. and in tho 
27th Journal des Scavans. 1 Dec. 1681. wy 


IV. For Cubick and Biquadratick Equations both ſin 
and affetted, and alſo for all before mention, 
and conſequently univerſally for all not exceeding th 
fourth Dimenſjon. 


HE value of the unknown Quantity or Root my fe 

any Caſe be determined by one general Rule, foundout 
by Mr. Thomas Baker an Engliſh- man, occaſioned by wha 
Des Cartes had taught concerning this matter, Lb. 3. Gum. 
þ 85, and the following ; but now very much perfedted ly 
this Rule, and made more fimple. Now that this Rule myy 
be the better comprehended by Learners, we will premitethel 
following things. 

1. That all Equations occurring under thoſe Forms which 
we have before ſhewn in the Article of ReduQton, or the ike 
muſt always for this purpoſe be ſo changed as to have all the 
terms or parts of the Equation both known and unknown, 4 , 
fefted and not affefted, brought over to one fide promilcr WM jus - 
ouſly, and ſo on the other there will ſtand o or nought, a5; WM lou, 

let z— 6b be = 0, or y——ab = 0, or 23 abc.= «, 0 i hey 


C : ends 
$3— a%b = 0, or x* | ax—tb* = 0, or bay 
ve h 
c a | . 
Ln 2by——24Þbc'= 0; Or | 
/ J 3 nd 
af $drx 

3—a2— bx, Fo = 0, or 
le 9 
t$—aP— P43 d4 = o &c, _— 
which alſo was uſual to Des Carres in Lb. 2. as 


@ 


Specrous Analyſis, IT 
a In allEquations the known quantity or Co-efficient of 


the ſecond Term we will generally denote by the Letter Ps 


tut of the third Term by the Letter 9, of the fourth by 7, 
1nd the fifth ( or abſolute Number ) by S; according 
» Cartes, but with ſome little alteration: So that hence the 

ations we have before been treating of, and all others like 
hem (every where denoting the unknown quantity by x) 
wy all be reduced to theſe forms: 


4, RR Doaghs 
a —pxt—qxTrT = 0 
xh—px34Fqa?——rTXTS AH 0, &c. &c. 
. Theſe and the like Equations may either occur whole, 
x with all their Terms, as here, or depriv'd of one or more 
fthem, as the following Examples will ſhew, where we will 
trays put an Aſterisk in the place of the deficient Term, 


4 The unknown quantity in any Equation +N. This is 
us F as many diverſe Roots or Values, as the ! 7797445 bas 
iquation has Dimenſions ; which Des Carres Np by 
hews, Lib. 3. Geom. p. 69. at the ſame time © | 
ndently demonſtrating this, vis. that ſome of thoſe Roots 
May be falſe ones, 3. e. leſs than nothing: Which from him 
fc here ſuppoſe. 

When therefore Des Cartes in bis Conſtruction of Cubick 
ad biquadratick Equations, p. 85, and the following, requires 
$8 ancceſſary Condition, the 5eCtion of the ſecond Term in 
he given Equation, unleſs it were already wanting, and to 
Fas obliged ro ſhew a way to cjeCt it, with ſeveral other Prepa- 
ations ; and afterwards, when by help of hisRule delivered p.91, 
te had found a way of finding two mean Proportionals, ard 
dividing 


12 IntroduTion to 4 
dividing any given Angle into three equa! parts, then he yp 
it for ſolving other ſolid Problems, or finding two mean Þy 
portionals, or triſefting an Angle. Bur the general Ruley 
Baker has no need of theſe methods or helps, neither of þ 
Ejection of the ſecond Term, nor any other Preparation, hy 
immediately ſhews us a way,by the help of a Circle and Pay 
bola to find all the Roots of any given Equation,- both yy 
and falſe, whether the Equation want any term or nor, \yaj 
howlſoever affefted, after the way we will now, and perhagyy 
little more diſtin&ly, ſhew. 3 

I. It ſuppoſes with Cartes a Parabola NAM to be alngd 
deſcribed, (See Fig. 10. and 11.) whoſe Latus ReQum 
be L or 1, and its Axe ay; which Des Cartes only mak 
uſe of, and never thinking of the other Diameters, was lon 
to take away the ſecond Term of the Equation, &c. Bk 
therefore (ſtrangely perfefting the Carteſtan Geometry by tl 
one thought) it the quantity p or ſecond Term be in the 
quation applys to the Ax ay (or draws an ordinate to tJÞ& 
= p i.e. he eredts at top of the Ax 4 on theright handily 


2 7 


perpendicular 2E = p and from E draws E A y parallel wt : 


F 


Ax ay; whereby neat the Diameter A y ſought. 

2. Having made this Preparation, the. whole bulinelides 
pends on this, to find the Center of the Gircle to. be deſaribyl 
through the Parabola, which (by vertue of ſome arbitruy 
ſuppolitions in the beginning) he always ſeeks on the leitht 


of the Ax or Diameter, by help of two Lines we or vu 


DH or 4; wiz. by placing the former upon the Ax fi n's 
to D, if p be wanting in the Equation, or upon the Diarmai 
Ay from AtoD if p be there; and letting fall from the 
= 'y latrer to 4D or AD perpendicularly towards the 

and. 
3. He ſhews how to find the quantity of either of theſe Link 
(which is here very requiſite) in any given Equation, by 
certain general Rule (which he calls the Central Rule, beca , 
ir alone helps to find the Center H) comprehended in thek 


terms « 
Part 
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The Eight half-ſheet Plates that ere 20 be folded in, and the ſingle Leaf mark'd Page 39, ore to be placed iy 
thoſe Pages of tbe IntroduCion ro Specious Analyſis which the figures as abe top of them dire@ to, 


A SyNoPs1s of Mr. Baker's CL.avis, tobe annexed to Page 13, of the TatroduQiion to 
the Specious Analylis. | 


Of AEquations. Of Aquations. Of Central Rates. 
Clafſ. 1. I, x****.-S=0 = b=AD, o=d =DH. 


Il, I, x? F—qgz=z0 
2, x* *-q=0 
Impoſſible. 


x* *.m—_ q x? * + S=0 


x**4=q x2 +4-S= 0 


\ 


1 x3i*#X_—r=0 x*HFnrx 4 S=0 


ET =0 x***4-rx4-S=6 


mm Þ 0 ww - > 0 vw ww 


WP K— qx—7==0 xXtHemqxt mrx+S=0 


2, x? #—qzxz+7=0 x4*—qx* 4-73 4-S=0 


x*t*# + qx? —txt-S$=0 


3 
2 
4 
5 
7 


IV. Y3: x3i#Þqx—r=0 
(4 


xi *#+qx+r7=0 | (Cat $-qu) +15 750 


p=BA 


2 
FN X—p=06 | 11 48 br 
2. x p=@ x*4-px3**4$—0 
x*—px? 4-rx4+S=0 


x3 —px*t*#4r=0 


x3 J-px3 #—=7=0 x+ + px} $—tx4-$S=0 


$__ j —— _ 
XI—px2* —70 X px * rx4+S=0 


x3 4p x? * -r=0 x*4-px3*4+rx +$=0 


x2 =—px—q=0 x3 —px3i —qzx?*+S=0 


x3 +-px—q=0 


> WO ww -= Q& OO Www vo +a _v» w 


2 
ook 


x* px3 — qx? 14-S= 0 
4 


nx Xt ro TTY —_ T7 # — * Rao d)I=S —_— a 
4-041; xt & aan #* wi 3 


xt*Þqx: brx4-S=0 9% 


=. 


8 
p =BA p=AEinthe 5,6, 7, 8 Claſs. 


— 


2 

| x4 —px3*#*%*4-$=0 
V. I, X——Þ—=0 
g” x+p=0 

S] x3 —px>»*4r=0 


2, x3 4-px3 FF —=7=0 


x* 4+- px3 * * 4-$=0 


= 


+ WD vw WW 
IVY LIVYNY 


x*.—px3 4-rx+S=0 


x+ + p x3 #—rx-b$ =0 


3 
2 
4 


| "27 | "Pl i. Or" 
mY? XI——px2* —r=0 x? —þXx rx+$S=0 


4. x3 4px? * +r=0 x*4-px3 *4-rx4-S=0 


x —px3 — qx? $+4-S= 0 


S” x? —pX—q=0 
2. x* ppx—q=0 


VII. - x? —px+q=0 
C4. x? + pxI-1=0 


x* Þ-px3 — qx? Lh-$=s 
xt —px3i +qz? * 4-S$=0 


x* Þ-px3 + qz? + 4-$=0 


G"- x3 —px? —qx—7=0 x* —px3t —qz* —rx4+-S=0 


Q x3 I-px* —qx 4-r=0 x* px) —qz2 4-rx4+$=0 


FP x? —=px* — qz4-r=0 x4 —px3 —qx? rx +5=0 


4. x3 4px? —qx—f=0 xt4pxtm—qz?—rx4S=0 


xt—p x3 + qx? + rn4S=0 


S < 

7 

6 

& 

1 CxzTP 

; > 

2 

4 

5 Of= 

7 EM 

6 pq= 

G | des 
4 

I z + q= 

3 8 

jk | 

q : 

g Fine 

7 

6 

8 

9 na 


VIII. 'x x3 — px? +-qx4-7=0 
6, x3 4-px? 4 gx——7=0 H x*4+px>4-9x* —rx +S=0 


ANY 


—"_-) 
wh WW 


I x3 —px? 4+-qx—7==0 Expat + p90 —1575=s 


v, x3 4ppxt 4p gx r= * x* + px* 9x2 47x +8=0 


N B. The Sign tn dendtes a dubioxs Caſe, viz. That either the Antecedent muSt be Subſt rafted from. the Con/equent, 


or the Conſequent from the Antecedent, according as the matter will bear. - " 
UM 
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'T 4 16L* 4L? fd 
> This Rule as it ſtands here whole, only anſwers to thoſe 
ations wherein are all the Terms p, q, andr; and in the 

in time may alſo be eaſily accommodated to all other Caſes, 

yobſcrving theſe things. 1. Whatever Term, or Quantities 
iy, be wanting in the propoſed Equation, that muſt alſo be 
dQively omitted,or pur out of the general Central Rule, that 
femaining quantities may determine the ſpecial or particular 
tral Rule. 2.As for what belongs to the Signs,viz. whether 
t(which latter Sign denotes a dubious Caſe.either that the 

[muſt be ſubſtraCted from the latter, or contrary-wiſe, as 
matter will bear) muſt be put in the Central Rule, he 
b (@) that in the Rule you'l always have F r, unleſs 
F 3» - = 
n in the propoſed Equation p and r are affeCted with diverſe 
Ins : (p) By what Sign ſoever in the propoſed Equation it 
pens that the quantity q is marked with, it muſt be noted 
þ the contrary one (altho' involv'd with other quantities) 
be Rule ; as may be ſeen in the application of the Rule to 
Þecial Caſes done by the Author himſelf for the fake of Be- 
ers, and is exhibited in the Synopſis hereunto adjoyning, 
ch yet we have thought kit to give ar the end of this Treas 
much more contract as to the Central Rules, in a ſhort 
apendium by way of Appendix. 

8. By theſe Rules therefore, the quantities of the Lines a?) 
D and DH will be ſo determined, that the parts in the 
{ marked with the Sign F (taken either aggregately or 
fy) will be put downwards from 4 to A towards y, and on 
gett hand of D ; but the negative Parts, or thoſe afteted 
{the Sign—, will be cut off, on the one part above, on 
Kher on the right hand : Which being done the Center H 

e found. | 

t From the Center H thro' the Vertex of the Ax 2 (if the 
ED is found in the Ax) or in the other Caſe thro? the 
ex of the Diameter A, you muſt draw a Circle which by 
be or touching the Parabola will deermine the Roots 
| \ON+ ſought, 
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ſought, if the Equation be not a Biquadratick 4. e. has not ths 
quantity S ; otherwiſe another Point L. or Z muſt be-foung 
(vid. Fig. 1%; and 13.) anda Circle deſcribed on the Radius 
HL or HZ, according to Des Cartes p. 86, and following, 
his Geometry. Y 

7. Viz. If you have—S, you muſt take on the Line H; 
or HA produced, on the one {fide Al = L or 1, and on the 
other AK = S, and deſcribing a Sermi-circle on IK, draw AL 

[3 6 

perpendicular to AH, to obtain the point L. (fee Fig. 11) 
Bur if you have FS, then in another Semicircle deſcribed on 
AH, apply the Line AZ = to AL found, thereby to obtain 
Point Z,, (ſee Fig. 13.) 

8. A Circle therefore deſcribed from H through a or A, i 
S be wanting, but thro” L if there be-—S, and thro” 7, i 


+ S,may touch or cut the Parabola either in 1,2,3 or 4. Points: | 


from which if you let fall Perpendiculars to the Ax or Diane: 
ter, you will obtain all the Roots of your Equation both true 
and falſe. | 

9. And, 1. If in the Equation p be wanting and—r be there, 
the true Roots will be on the Ik {ide of the Ax, as NO, and 
the falſe ones as MO on the right ſide. 2. But if there be in 
the Equation p and=p, the true Roots will fall on the lett fide 
of the Diameter, and the falſe ones on the right ; bur if | þ, 
on the contrary the true will be on the right hand and the falk 
on the left. 

10. But if the Circle neither touches nor cuts the Parabola 
in any point, it is a {gn that the Equation is impoſſible, and 
has no Root either true or falſe, but only imaginary ones. All 
which, how they may be found our, and that they are undoubr 
tedly rrue, are demonſtrated a poſteriori, in an eafie and plain 
way by the Author, wherefore we ſhall not give the Demon- 
ſtrations of them here ; but remit the Reader, after he hs 
made a little progreſs in this Art, to the Author himſelf. 

11. Wherefore now, (omitting alſo in this place the De- 
ctrine of the Compoſition of the plain and ſolid Geometrical 
Loci, or Places, which would ſerve for a Complement o! the 
Analytick Art) we will ſhew the Practice of theſe Rules al- 
ready delivered, premoniſhing only this from Mr. Baker, 


the Latms Rechum be made Unity, that L in the Central oy 
al 


Specions Analyſis. Is 
the I and all its Powers may be omitted, and fo the Rules exhibited 
nd | more compendiouſly, . as we have already done in our Syno 
iv Gs, and may be ſeen from the form of a general Central Rule 

of | hereunto annexed. 


ff (nt 4o=b=eD, 
the T' AD 
\L Il Part - 
PT ELIT = 4 = DH. 
2) 4 16 4. z 


To which Premonition of Baker we may alſo add this, if any 
given Line in the Problem it ſelf be taken for Unity, which 
i I nay be often very commodioufly done [as a in the former 
« W Problem p. 91. Geo. Cartes, and the Line NO in the lat- 
ter, and @ again in the Equation p. 83. the laſt line] 
ad then the ſame Line alſo may be taken for the Latzs 
ki#um of the Parabola to be deſcribed, if we have a mind 
p make uſe of rchis Compendium for abbreviating the Central 
Rules. For otherwiſe if we would conſtruct all Problems, as 
4 WY G4ker rightly afſerts we may, by only one Parabola, we ſhall 
kll often into very tedious Prolixities. 
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OF 
SPECIOUS ANALYSIS, 
In each kind of Equations. 


I. In Simple Equations. 


"PROBLEM I. 


| Aving the ſum of any two ſides given for formno 4 
H Trienple ABC, ,, find each of the Ges, "} form the 
Triangle. | 1 | 

Supppoſe e. g. three Lines given in Fig. 14. the firſt = 
AB+j AC in the I riangle ſought, the ſecond = AB 5 BC, 
the third = BC + AC, to find each of the fqdes e. g. to find 
AB, which being known, the reſt will be ſo alſo. 


SOLUTION. 


. 1. Denomination. Make AC AB = a; AB+BC=6; 
BC+AC = c; AB = x; then will AC = a—x, and 
BC = b— x, and fo the Denomination be compleat. 

2. Equation. Now if the values of the two laſt Lines BG 
and AC be added into one Sum, which we had before given" 
you'l have this Equation a F 6—2 x = c. 

3- Reduftion. By adding on both ſides 2 x, you! hav 

@aTo=cF2x; and ſubſtrafting from 
both ſides ©... @ F 6—=c 22x; and dividing both 
fides by 2 ... af 6—c = x | | 
. ma | þ 
D 4, Tie 


LINMI 


— 
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4. The E feion or Geometrical ConſlruFion, which the 
Equation thus reduced will help us to | 

Join AE = 4 and ED =b in one Line AD, and from this 
hackwards cut off DF =c; and divide AF which remains into 
wo equal parts in B, and you'l have AB the firſt fide of the 
Triangle to be formed ; and BE will give the other {ide AC, 
which ſubſtrated from ED, will leave GD = to the third 
(d&& BC; of which you may now form the "Friangle ABC. 

5. 4 general Rule” for Arithmetical Caſes. Add the two 
former Sums, 'and from the Aggregate ſubſtra& the third 
Suri; half the Remainder will give the fide AB common to 
he two former Sums. For an Example take this Queſtion : 
There are three Towns of ancient Herruria, viz. Forum Caſſii 
(yhich the Letter A denotes in A ABC) Suderrum (B) and 
/al6ni (C) which are at this diſtance one from another 3 if 
ju go from Volſinis to Forum Caſſi and thence to Sudertum, 
you mſt go 330 Furlongs; from Forum Caſſii to Sudertum 
ad thence to Volſinii there are 306 Furlongs; laſtly, from 
ludertum to Volſmii and thence to Forum Caſfi 272 Furlongs. 
How far is each Town diſtant from each other. 


PROBLEM UN. 


[” 8 right-angled Triangle ABC, having given the Baje 
AB, and the difference cf tve Perpendicular AC and the 
Hpothenuſs BC to find the Perpendicular and Hypothenuſa, and 
frmthe Triangle. 9 0 | 

| Make e, g- the Baſe AB (Pp. 15.) and the difference of 
be Perpendicular and Hypothenuſa BD, to find the Perpen+ 
dcular AC; which being known, the Hypothenuſa AC will 
te known alſo, if the given difference be added to the foung 
Perpendicular. 


SOLUTION. 


1. Denomination. Make AB = a, BQ =#s, AC = x; 
then will BC = x þ 6. 

'2, Equation by the Pythagorick Theorem, 
 axxFae = xx f2bxÞ bb, viz. the two Squares 
the Sides to the Square of the Hypothenuſa, 


Zs Reduttion 


7.3 TanerodaTFion to 


3- Redufion. Subſtrafting from both ſides x x, you'l hay 
aa = 2bxF bb; and moreover by ſubſtrating alſo bz, 
aa—bb= 2bx; and dividing by 26 
aa—bb= x, 


2b 


4. Effeftion or Geometrical Conftruttion. Having deſcribe 
upon the given Baſe AB a Semi-circle,apply therein the givz 
difference BD, and draw AD, whoſe Square is =aa—4, 
Since this muſt be divided by 2b, make, as AE= by 


AD =Vaa—bb, fo AD XY aa——bb to AC the Þy. 
pendicular ſought. 'To which if you add CF = BD, yu 
will have AF = to the Hypothenufa fought BC ; which wil 
come of courſe together with the whole Triangle ſought, i 
the found Perpendicular AC be erected at right Angles onthe 
given Baſe AB. | 

' 5. The Rule for Arithmetical Caſes. From the ſquare of the 
given Baſe ſubſtra& the ſquare of the given difference, and 
divide the Remainder by the double difference ; and you'l have 
the Perpendicular ſought. E. g. ſuppoſe the Baſe = 20 loot, 
and the difference between the Perpendicular and Hypotheau: 
!a 10, ; - 


PROBLEM UII. 


N the right angled Triangle ABC, having given the ſu 
AC and the To of the other ſide AB and the Hypothemia 
BC, to find the other ſide and the Hypothenuſa ſeparately, and 
form the Triangle. Suppoſe the given ſide (that is to be) 
AC (Fig. 16.) and the fum of the other ſides AD, to find the 
ſide AB, which being known the Hypothenuſa BC will x = 


known alſo. 


SOLUTION. Vil 


1, Denominatios, Make AC = a, AD =6, ABZnl i 
then will BC = bomex, : | | 
2. Equation. wxf aa = bb=—=2b af xx and ſybſtras ron 
INg XX, 


3- Reduifior 
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fy Reduftion. aa = bb—2bx; and adding 2b x 

aa F 2bx = bb; and ſubſtrating aa, 

2bx = bb —aa'; and dividing by 2 þ, 
x = bb—aa. 

2b 
bed 4. The Efe&1on or Conſtruction is like the former, and fo 
ren  yill be manifeſt only by inſpeCting that Scheme. 
WW 5. The Arithmetical Rule. From the ſquare of the given 
to WM im fubſtract the ſquaze of the given ſide, and divide the Re- 
« WM mainder by double the given ſum; and youl | have the other 
oo MY fide, and fubſtracting that from the given ſum, you have the 
vil WY Hypothenuſa alſo. E. g. let one fide be 15, and the ſum of 
{ W the other two 45- | 


ave 


PROBLEM TV. 


Awing given the Perpendiculars and ſum of the Baſes of 

two right-angled Triangles having equal Hypothenuſes, 
p fnd the Baſes ſeparately, and form the Triangles. Sup- 
ſe e, g. to form the Triangle ABC (lee £ig. 17.) you have 
men the Perpendicular AB, and for the other A ADC, the 
:rpendicular CD, and the given ſum of the Baſes BE, to find 
W ic Baſes ſingly, viz. the leſs for the greateſt Perpendicular, 

ad the greater AD for the leſs Perpendicular. 


ie 

if SUEVUIFONMN, 

id 

) W 1. Denominarion. Make AB = a, CD = 65, the ſum 
7; = c; make the lefſer Baſe BC = x ; the greater AD will 
x WM = cx. 


2, Equation. Since the Hypothenuſes of the two Trian- 
gs are ſuppoſed equal, the two 00 AB | BC, 4. e. xx fas 
<q to the two LOAD Þ CD, ze. bb cc 2CX 

x, 

ny 3. ReduFion. By taking away therefore x x» and adding 
Win aa{t2cxwil = bb+ ce; and further taking away 
t« WO fo both fides aa, 2.cx = bb 4 cc>a8; and dividing both 
F by 2c, x» = bb Fcc—aa. 


4. Geome- 
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4. Geometrical Conſtrufion. Join the Lines b and «3 
CD and BE at right Angles, (n. 2.) and the ſquare of 
Hypothenuſfa DE will = bb F cc. Upon this Hypotheny 
having deſcribed a Semi-circle, apply therein the Line AD, y 
the'ſquare of AE will = bb F cc—=aa. Which, ſince it:my 
be further divided by 2 c, ' make (#. 3.) as BF = 2ctoB 
= Ybb+cc—aa, fo BG to BC, the lefler Baſe ſought! | 

5. The Arithmetical Rule. From the ſum of the ſquan 
of the leſſerPerpendicular and the ſum of the Baſes ſubſtragy 
ſquare of the greater Perpendicular, and the Remainder diy 
ded by the double ſum of the Baſes, will give the leffer By 
E.g. make AB 76, CD 57, and BE t 14. 3 


PROBLEM YV. 


Awving given the Perpendiculars of to right- angled Tr 
angles ſtanding on the ſame given Baſe, to find the Sgt 

ments of the Hypothenuſes. FE, g. ſuppoſe the common gig 
Baſe be AB (Fig. 18.) and the Perpendicular of one Triangls 
AD of the other BC ; to find the ſegments of the Hypothenis 


 fes, cutting one another geometrically. 


+ 


SOLUTION. | 


If a Geometrica! Solution be required there is no need di 
any Analy(is ; for having erected perpendicularly on the cons 
mon given Baſe AB the given Perpendiculars AD and By 
the Hypothenuſes AC, BD being drawn immediately, exhibit 
their Segments EA, EB, EC, ED. But if it be to be dont 
arithmetically by a general Rule, then an Analyſis will be ne 
ceſlary. | A 

1. Denomination. Make the common Baſis AB = 4, a 
=b, AD=c; and, having found AF, all the reſt may 
had (for as AB to BC fo AF to FE ; which being given, yo 
have alſo GD and HC, and conſequently alſo DE, CE, ©% 
make AF = x, then will BF or HE = a—x. | 

2. The Equation from FE found twice. 

i, As AB to BC fo AF to FE, 


X wn b x; 
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: Speczons Analyfis. 
#As BA to AD ſo BF to FE. 

fg —— C— 4--X——Ac-"CX, 

E . - 
& Therefore 5 x = ac—cx, 


aA a 


* Reduion. Multiplying both ſides by. 2 you'l have & x 
gc— cx; and adding on both fides cx, bx f cx = ac 
dividing both ſides by b fc, x = ac. 

& The Arithmetical Rule. Multiply the commom baſe 
he leaſt Perpendicular, and divide the Product by the ſum 
he Perpendiculars ; and you'l have the lefler ſegment of the 
{which being given you'l have all the reſt. EZ . ſup- 
EB = 10, BE= 09, AD = 6. 


FAOUBLEM VL 


*O mſcribe a Rhombus in a given Oblong, i. e. having the 
bk. fdes of the Oblong AB and BC given, (Fig. 19.) to find 
Seement BF or DE, which being cut off, the remainder EG 
WE will ve the [ide of the Khomb ſought. 


SETEL UF FUN. 


lake AB = a, BC=b, BF = x: FC or FA will be = 
kx (lo far the Denomination.) "Therefore the ſquare of FA, 
his bb—2bx | xx will be = aa F xx, vis. to the two 
es of AB and BF (fo far the Equation :) and lubltracting 
zboth fides xx, bb— 2bx = aa; and 
1 bb = aa + 25x, and 

bb —aa = 26%; and 

bh —aza = x. {lo lar the* RedyFicn.) 


ws 
a eas 


Y = b 

w Geometrical Conſtruficn. Having deſcribed a ſerni- 
gon BC(z 2.) apply CD or AB, and the © BD will be 
W— az. Which lince it muſt be divided by 2b, make, 
E= 2bto BD = Vbb—aa, fo BD to BF fought, ard 
eur off the fide of the Oblong BY (3. 1.) 


$ Da The 
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The Arithmeticai- Rule. From the ſquare of the greater (y, 
ſubſtra&t the ſquare of the leſſer, and divide the remainder} f 
double the greater ſide, and the quotient will give the Ye ther 
ment BF ſought. E. g. ſuppoſe AB & 4, and BC =8. 


PROBLEM VII. 


O inſcribe the greateſt ſquare poſſible in a given Triay, 
z. e. having given the heighth of the Triangle CD (i, 

20 ) and the Baſe AB, to find a portion of the altitude (t 
which being cut off there ſhall remain ED = FG. | 


SOLUTION. 


Make the baſe AB = a; the altitude CD = 6, CE =x, 
then will ED or FG = b—-x. 

By reaſon of the {imilitude of the Triangles ABC and FG 
you'l have as AB to CD fo FG to CE. | 

a— b-—þb-X — x 

Therefore the ReQangles of the means and extremes wilt 
equal, 4 e. ax = bb —— bx; and adding on both lideb;, 
axÞtbx = bb, and dividing by a Fb, x = b6. 


aFb 

ConftrudFion. Upon the fide of the Triangle CB produced, ide 
make CH = 6, and Hl = a, fo that the whole Line ſhallb*Wit 
atb. And having joined ID and parallel to it HE draviJſkgn 
from H, the part CE will be cut off, which is thar ſought. Wim 
For as CI to CD ſo CH to CE, | ( 
ath —b ——b x according to the econ wo 

| Ni 


caſe of ſimple EffeCtions. | 

Arithmetical Rule. Square the given heighth of the Ti: BB 
angle, and divide the Produ&t by the ſum of the baſe anda 1 
titude ; and the quote is the part to be cut off CE. E. gy ÞÞ 
poſe CD = 10, and AB = 15. 


PROBLEM VII. [? 


N an acute-angled Triangle having all the {ides give, Wn 

find the Perpendicular that ſhall fall from the Vertex 0 I 

Baſe, i. e. having given AB, AC, BC (Fg. 21.) to find ALY will 
0 
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rk BD (for having found the one you may eaſily find the 0- 
& her) Corolt, Prop. 13. Lib. 2. Eucl. 
: SOLUTION. 


If there be only required a Geometrical Conſtruction of this 
ſroblem, there will be no need of any Analyſis; for having 
formed a "Triangle ABC of the three given {ides, you need 
ly let fall the perpendicular AD from the Vertex A, which 
yould derermine the Segment BD. To find the general A- 
mhmetical Rule, which is the general Corollary of Euclid, 
x if any one for exerciſe ſake had rather determine the Per- 
xndicular DA by the ſegment of the Baſe BD, than the latter 
bj the former, the Analyſis will proceed thus : 

Make AB & a, BCS b, AC =c, BD Sx ; then wil! 
(D be = 5— x. Wherefore by the Pythagorick "Theorem 
GCOBOAD = 44—= xx, and by the fame reaſon the ſame 

WAD = c—— bb} 2bx — xx. Therefore ax — xx (2 ce—- 

+4 26x —*x; and by adding on both ſides xx, az = cc — 

| ef þ+ 24x ; and by transferring ce— bb, aa— cc + bb = 2bs, 
bx Wd dividing by 2b, a2—cc F bb = x. 

2b 

The Arithmetical Rule. Subſtrad the ſquare of the leſſer 

cd, ide from the Sum of the 03 0 of the baſe and greater tide, and 

I be the remainder divided by double the baſe will give its greater 

wlf fement : 1f the 0 of the greateſt {ide be ſubtracted from the 

bm of the other ſquares, c.you will have the leſs ſegment CD. 

Geometrical Conſtruftion Having deſcribed a femi circle upen 

ond 4B (3. 2.) apply therein AC, and the 9 BC will = as —- cc 

W-rd continuing AC ro 35, till CB be =CB (z. 1.) the 7 of 
1 BB will = ag — cc | bb ; which fince it is to be divided by 
148 2 make as BE = 2b to BB = Y aa---cc +45, fo BF = 
UW ÞB to BD the ſegment ſought =Z BD » 71. 


PROBLEM IX. 


b an obtuſe angled Triangle having the thr. e ſides given te 
fnd the Perpendicular let fall from the Vertex 16 1he Baſe 
| ing continued : 1. e. Having given AB, BU, AC (Fr. 22, 
F”.1.) ro find AD or CD (for the one being found the other 
Will readily be ſo alſo) Corel! Prop. 12, Lib. 2 Endl. 

Da A SOL, U- 
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SOLUTION. 


What we premoniſhed about the former Problem, we ;, 

derſtand to be premoniſh'd here alſo. For the reſt make ty 
allo ABS a, BC =56, AC =<c, CD = x © then will BD 
bf x : Wherefore by the Pythagorick Theorem the 17 a1 
will = cc——xx, and by the ſame T heorem the fame © a1 
= a2a— bh -—- 20x — xx, 
Therefore co—xx = an —bb—-2bx— x; and addin 
to both ſides cc = an—bb-—2bx; and tranſpoſing cc and- 
2bx, bx ag——cc——bb; and dividing by 2b, + 
an— Cc bb. 


penn —_—_ 


2b 

The Arithmetical Rule. Subſtra&t from the ſquare of th; 
greater {ide the ſum of the ſquares of the baſe and leſſer lide; 
and the Remainder divided by double the baſe will give i; 
continuation to the Perpendicular. 

Geometrical Conſtruttion from the Equation reduc*d: Having 
deſcribed a ſemi-circle upon AB (. 2.) apply therein AC, ad 
the BG of CB drawn will Z a&— c-—bb; which {ni 


muſt be dividedby 2b make,as CF = 2b to CE Yaa—cc—i,,! 


ſo CE to CD the ſegment fought, » 1. 
PROBLEM XxX. 


Commonly aſcribed to Archimedes. 


THE Diameter AB of a given ſemi-circle (Fig. 21 n.l,) 
L being any how divided m L, and from I erecting a tir 
endicular LX, and upon the ſegments LA and LB having «: 


ſcribed t10 other ſemi=circles, whoſe ſemi-diameters are alſo ii | 


wen as well as that of the great Circ CB; to find the Rail 
FM and Vy of the little Circles that are to be ſo deſcribed, tu 
they ſhall touch the Perpendicular LX, the Cavity of the greait 
ſemi-circle, and the Convexities of the leſs. 


SOLVE 


un. 


lee 


= 
# aj 


ab 
AD 


ino 
Ing 


x1 
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SOLUTION. 


IT. For the Radins FM. 


1, Denomination. Make CB & a, EB =6 then will CE 
= z—b; for which for brevities ſake put c. And let FM or 
Nor FR = x : Therefore EF will be = b + x, and CF (ſub- 
tracing FR from CK) = a—x. Wherefore now you'l 
ave at leaſt the names of the three ſides in the A CFE, 6 
hat according to Poblem 8. the Segment of the baſe GE may 
x determined (which indeed is determined already, as being 
=LE—LG or MF z. e. b— x) for which inthe mean tim 
we will put y ; and now will CG = c— py, Ed 

2. For the Equation. If the O GE = 7 be ſubſtrafted 
rom the 1 EF = bb | 26x xx, you'l have the ſquare of the 
rpendicular FG = bb F 2bx F xx—yy; and, if 0 CG = 
(—2c) F 3 y be ſubſtracted from the MO CF = aa=——2ax 
2, you'l have the ſame 17 of the Perpendicular FG = aa-— 
ux | xx— CT 2) —— yy, Theretore bb | 2bx F xx-— yy 
= 4 — 24X Þ XX—= CC 2 ——7y. 

3. RedufFion, And taking from both ſides the quantities 
wand yy, bb F 26X = aa— 24X—ccF 2cy; and adding 
24X and cc, but taking away aa from both ſides, bb + 25x = 


19— 2.4X cc F 2cy; and adding 2aX and cc, and taking 
way from each fide aa, bb F 2bx | 2ax Þ cc aa GY) 3 
nd dividing by 2c, 
bb + 2bx F 2aX + cc aa =y 
2.C 
but the ſame y or EG is = EL — MF 7. e, þ—=x, There- 
fore bb 4 2bx + 2ax + co -— aa = b——x - 


| 2c 

Vhich is a new and more principal Equation: And multiply- 
ng both ſides by 2-© (you have a new ReduCtion) bb | 25x 
124X f cC— 24 = 2ac>=2bx; and adding 2cx, and tranſpe- 
ing the others, 2bx | 2cx + 24x = ag —= bb— cc TF 2b ; 
and dividing by 24 | 2b F 2c, 


X = aa——bb ——cc | 2bc 
_aatib+xc. 
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The Geometrical Conſtrution of this firſt Caſe. Add the +. 


terminate (zz 2.) quantity 2bc into one ſum with the Quantity 
aa, as in the beginning, ». 3. Then from this ſum ſubſtr,4 
ſucceſhvely the quantities bb and cc, and there will come oy 
(the ſame » 3) FH, whoſe DO. = aa 2bc—bb-—q 
Which fince it muſt be divided by 2« F 2b F 2c, make (the 


fame ». 2 ) as Fl = 2af2bfzc to FH = Yaafzbc — bb == 
ſo FH to F.M the Radius ſought of the little: Circle to be 6. 
ſcribed. This quantity FM being thus found, place it fron 
E to G (7. 1.) and from G erect a Perpendicular, which he. 
ing cut oft at the interval CF (which may be had, if from C3 
or CK you cut off FR = FM) or from E at the interval Ef 


(which is compoſed of the Radii EN and FN )gives the Center | 


of the little Circle to be deſcribed. 
The Arithmetical Rule. Add twice the f_} CEB to the 


IL 


ſquare of the greateſt ſemi-diameter CB, and from the fum | 


ſubſtract the Aggregate of the 01 0 CE and EB ; divide the | 


remainder by the ſum of all the three Diameters, (AB, AL. 
and LB) z. e. by double the greateſt AB; and you'l have the 
Radius FM, &c, For Example ſake let a be = 12, 6 =4 


c will be = 8, and x will be produced = 22. 


IL. For the Radius V y by belp of the, obtuſe- angled A DIC. | 


1. Denomination. CA a as above, DA or DL *! 6, and | 


putting x again for the ſought Vy or VR, CV will be = 
x, DL or DR = 6, and conſequently DV = 5, 


and DC = a—-, for which for brevity's ſake we will puts. 
Now you'l have at leaft in Denomination in the A CVD the | 


three {ides, ſo that according to Problem 9. the ſegment CV 
may be determined, for which in the mean while we will pi! 
7; then will DW = c | y, which is the ſame as DL—-W- 
or Vy ze. b ——X. 


2. For the Equation. If the ) CW = yy ſubſtract it from | 
24aX T xXx, and you'l have the [J ot the | 


the O CV = as 


Perpendicular VW, aa— 24x | xx——yy ; and if the © 


r 


' DW = cc f 2c þ yy, fubſtract it from the 1 DV = þþ + 26% | 
+ xx, and you'l have the ſame 17 of the Perpendicular VV | 


= bb + 2bx + XX——cc— 2c -- -77 Therefore 
aa 24x f Xx—— 97 = bb | 20x  aX 


2 3 Redu- 


—_— WC 


/ 
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3. Reduc3100. Therefore taking from both ſides xx and ys 


14— 24x = bb f 2b CC 2cy ; and adding 2cy 
and 24X, aa f 2cy A bb | 2ax f 2bx——cc; and ſubſtraq- 
ing 44, 2) 3 by aa F 2ax | 2bx——cc, and dividing 
by 20, 


y = bb——aa | 2ax f 2bxX—— cc 
2c 
But if you add to the ſame y or CW DC Q co, youl have 
DW = bb— aa F 2axX F2abX—— ccÞFe 4, e. 
2c 
reducing this c to the ſame Denomination, 
bb —— aa f 2aX 2bx fcc 3 DW. But the fame DW 


2 C 
="DL——WL =6 x. Therefore 
bh —— aa F 2ax F2bxÞccAb 
2c 

us, bh——aa f 2ax F 2bxFcc = 2/c | 2cx, and adding 
vx, and tranſpoling the reſt, 24x f 2bx F 2cx = aa—— bb 

— c | 2bc, and dividing by 2a | 2b | 2c, 
8 RB aa——bb—-ccF 2bc juſt as above in 

he firſt Caſe. 

4. The Geometrical Conftrufion therefore will be the fame 
$ there. See Fig. 23. 7. 4. and 5. 

5. The Arithmetical Rule is alſo the ſame, but the given 
quantities in this Example, which the figure of the Problem 
vill ſhew, thus vary, while 4 remains 12, b will be 8, and 
(4, from which dara (or given quantities) there will -nor- 
rithſtanding come out again, for x or the Radius Vy 2 3. 


- 


x, and mulriplying 
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II. Some Examples of fimple or pure Quadratic 


Equations. | 


PROBLEM L 


T2 make a Square equal to a gruen Refanple; i.e, bavmng 
given the ſides of the Rettangle, to Fay the (de of « 
equal Square, Eucl. Prop. 14. Lib. 2. Suppoſe e. yp. theg: 
ven {ides of the Oblong to be AB and BC (Fg. 24.) to nl 
the Line BD whoſe ſquare ſhall be equal to that Rectangle 


SOLUTION. 
Make AB — @ and BC = b, and the fide of the ſqure| * 


ſought = x, and the Equation will be ab = xx ; and extr- 
Cting the root on both ſides Y ab = x. 
Geometrical Conſtruction. Join AB and BC in one right 
line, and deſcribing a ſemicircle upon the whole AC, from 
the common juncture B erect the Perpendicular BD which wil 
be the fide of the ſquare ſought, according to Caſe 1. of the 
EffeCtion of pure quadraticks. | 
Arithmetical Ruze, Multiply the given ſides of the Oblong 
by one another, and the ſquare root extracted out of the Pro- 


duct will be the {ide of the ſquare ſought. 


PROBLEM II. 
T HE ſquare of the Hypothenuſa in a right-angled & beny 


given, as alſo the difference of the other two ſquares i 
ind the ſides. BE. g. If the Hypothenuſa be BC (Fg. 75 
and the difference of the ſquares of both the legs, and conl 
quently its Leg alſo BE given (for the ſquares being gal 
the ſides are alſo given geometrically) to find the fides of th 
right-angled A which ſhall have theſe conditions; or mor 
plainly, ro find one {ide e. g. the leſſer which being found, tht 
other, or the greater, will be found allo. 


80LU 


LIiNMI 
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F SUELUZ7ION. 


Let the I of the given Hypothenuſa = as, and the ſquare 


þy which the two other difter = bb Let the leſs fide = x, 


nd its I). = xx. Wherefore the greater will be xx + |b. And 


ſnce the ſum of theſe is = to the 0 of the Hypothenuta, you'l - 


Un have 2xx + bb = aa ; and ſubſtractin £4 bb, 
* 2xx =aa——bb; and dividing by 2 
6 xx = aa—bb, Therefore 
hnd \.. "RE 
; X = Y aa—bb. 

2 


Geometrical Conftrudtion. Havin & deſcribed a ſemi-circle on 
IC, and applyed therein BE, the DO EC will ja. — bv ; and 
Wing deſcribed another ſemi circle upon EC divided into two 


Qudrants the DC will be a2—bb, and ſo DC = Vaa— —bb, 


2 2 

«the fide fought ; which being alſo transferr'd upon the other 
tmi-circle deſcrib'd on BC, viz. from C to A gives the other 
ide AB and the whole A ſought. 7 

The Ari;hmetical Rule. From the ſquare of the Hypothe- 
Wil ſubſtraCt the given difference, and the ſquare root extra- 
* = of half the remainder gives the leſſer fide of the 4 

phe, 


PROBLEM IL 


Aving an equilateral A ABC given ( Fig. 26.0.1.) to 
L find the Center and Semi diameter of a Circle that ſhall 
reumſcribe it. 1. e. Find the BD the {ide of an Hexagon that 
May be inſcribed in'ir. For it we conlider the thing as already 
We; it will be manifeſt that the fide of the Hexigon BD 
Wil fall perpendicularly on the f:de of the A AB, as making 
MW angle in a ſemi-circle, ſo having biſected the Hypothenuta 


WF you l have E the Center ſought, 


Fe $SOLW 


><a. = Eee 
a 


mT OED OE IOE 


hn 


2- 
— 


4m Wow 
tl 1 
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SOLUTION. 


Make the fide of the Triangle AB & a, BD t& x, then wil 
AD ti 2x. Since therefore the ſquare BD 2. e. xx being ſu. 
ſtracted out of the ſquare AD 5. e. 4x, there remains the iquye 
AB 3xx, you'l have the Equation £ 

3xx 5 aa; and dividing by $ 
xx = aa: therefore 


3 


X I Y aa. 


3 
The Geometrical Conſfruftion. ' Having produced AB (y,,) 
to F a third part of it, the ſquare of a mean proportional þ) 
between BF and BA will be 3a or as, and fo the Line 8D 


I 3 
= V as. Therefore the Hypothenuſa DA being divided in 


two in E, or at the interval BD, making the interſeCtiontrom 
B and A, you'l have the Centre ſought. 

The 4rithmetital Rule. Divide the ſquare of the given fide 
into three equal parts, and the ſquare Root of a third part will 
give the ſemi-diameter AE or BE fought, by the interi:Qon 
of two of which you'l have the Centre. 


PROBLEM NIV. 


H=4"2 given, mm a right-angled Parallelogram, the Dis 
gonal, or for a right-angled A, the Hypothenuſa and tit 
proportion of the ſides, to find the ſides ſeparately and conſtrui 
the Parall:logram or A. . Suppole e. g. the given Diagonalto 
be AB (Fig. 27.” 1.) and the given reaſon of the {ide # 
AD to DE, to find the fades. | 


 SOMETION. 


Make AB = a, the reaſon of AD to DE as b toc; mak: 
the Icficr ide = x, then will the greater be c x. | 


— —  — 


b 


Nl 
ub. 
are 


J © the ſam E, 


bb 
AB; and multiplying both fides by bb, 
bbxx { coxx = aabb ; and dividing by bb Þ cc, 
xx = aabb. "Therefore | 


blrice 
wi V aabb 1.c, Extracting the roots as far 
bbFcc 
%s poſlible X <= ab 
Vhb + 


Another Solution. 


Call the name of the given reaſon e, fo thar aſſuming any 
line for unity, the value of e may alſo be expreſſed by a right 
ine, which ſhall be equal e. g. to DE above. Wherefore be- 
auſe we make the leſs fide x, the greater will be ex, and fo 

xx f eexXx = aa, 1. e. dividing by 1 T ee, 

XX = aa 
1Fee 
x.a V aa, 1. e. 


iTee 


X jk & 


Y'-1 Tee 
The Geometrical Sn frntfien 'The laſt Equation above 
being reduc'd to this proportion as the Y bb f cc tob ſoa to 
", make (2. 2 ) AD and DE at right angles, and AE will 
de 8 V bb + cc, and continuing AE and AD make as AE to 
AD fo AB to AC the lefler fide ſought. Having therefore 


awn BC which determines the lefler t1de AC, the greater {de 


nd ſo the A ABC will be already formed, and may be calily 
wOmpleated into a Rectangle. in the other Solution the laſt 


Equation agrees with the precedent (for ir gives us this pro- 


portion as Vx ee to 1'foato xin which 1 js = þ, and ee 
8 cc by what we have ſappoied) and lo the Conltruction will 


Ee 2 The 
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For the Equation, the 00 of the ſides are xx  coxx tas, 
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The Arithmetical Rule may be more commodiouſly expry, 
ed by this laſt Equation under the laſt form but one, after thi 
way, divide the 0 of the Diagonal by the D of the name « 
the Reaſon leflen'd by unity, and the root extracted out of th 
Remainder is the lefler {ide fought. | 


PROBLEM V. 


(Which is in Pappus Alexanarinas, and in Carte; 
Geometry, p. 83. in a Biquadratick afteCted þ. 
quation, and p. 84. he gives us thereon a ver 
remarkable Note.) 


| Awving given the Square AD ( Fig. 28 ) and a right 


line BN, you are to produce the ſide AC to E, ſo that EF | 


drawn from E towards B ſhall be equal to BN. | 
[t will be evident, if you imagine a ſemi-circle to pals thro 
the points B and E, that the moſt commodtous way wil be 


to {ind the line DG, that you may have the Diameter BG; | 


upon Which having afterwards deſcribed a ſemi circle, there 
will be need of no other operation to fatisfie the queſtion, than 
to produce the {ide AC "till it occur to the preſcrib'd Peri 
paery. | 


STS UF 10 N, 


In » d . . Y 
( As found by Van Schooten, p. 316. 2 his Com 
ment on Cartes's Geontry, which we will here give 
/ ozzewhat more aiſi tact.) 


I. Denomination. Make BD -or DC = a, BN of Fi=% 
BF = y, and LG = x; the Perpendicular EH will be =4, 
and EG = BF, viz y (becauſe the A EHG is tiwilar to 
AEÞEDF, by ». 3 Schot 2 Prop. 34. Lib. 1. Maths|. Fnue! 
and BD in the one = to EH in the other) and BG 2 97% 
BE =y+c; and &H will have its Denomination, it you 
m.ke (by reaſon of the ſimilariry of the & £ BED and 


ELL) 
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of as BF to BD ſo BE tro BH 
h | 7 a Jie ——ayFac. 
of 3 


i 4 you'l have allo HG = a | * —ay—ac, i. e. having 


duc'd them all-to the ſame Denomination, 
a) | #Y——4J ——2c, 1. Ce. xy——ac, Having therefore na- 


| Y 
med all as lines you have occaſion for, you muſt find two E- 
quations, becauſe there are aflumed rwo unknown quantities, 
0%, x and ). 
2. For the firſt Equation and its Reduction. By reaſon of 
he imiliarity of the A A BGE and BEH, 
bf as BG to GE fo BE tro EH 
Fl ax y——jjc -—— a: Therefore the Reftan- 
ole of the Extremes will be = to the Reangle of the means, 
o Wie 31 Fyc = 44 Fax, and taking from both ſides ye, 
* 1” = aaT YX— Je. | 
il 2. For the ſecond Equation and its Reduttion. Since 
Fe BY, HE and HG 


n ayfac==a —— xy-ac are continual froportionals, the 


ReQangle of the extreams are equal to the ſquare of the mean, 
it, axyy | acxy=—aacy — aacc = aa; - and multiplying 


"© 
;. Whoth fides by yy, and dividing by & _ | 
x1 f exy——acy— acc = ayy, and taking away ayy and 
ranipoling the reſt, | 
xy —ayy = acy—cxy Tf acc; and dividing by x—— & 
yy = ac—exy Þ acc; i.e. dividing aQtually as tar as may 


X—— 4 

IE #—4, 2 = | ace 
cl, ve = 
"WW 4 The comparifon 6t theie rwo Equations thus reduc'd, 
ov WF gives a third new one, in Which there will be on;y one un- 
nd known quantity, US. + | 

—y T a4 | ax 3 —C) T&cy; and adding to buth fides c71 
"_ | xX= 


u7 


_——— A... OO to eee... 


dia 


. 4.44 - 
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aa F ax = ace; and multiplying by x—4, 
wa ; 
aax * axx a3 —- 44x = aac, l. C. AXxX—g3 = | 
and dividing both ſides by a, xx—as = cc; and adding 
xx = aaTF cc. Therefore x = V aa | cc. 

5. The Geometrical Conſiruftion, which is the ſame Pay 
preſcribes in Carres, viz. having prolong'd the ſide of 
ſquare BA to N, fo that BN ſhall be = to a given rightly 
lance BA is = a, and BN = c, the Hypothenuſa DN will 
= VaaFcc= x. Having therefore made DG = DN, g 
deſcrib'd a ſemi-circle upon the whole line BG, if AC be oi 
longed until it occur to the Periphery in E, you'l have da 
that which was requir'd, : 


2 


» 


PROBLEM VL 


(Which Yaz Schooten has in his Comment, 1 
p. m, 150, and following.) Y 


$: 


Awing groen a right line AB, from the ends of it 4 a 


B (Fig. 29.) to infle# two right lines AC and Icy 
which ſhall contain an angle ACB = to the given one D, at 
whoſe [quares ſhall be in a given proportion to the Tri wh 
ACB, viz. as 4d to a. 3 

Viz. You muſt determine the point C, which the two right 
lines AH and HC or EH and HC will do, afſuming the muts 
dle point E in the line AB. Wherefore here will be two uns 
known quantities HE and HC, and conſequently two quay 
tions to be found in the Solution ; one whereof the gel 
proportion in the Queſtion ſupplies us with, and the other! 
have from the fimilar Triangles AIC and GF2, which re! 
ſent equal angles. 


SOL UVTHTO iv. 


Denomination. Make AE, half AB & a, HE = x 
Hu = 5; therefore AH will be = q—x and H5 = a7 [ 
whence the Denominarion of the ſquares AC and BC. 15 camp 


had ; viz. the one 4a—24ax | xx Þ| yy, and the other, 3 


\ hs 
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+ xx | 7, fo that the ſum of the ſquares is 2.42 + 2x + 
And the A ACB will be & ay: And fince the A A 
) and AiC are {imilar, and the ſides of the former FD and 
rbitrary, ſo that for FD we may put b and for FC, c : 
the ſides of the latter are determined by the fmilitude of 
6 A ABI and HDB, as being right-angled ones, and ha- 
the common angle B ; they will be obrain'd by makin 
the Hypothen. BU to the Hypoth. AB ſo the baſe HB to 
aſe BI, 2. e. 


6— 24—4 ]F X— 244 f 24a, 


F whence ſubſtracting BC j& e, there remains CI = 
' 24a} 2ax——ee. 


"A e 

L For the firſf Equation, by virtue of the Problem as 4.4 
ſo 24a | 2xxF 2zy toay. And the Reftangle of the 
mes is = to the ReCtangle of the-means, 7. e. 4ady = 2.43 
[x 7 2.99. 

L For the other Equation, fnce 

as DF to FG fo Clto Al 


| þ mm C—— 24aFLax ee — lay 


— 


3 s n 

the Rectangle of the extreams will again be = to the Res 
gle of the means, 1. e. 22yb = 2aac F 2a6x —cee; 

i . n — 


E [1 (2 
multiplying both fides by e, 229b = 2aac | 2acx —cee 3 
is the ſecond Equartion. 
þ The Reduction of both Equations. 
vfrſt was 4ady = a3 f 2axx | 2ayy. 
fefore dividing by 2a, 2dy = aa | xx | yy. 
lubſtracting aa | yy, 2dy —a8&——)Yy = XX. 
the latter Equation was 2ayþ = 2aac | 1acxy———=ecc, 1. E. 
buting again the value ee, which was 
WT 2ax | XX Þ yy. | 
2anb = 2aac | Lacx ——a0c—= Lax ——= CXX—CY) 
2ayb = aac — cxXx—cyy ; and by tranſpoſition, 
XX R aac —2ayb cyy ; and dividing by c, 

XX = ag — lay —)}, Or Ad — jJY—24)9, 

c c 
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or (putting 2f for 2ab) xx = aa— yy —1f). 


I 
Wherefore we have the value of xx twice expreſſed, but t; | 1 
quantities partly unknown, becauſe”y is found on both (ie, | 
Wherefore now we muſt make a new compariſon of their iÞ 
values, whence you'l have this new | 
5. Third Equation, in which there is only one of the ug. þ 
known quantities : 
2dy ——aa—yy = a——yy—2fy; and adding oy! 
both ſides both yy and aa, b 
24y = 2aa— 2fy; or dividing by 2, 4 
dy '= aa——fy ; and tranſpoling fy, ke 
dy 7 fy = aa; and dividing by d + f, ſe 
y = 44; which is the value of the quantity in : 
: Fi | : 
known terms. ' f 
But this value in one of the precedent Equations, viz. in| 
this xx = 2dy——aa— yy, being ſubſtituted for » ard its} 
{quare for yy, will give | 
xx = 2daa——aan—-a+ | 
tf JF df, 4. e. all being reduel fi 
to the ſame denomination, | wy 
xx = aadd———aaff a+; and IK 
BRCACAY F 
K = Vaadd aaff —— a+ - 
dd | 24f + ff. 


6. The Geometrical Conſiruttion, which Schooten gives Us 
P- 153. Having made the angle KAB (. 2. Fig. 29.) & 
qual to the given one D, erect from A, AL perpendicularto 
KA, meeting the Perpendicular EM in L; and from the 
Centre L, art the interval of the given right line 4, deſcribe 3 
Circie that ſhall cut RA and EL produced to K and M. Theti 
alluming EN = KA, join MA, and from N draw NH pr WW. - 
rallel to it, which ſhall meet AB in H. Afterwards, having 
deſcribed from L, at the interval L4, the ſegment of a Circ 
ACB, draw from H, HC perpendicular ro AB mecting tt W* 
- circumference in C, and join AC, CB. | 


Ns. Trl 


- Specions Angie. | 1:9 
NB. The reaſon of this elegarft Conftrution, which the 
futhor conceal'd, for the fake of Learners we will here ſhew: 
by Therefore, he reduc'd the laſt Equation (extraQting the 
wot, as well as it could bear, both of Numerator and: Deno- 
cir] minator) to this: x = 2 multipl. by Y4d—f— aa, fo 
n- Y tur after this way the Conſtrution-would be reduc'd to this 
© proportion, as df f toalo V dd—ff—aato x. 2. He made 
"Ye angle KAE = to the given one D, and the angle KAL 
1right one, ſo that having deſcribed the ſegment of a Circle 
fom L the inſcribed angle will alſo be made equal to the gi- 
ren one, according to the $3. Lib. 3: Encl. 3. By doing 
. BE bs, EL exprefles the quantity f, ſince by reaſon of the ſimi- 
"I ity of the A A ROA Cl. GFD, ». 1. and AEL (for the 
ples LAE and ARO are equal, becauſe each makes a right 
Wine with the fame third Angle KAO) you have 
= as RO to OA fo AE toEL ie. f 


g—— 4b 


its | * NIE 
C 
4- Making now LM and LK ='d you had EM = d +f, 
x MW od AK = V dd—ff——aa (for the DO AL is = toaat ff, 
thich being ſubſtrafted from 1 LK = dd, there remains 
K = dd —-aa—— f.) 
5. Wherefore there now remains nothing to conſ{truft the 
alt Equation above, but to make EN =Z AR, and to draw 
IN parallel to AM ; for thus was the whole proportion 
as EM to EA EN to EH © 
tf —a—YVdd—f—atox Q.e.t. 
fir the point H being determined, a perpendicular HC thence 
reed in the ſegment already deſcribed defines the Point C, 
Wach anſwers' the Queſtion. 


e2 BN 

ett PROBLEM VIL 

' » | 

# | Aving given the four ſides of a Ouadrangle to be inſt rited 


in a Circle, to find the Diagonals and their Segments, 
nd ſo to conftrutt the Quadrangle, and inſcriche it in the Circle. 
« g. ſuppoſe the given ſides are AB, BU, CD, DA (Fg- 
Þ n. 1;) which now we ſtppoſe fo be joined in'o a Lg” 
gle 
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ole inſcrib'd in the Circle, the Diagonals alſo AC and B 
being drawn (. 3.) to find firſt the ſegments of the diagong, 
Ae, Be, ©c. which being had, the Conſtruftion is ready, 


SOLUTION. 


Denomination. Make AB= a, AC = b, CD = ©, DA 
= d, Ae = x [for this ſegment alone being found, the ref 
Will be found alſo, as will be evident from the proceſs. | Sine: 
therefore the vertical angles at e are equal, and likewiſe the 
angles in the ſame ſegment BCA, BDA, alſo DAC, DBC, 
&c. are equal, the Triangles AeD and BeC, alſo Ae and 
CeD are fimilar : wherefore it will follow that, 


Ii. AsDA to Ae ſo CB to Be 
d x —— b—bx 

x 

2, As AB to Beſo CD to Ce 
a—= bx—— c—bcsx 

a ad 
2: As AB to Ae ſo CD to De 


a 


Therefore the whole Diagonal AC will be = x | 96 
ad 
and BD = bx Fcx. 
> @& 


2. The Equation. But now by Prop. 48.-Lib. 1. Math, 
Enucl. the Rectangle of the Diagonals is equal to the two 
ReCtangles of the oppoſite fades. 

Diag. AC, -x | vcx 

ad 
| Diag. BD, bx Þ cx 
4 4 


_—— 
exx Þ| bbexx 


a add 


3D 
als 


JA 
reſt 
nce 
the 
;0 
nd 


"o 


we 
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Therefore 

the 17 of the Diagonals bax Þ cxx | bbcxx + beexx is 

d a add aad 


= ac} bd. 


3. Reduttion, i. e. taking (a) for unity 

bxx'Þ+ cxx | bbexx Fbeexx Z © + bl : 

yi EE” x 
;e, the quantities on the left hand being reduc'd to the ſame 
dnomination. 


bdxx + cddxx | bbexx f beedxx = cFbd ; 
- EE. 
ind mulriplying both fides by 4d, 
bdxx { cdxx | bbexx + beedxx = edd { bd ;, 
nd dividing both ſides by 4 


bxx | cxx | bbexx | beexx = cd | bdd ;, 


d 
nd then dividing both ſides by b + «d + bbc + bee, 


4 


I 


xx = cd + bdd 
b fd tbbcx bee; i.e. in the preſent caſe, where 


d 
b by chance happens to be = a, 


xx = cd F dd 
LIfda TT cc 
d 
Therefore .X = Ved | bdd 
| b | cd + bbc bes 
d 
or in our caſe 
x = Tay dd 
Ifod {ct 
d 


4- The Geometrical Conſtrution, which, by ſuppoling a 
(and in the preſenr caſe allo þ) to be unity, ought to deter- 
2. Mite - 


go © Introduftion to 
| mine, 1. 'The quantities c4, 2, oc, and their aggregate wi 
7 | 

unity. 2. The aggregate of cd and dd. 3. To divide the an 
one by the other. And, 4. To extract the root out of the hs 
quotient, or alſo to extraG the roots firſt out of each quantiry, MUHk 
and divide them by one another ; which may all of them be md 
ſeparately done in ſp many ſeparate Diagrams, but more ele. Wwe 
gantly connected together after the following or ſome ſuch like WW) Þ 
way. 7. Join AD and DC (3. 2.) into one line,. and having WW 
deſcribed a ſemi-circle thereupon, erect the Perpendicular DE, 


and the line AE drawn will 3 Ved f dd. 2. Making the MY | 
angle CAG art pleaſure, make AF 3 AB, anddraw CG px- 
rallel to the line DF ; ſo FG will be & c. Now it, 3. 


the vertical angle you make AH 3 CD, the line HI drawn | 
parallel to DF will cut off AI | cd. 4. In AKeredted 3 MM 
to AB, if you. take AL 5 AH or CD, and. draw LM papl- 
lel to KH, you'l have AM = 6c. 5. Having prolonged 
AG to N and AH to O, fo that GN ſhall be 8 Al} AM 
and AO = AB or AK, and having deſcribed a ſemiccirck | 
upon the whole line NO, a perpendicular erefted AP willbe 
=ViftcdFcFcoi; andlo, 6. if AQ be made = AE 
=” 
and AR = AF or AB, and you draw a line RS from R ga- 
rallel to PQ; AS will be = x, 3. e. the ſegment ſought Acot 
the Diagonal AC; which being given, by force of the fit 
Inference premis'd in the Denomination above, .by drawing 
DS and, having made DT = BC, 'T'V parallel to it; you'll \ 
have alfo the other ſegment Be = SV and by their Interſection WW 
on the line AB (7. 3.) the point e, thro” which the Diagonals q 
muſt be drawn which will be terminated by the other give Wy 
ſides, and thence you'l have the quadrilateral figure ABC | 
ſought, to be circumſcribed about the Circle, according to Cor Wy, 
ſeff. 6 Defin. 8. Matheſ. Enucl, 4 


NB. Unleſs we had here conſulted the Learner's eaſe, the| We 
artifice of this Conſtruction might be propoſed after a more Wns 
( 

\Þ 


ſhort and occult way, thus: Make DE a mean proportional 
between AD and DC, and draw AE. Then having __ 
any angle CAG, make AF = AB, and at this —_— al 
: "IP | cribe M:. 
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{ribe the circle FROR, and draw CG parallel to DF. More- 
yer in the oppolite vertical angle, having made AH = CD, 
WF HI parallel to DF, and having erected the perpendicular 
ik, and thence the abſciſſa AL = AH, make LM parallel to 
uK, and thence having prolonged AH to O, and GN being 
mde equal to AI F AM, make AP a meam proportional be- 
ween AO and AN, cutting the hidden circle in R ; and laſt- 
e My bavicig made AQ. = AE, if RS be drawn parallel ts QP, 
wwl have AS the value of x ſought, &. OO 


g 
| 111. Some Examples of Aﬀeited Quadratick 
- Equations. | 

4 : 


PROBLEM LI. 


Awing given, to make 4 right angled Triangle ABC, 
the differences of the leſſer and preater ſide, and o 
ik greater, and the Hypothenuſa, to fad the ſides ſeparately 
ad form the Triangle. E. g. Having given the right line 
1B (Fg. 31.) for the difference of the perpendicular and baſe, 


al the perpendicular AC, which being found, you'l have al- 
Coke we have ſuppoſed,the baſe AB,and the hypothenu- 
iBC. 


SOLUTION. 


Make the difference DB = a, CE = b; put x for the 
xpendiculir ; the:'baſe, which is greater than that will be 
:f and the Hypothenuſa x Fa | 6. Therefore by vertue 
| the Pythagorick Theorem, 

Uxx | 24% f aa = xx | 24x |} 2bx aa} 2ab{bb; 
ud ſubſtraQting from both ſides xx f 24x Þ 4a, 

xx = 2bx | 2ab F bb. | 
he M/herefore by the firſt caſe of affected quadratick Equati- 
re Wins x = bF V2ab þ 2bb. | | 
nl Wl Conftru&ion. Find a mean proportional AK between AH 
ye 2 wand Al = 4 (n.2.) (Fig. 31.) and having made both 
c- WF and AG = 6, placethe Hypothenuſa KF from AL, and 


cut 


id CE for the difference of the baſe and Hypothenuſa, to 


Ln RG” 
"_ 7 
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cut off GC equal to the hypothenuſa GL ; thus you'l have AC 
the perpendicular of the "Triangle ſought, and adding DB yay! 
alſo have the baſe AB, and from thenee having drawn the hy. 

othenufa BC, it will be found to differ by the exceſs required i 

E. | 

The Arithmetical Rule. Join twice the product of the 

differences multiplyed by one another, to twice the ſquaredf 
' the difference of the baſe and the hypothenuſfa ; and if the 
ſquare root of this ſum being extracted be added to the afore- 
ſaid difference, you'l have the perpendicular fought. Suppoſ: 
e. g. both the differences of CE and DB = 10. | 


PROBLEM Ul. Y; 


N a right-angled A having given the Hypothenuſa and ſun 
of the ſides, to find the fides. E. g. If the Hyporhenuſz BC 

be given (Fig. 32.) and the ſum of the {ides CAB, to hind the 
ſides AB and AC ſeparately, to fortn the "Triangle. | 


SOLUTION. 


Make the Hypothenuſa BC = &@, the ſum of the {ides i=, 
Make one fide e.g. AB = x, then will the other ſide AC be$ 
=b—x, Therefore ſh 

2:xx—2bx { by = aa; and adding 26x, and taking a- 
way bb, 2xx = 2bx | aa—bb; and dividing by 2, 
xx = bx + aa — bb. | 


EEaSTES SE 


2 7 

Therefore according to Caſe 1. of affeted Quadraticks, Myr 
x =1b+Y 1bbFaa—t JI” 

Oren Ol Gal 

; ——— te 

J. C. 2b | V 24a—,46b 7 

or 2 b— Y j aa—!bhb. tt 

I ke 

The Geometrical Conſtruction. Having deſcribed a ſemi-circle wait 

' upon BD = BU fo @ appiy therein the equa] lines BE and DE,Mnd 


and having deſcribed another ſemi-circle on BE apply there! 
BF = 4, to be prolonged farther out. Laſtly, it another little 4 


ſemi circle be deicribed at the interval EF, the whole line a 
| will 


: of Yvppoſe e. g. BC to be 20, and the ſum of the ſides 28. 


re- | PROBLEM lll. 
Aving gruen again in the ſame LO the Hypothenuſa, 
above, and =- difference of the ſides DB (Fi. ” -- 
W 6 the /ides. 
cl nn STELUTIONMN. 


C1 
: WY Make the leſs fide x, the difference of the ſides = b; the 
Water ſide will be x F 6. Let the Hypothenuſa be = 4. 


2xX = a#-—2bx——bb; and dividing by 2, 
XX = —=bx + aa——bb. 
i 


De a 


therefore by caſe 2, X = ——135F Y 4645 | a2 ——bb 


a 2 
i. e. —ib4Þ Viaa——,bb. 


The Geometrical Conſtruttion. Having deſcribed a ſemi-circle 
Win BD = BC or a,apply therein the equal lines BC and DC, 
ud having deſcribed another ſemi circle on DC apply m it DF 
2b, and if at the ſame interval you cut off FA from FC, 
be remainder AC will be the leſſer fide ſought, ec. 

The Arithmetical Rule. From half toe ſquare of the Hy- 
nhenuſa ſubſtract the ſquare of half the difterence, and if you 
tke half the difference from the root extracted out ot the re- 

1B winder, you'l have the lefſer {ide of the Triangle required, 
Wd by adding to it the given, difterence you'l have allo the 
"Wocater. Z. g. Letthe Hypothenuſa be 20, and the difterence 


le K 
R f the ſides 4. 


Ml 


PRO- 
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wil be the true root or the fide ſought, and GB the falſe 


wot Oc: | 
ou The Arithmetical Rule. From half the ſquare of the Hy- 
hy.  pxthenuſa ſubſtract the fourth part of the ſquare of the given 
re im, and the root extracted out of the remainder, if it be ad- 
&d to balf the ſum, will give one ſide of the Triangle ; 
the nd ſabſtrated from the given ſum, will give alſo the other 


ſherefore, 2x%x f 2bx Fbb = aa; and taking away 2bx + bb, 


44  Introduttion to 


IL 


PROBLEM TV. 


. : - | EW. Y] 
| | es iven the Area of a right-angled Parallelyray; 
and be difference of the ſides to find the ſides. FE. og. If 
the Arca is = to the ſquare of the given line DF, and the 
diffecence of the ſides ED (Fig. 34 to find the (ide of te |» 
rectangle. 3 * 
SOLUTION, - 


Make the given Area = aa, the difference of the ſides =}; 

the leſſer fide x; then the greater will be x F 6. Therefore t- 
the Area xx + bx = aa; and ſubſtracting bx 

Xx = ——bx | aa. | 

| Therefore according to caſe 2, x = —1bFY ;bbjaa 

The Geometrical Conſtruction. Join at right angles AG = i; 

a, and GH =;6b, and having drawn AH and prolong! it, | 

deſcribe the little Circle at the interval GH : fo you'l have 

AE the lefler fide, and AD the greater of the Rectangle 

ſought, &*c. 

The Arithmetical Rule, Add the given Area and the ſqure 

of half the difference, and having the ſum, ſubſtract m add 

the difference from or to the root extracted, and fo you'l have 
the greater and leſs ſides of the rectangle. 


PROBLEM V. 


Awving given for a right-angled Triangle the difference of 
H both the Legs from the Byporbenuſs, to find the ſides and 
ſo the whole Triangle. E. g. Suppoſe the difference of the leſs 
ſide to be BD and of the greater DE (». I. Fig. 35.) to find} 


the fides themſelves, and to make the 1'riangle. 


SOLUTION. 


For BD put a, for DE, b. Let the greater fide be * ; 
the Hypothenuſa will be x -b; therefore the leſſer fide will 
be x F 6——-4a. Now the Q 0 of the ſides are = to the of 
the Hypothenuſa, z. e. 2Xx — 2ax | 2bx f bh —- 240 F4## 

_ XX 


_ 


J-xx+206x+45; and taking away xx + 2bx + bb, 
XX =—= 2.4% 2ab} aa 40; and adding 2«x and 


1, and taking away aa, 
" xXx = ax +2ab—ag. Therefore 
If X 3 a T Vaa f 2ab—=—aa, 1.e. 
he x = a+ Yuab. 


be | The Geometrical Conſtruction. Betweeri the given diffe- 
zmces BD and DE. find (2 2.) a mean proportional DF, 
nd join to It at right angles the equal line FG, and cut off 
JH equal to DG; and fo you'l have BH the greater (ide of che 
mgle fought. This being prolong'd to C, fo that HC ſhall 
£= b, having deſcribed a ſemi-circle upon the whole line 
© FC apply therein BA = BH ; and having drawn AC, the 
ſnangle ſought ABC, will be formed. | 
The Arithmetical Rule. |f the ſquare root extrafted from 
Wi double rectangle of the differences be added to the greater 
erence, you'l have the greater fide ſought, &c. 


PROBLEM VI. 


Aving given, to make two unequal ReFangles, but of 
equal heighth, the ſum of their Baſes with the Area of 
kler (viz. the greater,) and the proportion of the ſides of the 
ter (viz the Pale.) to find the 4 ſeparately. E.g. Let 
tſum of the baſes be AB (z. 1. Fig. 36 ) and the ſquare of 
:line BC = to the Area of the greater rectangle 3 and let 
& {ides of the lefler reftangle be to one another as CD to DE : 
thnd the (ides of both the reCtangles ; 5. e. to find the com- 
In altirude, which being found the other ſides will be eatily 
hin'd from the Data ; or to hind the baſe of the greater 
ich, with the ſame eaſe, will diſcover the reſt. 


SEED TION.,. 


Make AB = a, and the Area of the greater rectangle = 65; 
the proportion of the altitude to the baſe in the lefler, as c 
d; to find e. g. the greater baſe which call x. "Therefore 
common alticude will be = 46, and the baſe of the lefler 


N 


w > vu 44 


nple BY ge—=X, 
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G g | Where. 
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Wherefore you'l have for the Equation, 
as c tod fo bb tO a——x. 


x 
Therefore ac——cx i= bb ; and multipl. by x, 


x 
acx—cxx = bbd; and adding cxx and taking away by} 
acx—bbd = cxx, Now that you may conveniently 
divide both ſides by c, make firſt as c to b fo d to a fourth! 

which call f, and then put cf for b4, and you'l have 

aox—bef = cxx ;, and dividing by c 
ax — bf = XX ; and 1o according to caſe 3: 
x B14} Y;,aa—of 


or 1a—V j aa— bf. 


The Geometrical Conſtrudtion. Find firſt the quantity f 
(num. 2. Fig. 36.) according to the following proportion, a 
ctoblſod of ; and a mean proportional between þ and 
will be = V bf. Then having at the interval :@ deſcribed : 
ſemj circle (7. 3.) upon the givenline AB, and erected BD 
V bf, and having made EF & to it, CF will be Y ; aa=If 
To which AC being added will give x for one value and F 
for the other. And for the common altitude, which wecallec 
bb, make asxxtob, ſo b to a fourth, z. e. as AF to FH 


N | 
FHto FG; which will be the altitude of both rectangles A 
and Bg which may now eaſily be conſtructed. 

The Arithmetical Rule might eaſily be had from this Equ: 
tion reduced; but you may have ir more commodiouſly tron 
this other 


SOLUTION. 


Let the Denomination remain the fame as above, only he 
put x for the common altitude, and expreſs the reaſon of t 
lefſer baſe of the reangle to this altitude by e, and that bak 
will be = ex : Therefore the baſe of the greater Rectang 
Will be = 2 ex, Having now multiplyed the co 
mon altitude by each baſe, the area of the greater rectang 
will be ax——exx, and hence you'l have the Equation 
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ax —exx = bb; and adding exx, and taking away 
ax— bb = exx; and dividing by e, 
ax — bb = xx. Therefore by caſe 3. 


e 
XK = a TY aa—bbor x = a —V aa—bb, 
2C gee e 2e dee e 

Wherefore now this will be the 4rirhmetical Rule, If from 
je fourth part of the ſquare of the ſum of the baſes divided 
the 0 of the name of the reaſon you ſubſtract the given area 
kided by the ſame name of the reaſon, and if the root extracted 
ofthe remainder be added to or ſubſtratted from half the ſum 
{he baſes divided by the ſame name of the reaſon; this ſum or 
mainder will give the altitude of the given Rectangles, and 
ut multiplyed by the name of the reaſon one of the baſes : 
id that being ſubſtrafted from the given ſum of the baſes 
il give the other baſe. For Example, let the ſum of the ba- 
be 16, the area of one of the rectangles 3o, the 
me of the reaſon which the common altitude has ro the baſe 
tte other rectangle = 2. There will come out the com- 
un alrirude, on the one fide 5, on the other 3, Oc. 


FROBLEM VILE 


[T Aving given the Perpendicular of a right-angled Trian- 
gle let fall from the right angle, and its Baſe, to find the 
ments of the Baſe, and ſo to forin the Triongle. 
E g. If the baſe of the right-angled Triangle you are to 
n be AB (7. 37.) and the length of the perpendicular 
or BF 3 to find the ſegments of the baſe, and fo the point 
rom which you are to make the perpendicular CD, to torm 
tTiangle ABG. 


SEED FFOMN. 


Let the given baſe be = a; and the given perpendicular 
b: Then will one of rhe ſegments of the baſe be = x 5 
l the other = a— x, and þ a mean proportional between 
laid ſegments, 5. e. 
| xtobas's to a—X; 
terefore ax—xx = bb; and by adding xx and taking a- 
y bb, 

Gg 2 ax — 
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ax—þb = xx. Therefore by caſe 3: 
x = 1a Yjaa—bb 


or: ana ——bb. 


The Geometrical Conftruftion. Having deſcribed a ſemj. 
circle upon the given line AB, if you eredct the perpendicula 
BE, and from the point G (which is determined by EG pau 
rallel to AB) let fall GD equal to it, you will have the twg 


ſegments ſought, AD = ja | Y 44a-— bb and DB x 1 aw 
Y 14a—bb, which Conſtruftion, it cannot be denyed, but 
It may be evident to any attentive perſon even without the A 
naly lis: | | 

But that caſe may by the by be raken notice of wherein the 
given perpendicular would not be BE but BF. For inthig 
caſe the perpendicular BF being erected upon AB, the paral« 
lel FG would not cut the ſemi-circle ; which is an infallible 
fign that the Problem in this caſe is impoſhþble, where the 
perpendicular is ſuppoſed to be greater than half the baſe; 
which 1s inconſiſtent with a right angle. (0 

The Arithmetical Rule. From the ſquare of half the baſe 
take the ſquare of the given perpendicular, and add or fub* 
ſtrat the ſquare root extracted out of the remainder, to of 
from half the baſe; and on the one hand the ſum wil give 
the greater ſegment, and on the other the difference will give 


the lels. 


PROBLEM VIE. 


Arving given the perpendicular of a right-anvled Triangh 
H Wage to be bet Flom tbe E-<s —_ and the diffes 
rence of the ſegments of the baſe, to find the ſegments, and der 
ſcribe the Triangle. | 

E.g if the perpendicular is, as above, BE, and the difle 
rence of the ſegments AH (. 1. Fig. 38.) to find the ſeg? 


ments AD and i/B, from whoſe common term you are to « 
rect a perpendicular DG or DC to form the Triangie. 
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SOLUTION. 


Make the leſſer ſegment = x, and the difference of the ſeg- 
ts = 4, the greater ſegment will be x + « Make the gi- 
| perpendicular as before = b': Therefore you'l have 
F asxfatobſobtox; and conſequentiy, 
ox Fax = bb; and ſubſtrafting ax, 
xx = by——ax. Wherefore according to caſe 2. 
t x =2——:aT V;aatbb. 
The Geometrical Conſtruction. Make HD = 2 «, DG equal 
[perpendicular to b; HG will be =Y [aa + bb = HB or 
, vi2 having . drawn a ſemi-circle from H thro? G. 
terefore DB is the leſs ſegment, and AD the greater; and 
ting drawn AG and BG, or on the other fide, (making the 
tendicular DC = DG) having drawn AC and BC, the 
mangle will be conſtrufted. Or with Cartes, make (5. 2.) 
E — 2a and EB = b, and having deſcribed a Circle from 
thro' E draw BHA ; and ſo you'l have the two ſegments 
zht AB the greater and DB the leſſer. 
be Arithmetical Kule. Join the ſquares of the half diffe- 
e and perpendicular into one ſum, and then having extra- 
the root ſubſtraCt half the difference from it; and the re- 
ader will be the lefſer ſegment ſought ; and having added 
difference you'l have allo the greater. | 


PROBLEM IX. 


Aving grven for a rigbt-angled Triangle one ſegment of 
L the baſe and the ſide adjacent to the other ſegment, to find 
reſt and conſtrntt the Triangle. 

ds if the leffer ſegment of the baſe DB be given (Fig. 39. 

F.) and the fide AC adjacenr to the other ſegment ; ro find 
greater {egment of the hafe, which being found the reſt 
ealily obtain'd, and conſequently rhe whole "Triangle, 


SOLU- 


50 Introduttion to 


SOLUTION. 


Make the greater ſegment = 6, the given ſide = c; the BY ff 
ſegment ſought = x. Now if we ſuppoſe the triangle ABQ ; 
to be already found, it is evident, t. If from the ſquare of 4G ly 
you ſubſtra&t the A AD, you'l have the 0 CD = c —-«x, Ku 
2, The ſame 01 CD may alſo be otherwiſe hence obtain'd, be. Yr 
cauſe, the angle at C being a right one, CD is a mean pro. W;, 
portional between BD and DA, z.e. between 6b and x; whence 7 
the rectangle of the extremes bx is = 0 of the mean CD. 
Wherefore now it follows, 3. that 

c—XX = bx; and adding xx, 
cc = bx | xx; and ſubſtracting bx, | 
—bx + cc = xx. Therefore according to caſe 2, MI" 


X = —2b}FY {bb x cc. 


Geometrical Conſtruftion, Join EF = 3b (n. 2. Fg. 39.) | 
and FA = ct right angles,and having deſcribed a Circle rom 
E thro? F draw AEB; fo you'l have DA the greater ſegment 
and DB the leſs; having erected therefore a perpendicular 
from D, and deſcribed a ſemi-circle upon AB, you'l have C 
the vertex of the triangle ſought, whence you are to draw 
the ſides AC and BC. 

The Arithmetical Rule. Join the 0 of half the given (eg- | 
ment, and the Q of the given fide into one ſum ; and having | 
extracted the root of it, if you thence take half the given ſg- Wa 
ment, you'l have the ſegment ſought. = 


PROBLEM Xx. 


[2 6 given in an oblique angled Triangle the perpenir 
| 4 4. cular height, and the difference of the ſegments of itt i 
baſe, and the difference of the other ſides, to find the ſides ans WF" 
form the triangle. . Þ 
As, if the altitude CD be given (. 1. Fip. 40. ) and alſo 7 

the difference of the ſegments of the baſe EB, and the dilte- 
rence of the fides FB (as is evident from the triangle AB- 
(3. 2.) conceived to be lo formed beforehand) and you are 0 } 
determine the baſe it ſelf and both ſides, &c. MeL I 
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SUELUTIOMN. 


Make the given perpendicular CD = a (ſee n.2. Fig 4o.) 
the DB = 4, FB = © : For the leffer ſegment of the baſe AD pur 
Bc NY; and the greater will be x F b. It is now evident that you 
AG my obtain the 0 CB by the addition of the 0.03 DC and BD, 
ix, Yui xx+ 26x{F5bb; andthe O AC by the addition of the 
bee Yo 7 AD and DC, v3z. aa | xx: So that the fide AC will: 
ro- My = V 44 Þ xx, and the fide BC = V aa+ xx + 2bx + bb. 
ce WF ut fince allo this ſame fide BC may be obrain'd by adding 
D. | te difference c to the {ide AC, 1o that it ſhall be = of Y aakxx: | 
JT jwu'l have this Equation, | 
Y cjVaajxx= Vaaſtax{t2bxÞbb; and ſquaring 
IJ jag} xx + Vqcaat 4coxx = as { xx + 2bxÞÞb - 
I :d ſubſtracting from both ſides cc + aa + xx, 

V gccaa | gcoxx = tbe 4 bh ——cc; 
ad again ſquaring it, 


gccaa | 4coxx 5 4bbxx | ab x —— gbcx + bt#—— 2.bbce 


i; 
nd ſubſtracting from both ſides 4ccxx (becauſe c is lefs than b) 
ad tranſpoling the reſt, 

acan— 403X —— b+ 

+ 4bcex | 2bbee = qbbxx = Accxx ; 
——C 

ad dividing by 4bb— gcc, 

geccan — 43x —— b+ | & 

+ 4bccx | 2bbee = XX, 


m— + 


bh —— cc 
ie, dividing the affected quantities by 4. both above and une 
&neath, 
—b3x f 4ccaa-— b4# | 2bbcc —— #4 
Theex  Abb—gc = xx 
 bb=cc 7 
Jud aQually dividing the former part by bb — ce 
= bx F Accan—— bt f 2bbec — ct = AX, 


Abd.—— 4c Therefore 
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Therefore according to the ſecond caſe, 
1 b4V {bb} gecaa——t 


+ 3bbee—b* = ow; 


4bb ——4.CC 


pR———————_———  _———_—________— 


| CC 
and leaving out thoſe quantities that deſtroy one another 


—— 3b + Y 4ccaa f bbc —= 4 = x. 
4bb==cc 


The Arithmetica! Rule. Multiply four times the ſquare of 
FB by the ſquare of the perpendicular CD, and add to it the | 
product of the ſquare of EB into the 3 FB, and from the fim | 
ſubſtract the biquadrate of FB ; and the remainder will be the 
firſt thing found. "Then ſubſtract four times the ſquare of | 
FB from four times the ſquare of EB; and the remainder will WW" 
be the ſecond thing found. Laſtly, divide the firſt thing tound WM 
by the ſecond, and from the quotient take half after having 
extracted the root : Thus you'l have the lefler ſegment of the 
baſe ſought, &c. E. g. In numbers you may put 2 tor IB, 
4 for EB, 12 for CD: 


As for the Geometrical Conſtrut ion, the quantity of the laſt 
Equation contain d under the radical ſign will help, us to this i ? 
proportion, =” 

as 4bb— 4c to 4aa 4 bh — cc fo cc to a fourth ; or divi- 
ding all by 4, | 
as bb—=ccto aa+Fibb—1cc; fol to a fourth, which 

is 4 of the quantity under the radical fign. Aſſuming there- 
fore the quantity c for unity, make (. 3.) 1K = c IN and 
KL = 6b; NO will be bb, and ſubſtrafting OP = cc (4.e. 
to unity) there will remain NP & bb— cc. In like manner 
IS and KM = a, ST will Z aa ; to which if you add SX 
1 NO, and take thence XV = | unity ; T'V will be = a4 7, MW 
bh——icc. Wherefore if you make NR equal to this TV, WF" 
and PQ = ; of unity or cc, ſince NP is = bb — cc, by the 
rule of proportion there will come out DR j of thar quaniitys 
which is under the radical ſign. Therefore this being caken Wl n 


four times will give DZ, for the whole quantity ; to which it WW 4b 
| you 


|} 8 


«- 
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you join Dy = to unity, and, having deſcribed a ſemi-circle 
yon the whole line YZ, erect the perpendicular DE ; this 
yil be the root of the ſaid quantity, and taking hence more- 
Wer EF = 26, you'l have DE or DA the leſs ſegment of the 

te ſought. Therefore adding GB = b to DG, DB will be 


x} he greater ſegment, and, | having let fall the perpendicular 
)C = 4, BC and AC will be the {ides ſought. Q.E. F. 


WV. Some Examples of Afﬀetted Biquadratick E Jitae 
tions, but like Aﬀetted Quadratick ones. 


PROBLEM TI. 


[0 fend a ſquare ABCD (ſuch as in the mean while we'll 
ſuppoſe n. 1. to be in Fig. 41.) from which having taken 
wy another ſquare AEFG, which ſhall be half the former, 
Wire 2141] be left the Reffangle GC whoſe Area is proen, E. g. 
lppoſe the given area equal to the ſquare of the given line 
IM, to find the true ſides of the ſquares AB and AE, anſwer- 
p to theſe ſuppoſed ones, ». 1. 


ST@TLILUTION. 


Make the area of the rectangle that is to remain = bb, and 
B=x; BC or AB will be = bb, and ſubſtracting hence 


x 
op the remaining fide of the lefler ſquare AG j= bb ——x, 


' x 

1 i bh— ws Since therefore the ſquare of this is ſuppoſed 
7 X 

6 be half of the ſquare of AB, this will be the Equation : 

WM —2bbxx jt xt= +; 

T = XX UXR 

, W- nultiplying by xx, 

E Hm bbxx T x* = b+ 

's x 2 

1 WW multiplying by 2, | 

f WW bt—4bbxx + 2x4 204; 

"= | Ha and 
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and ſubſtracting 264, and adding 4bbxx, | 
2X4 = 4abbxx——b4; he 
and dividing by 2, 
x4 22 Sbbxx—b4, 
2 


NB. The fame Equation may be obtain'd, if, putting x 
for GB or FH, and having found the 'Q of AG or GF a + 


bove, you infer 
bro—_b7F x = 2bb-e$x, 


This laſt Equation, tho! it be a biquadratick, yet may be | 
rightly eſteem'd only a quadratick one, becauſe there is neither 
x3 nor _ x in it, and ſo you may ſubſtitute this for ir, 


1 = 2bby——1+ , vis. by ſappoling y = xx. Wheneif 


2 
according to the third caſe of afteed quadraticks; 
ywill= bb F V bent ie V+ 


2 2 
or = bb —Y 64 
S_ _ 
Therefore x = Y bb + Y b#; 
2 M 


Geometrical ConſtrudFion, Now if the given line þ be alu 
med for unity, bb and b4 will be = = to the fame line 
1 Therefore, if between LM as uniry, and MN & {b vizv 


| | 2 
.you find a mean proportional MO (. 2. Fig. 4x.) that vi 


be = V 64, which being ſubſtrated from LM, and added: 


©. 
it, will give the two values of the quantity y, Moreover there 
fore by extracting its roots, 2. e. by finding other mean pro 
portionals LR and LS between the quantities found LP and 
LQ and unity (». 3.) they will be the two values of th4 
quantity x fought ; che firſt whereof LR will fatisfie the que 
ition, and the other LS be impoſlible. Wherefore to = 
- _—_—_—— the 


[ta 


UMI 
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L:- ſquare ir ſelf, ſince its fide will be |! bb ; by making (7 4.) 


x 

xto þ ſo b toa fourth, it will be obtain'd: And this may 
+ further prov'd, if finding a mean proportional BK. between 
= LES the ſide of the 0 BC, it be equal to the given 
Zantit . 

ar Great Rule. From the given area or the ſquare of 
} given line LM ſubſtra&t the root of half the biquadrate 
the ſame line ; thus you will have the value of the © FC, 
i, xx: Therefore extracting further the ſquare root of 

ks, it will be the valye of x ſought. | 


her PROBLEM IL 


MN fd another ſquare ABCD (Fig. 42. 1. 1.) out of the 

Ml middle whereof if you take another fquare EFGH, which 
\l be a fourth part of the former, the area of the rectangle 
intercepted between BC and FG prolonged, ſhall be equal 
the ſquare of a given lige LM , i.e. having theſe given to 
| the ſegment BI, and conſequently alſo the fide BC or 


SOLUTIQN. 


Make the area of the given rectangle, or the ſquare of LM 
bo bb, and the fide ſought of the rectangle Bl = x; the 0- 
fide BC will be i= 9», and having fubſtracted our of it 


X 

and GR (7. e. 2x) the fide of the lefler ſquare FG will 
W— 2x, i.e, bb 2xx ; Whoſe ſquare lince it is the 
x | x 
tb part of the greater ſquare by the Hypotheſis, you'l have 
p—— 16bbxx + 4x4 = bt; 

"ET a6R- 
multiplying both ſides by xx, 
206447. ty + 4* = >; 
taking away 444, and adding 160bxx, 

= 16bbxx—20* ; 

E- 'J Hh 32 and 


UMI 
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and dividing by 4, A 


x4 ji 4bbxx 2 b4, | 


1 
Pl 
r* 
[4 


Therefore according to the third caſe.of affefted quadratick' 
quations, | | | : 


xx 3 266 | Vaht—3b4 1. C. 
= 2bb | V3 464. 
Therefore x = V 2bb | Y'3 ,6+. 


4 
Y 
£ 


Geometrical Conftruftion. It the-given line b be taken far 
unity, 5+ andbb will be equal to it. Therefore if berwyy 
LM as unity, and MN = 3 ; 6, you find a mean propo los! 
nal MO (. 2. Fig. 42.) *ewill be Y 3 464; which fubſtrys 
Cted from MQ = 26, or added to it, will give two valuey of 
_ the quantity xx, viz. FQ and IQ ; the firſt whereof willhe 

only a true one, and of uſe here. Now therefore a mean! 
proportional QR found between PQ and unity will expreſy: 
the quantity fought x. | A 

Therefore for forming the ſquare it ſelf, ſince its {ide AB is 
= bb, you may proceed as in the former Conſtructon, (ws 

J 7 oy 


p. 3.) 
PROBLEM UN, 


Aviag given the baſe of a right-angled Triangle, and 
mean proportional between the Hypothenuſa and Pergets 
dicular, to find the Triangle. As if the given baſe be A} 
(Fig 43.) and the mean proportional between AC and 
be CL; to find the perpendicular BC, and Hypoibenti 
AC. ; vi 


SOLUTION. 


Make the given baſe = a, and the mean proportional i 


_ the perpendicular BC = x, then will the Hypothenuſa be 
the Hypoth, — bb. | = | 


XN 
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herefore o. 
multiplying both ſides by x, 
= = aaxx } xt; 

s ſubſtrafting aaxx, 


Eben aaxx = Xt, 


erefore by the ſecond caſe of affeCted quadraticks 


CC ———— 


and x hag Vn; aa | V , a+ T b4. 


b.- Or thus. 


M ke the Hypothenuſa AC = «, then will the perpendi- 
Fr be BU = bb. Therefore | | 
pl = 

kx = aa | 65; 

| multiplying by xx, 

«+ = aaxx | b4, 

gerefore by caſe 1. ' 

wx = 24a FT V ,a+ + bt 


and x = ViaatV at | 48. 
Geome trical Conſtruction ; the firſt for the latter Equation, 
s be put for unity, the line AB will be alſo = aa, and 
king, a5 a to b ſob to a third, z. e. as LM to MN fo LO 
OP, and you'l have bb. Having erected the perpendicu- 
[AQ = OP upon AM, and drawn MQ or Mn equal to 
'Y 444 F b4, and conſequently An will be = 1aa{V ;@*764, 
L the value of xx. Moreover a mean proportional AC 
nd between Az and AR unity will be the valye of x, 5. e. 
e Hypothenuſa ſought ; which being found, you may cafily 
[plete the 'I'riangle ABU. 

BR. In the cale of the former Equation, making every thing 
'D fore AR would be the vaiue of the quantity xx, 5. e. 
F-:4 | V 44+ | bt, Therefore a mean proportional RT 
und between RS = AK and AR unity will be the value of 2, 
_ 7 = = | 7. e. the 


I; 

py h. 
" 
» 
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z. e. the perpendicular ſought, and ſo AT the Hypothenuſa of 
the Triangle ſought. 
Arithmetical Rule. In the firſt Solution add the biquadrats 


of the given mean proportional to the biquadrate of half | 


the given baſe; and having extrafted the ſquare roo of the 
ſam, take from ir half the ſquare of the given baſe ; the root 
of the remainder will give the perpendicular of the triangle 
ſought, and the root of 

It. 


PROBLEM TV. 
H7 wing the Hypothenuſa of a right-angled Triangle ive, 


and a mean proportional berween the ſides to find the Tr. | 


' angle, As if the hypothenuſa be AC (Fig. 44) and a mean 
proportional between the fides BD, to find the {ides AB and 


SOLUTION. 


Make the given Hypothenuſa = a, and the mean propor- 


tional = b, and the perpendicular BC & x; the baſis AB by | 


the hypoth. will be bb. Therefore 
Py 
bt T xx = 4; 
xx 
and multiplying by xx, 
EET = acxx; 
and ſubſtraRing b4, 
x+ = aaxx— b4; 
Therefore by the third caſe, 
xx = 248 F V at — b+ 


— —— 


and x = Viaat Vat —bf. 


Geometrical Conſtrufion. If abe put for unity; AC will 
bealſo = aa, and by making as AC to CG (to b) ſo AF to 
GH (6 to a third) this third will be GH = bbs. Afuming 
therefore OZ = 1 aa = OB the radius of a ſemi-circle,and ha- 
ving erected CD = bb = BE parallel ro it, EO ny be 

v1.00 — 


L 


the ſum will give the hypothenuſa of | 


Specions Anahfis. £9 
1b, and conſquently EC = 1 —Y pon - and - 
EA 1a Þ+ V ,o%— bf, viz. the double value of the quantity 
xx Therefore for the double value of x, you mult exiract 
Y the roots out of them, 5. e. you muſt find the mean proporti- 
nals AL and AM between unity AC and Al = EC on the 
” Tone fide, and AK = AE on the other; Altho? theſe 1ſt may 
he more compendiouſly had, and the triangle it ſelf immedi- 
c Yitly conſtructed, if having found EC and EA, you draw CB 
ind AB: For theſe will be thoſe two laſt mean propor: ionals 
= = ALand AM ; for by reaſon of the A A ABC, AFB, 
J ind BEC, BC is a mean proportional between AC and CE, 
ind AB a mean. proportional between the ſame AC and AE by 
the 8. L:b. 6. Eucl, which is Conſe@. 3. Schol. 2. Prop. 34 
J Lit. 1. Math. Enucl, 


'Y PROBLEM V. 


| [42's given the Area and Diagonal of a right-angled 
| Parallelogram, to find the ſides and ſo the Parallelogram. 

ks if the given Area be = to the ſquare of a given line BD 

MF. 45.) and the Diagonal AC, to find the ſides AB and 
= 1 On | 


SOLUTION. 


J lffor the given Area, or ſquare of the line BD you pur 46, 
ind make the Diagonal AC = a, and pur for the leffer (ide 
BC, x; the other fide will be bb. 


* 
Therefore b* 4 xx = aa; 
| xXx 
ad multiplying by xx, 
# 4 x+ = aaxx; and ſubſtraQing bs, 
X* = aaxx——b*, Which Equartion, ſince it is the ſame 
wth that of the preceding Problem (which is no wonder, 
nce this fifth perfeMly coincides with the fourth ; for the Di- 
wgonal AC is the hypothenuſa, and BD, whoſe ſquare is = 
o the given area of the reCtangle, is a mean proportional be- 
Ween the ſides AB and BC) and fo will have the fame Con- 
_ ſtruction, 


\ 
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ſtruction, (ſee Fig. 45.) and the fame Arithmetical Rue, 
Which may be eatily formed from the laſt Equation of the 
preceding Problem. 


PROBLEM VI. 


| given the firſt of three proportional lines, and ang 
ther whoſe ſquare is equal to both the ſquares of the other 
10, to find thoſe two proportionals. As if AC (Fig. 46.) be 
the firſt of the three proportionals, and another line ED gj- 
ven, whoſe ſquare equals the two ſquares of the others taken 
_ together; to find thoſe two as ſecond and third proportio- 


nals, 


SOLUTION. 
If for AC you put 4, and make the given line ED =, 


and the ſecond proportional = x, the third will be xx. Where- 


a 
fore the ſquares of the two laſt will be x* + xx = c, OED 


aa 
by the hypoth. and multiplying both ſides by a. 


X* T aaxx = aaccs, 


and ſubſtraGting aaxx, 
x* = aaxx | aacc. Therefore 
Xx & ——3}0a7T NV 4a* Þ aacc 1 


and x = V=—, aa} Via + aacc. | 

Geometrical Conſtrudtion. If @ be put for unity, AC vill 
alſo = aa and i, and making as AC to CD (@ to c) fo AF 
to DE (ctoa third) DE will be = cc. Now having made 
AR = DE, 2. e. cc, a mean proportional Al found between i 


AC and AK will be Y aacc. Therefore taking AO = ; AC, 


viz, 1 aa, the hypothenuſa Ol will be = Y {a* + aacc. And 
OA + 3; @ being ſubſtrated from Ol or OH equal to it wil 
leave AH the value of xx; and the root of that being extra” 
Cted, z. e. finding another mean proportional AG between 
AC and AH, it will be the value of x, 3. e. the ſecond of the 
proportionals ſought, and ſince AC is the firſt given, AH will 
emmd. QEF << 


. NB. This | 
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NB. This Conſtruftion may be abbreviated, and the firſt 
peration, by which you find DE, to which afterwards AK is 
nade equal, may be omitted. For fince you make uſe of a 
nean proportional between CA and DE fought, which is 
-to the given line ED, and afterwards Al a mean pro- 
ortional between AC and AK is ſought; it is evident 
tat Al will be equal to ED given, and conſequently that they 
my be immediately joined at right angles at the beginning 
fthe given line AC, and the reſt may then be done as before. 


Some Examples of Cabick and Biquadratick Equations, 
both ſimpie and affeited, whether reducible or not. 


PROBLEM L 
1) Erycen two given right angles to find vo mean proportio- 
[ nals.  E. g. Suppoſe given AB the firſt and CD the 
,. Wurth, (Pg. 47. ». 1.) between theſe to find two mean pro- 
portion | 


SEEVUIAIEON: 
Make the firſt of the given quantities AB = a, the other 


WD = 9, the firſt mean = x, then will the latter be xx, and 
- A 
aſequently x3 = q ; and multiplying by aa, x3 = ,, aaq. 
as 


The Central Rule will b EL — AD 
/ 2 


ul 


21: = DH. 1 e. according to a 

: __ we ſhall by and by make, ;@ = AD, and 1q = 
WS 

" Wl Geometrical Conſtrufion. If AB or @ be made unity,” and 
b-the Lats Rectum of your Parabola, and you deſcribe, by 
tans of this Lats Refum, the Parabola, according to Scbol. 
| Prop. 1. Lib. 2. Math. Enucl. [ ſee 73. 2. and 3. Fig 47.] 
which AB is the Latzs Refum; Ai, Az, &c: the Ablcit- 
is Al, AH, &c. the ſemiordinates ; make moreover (7. 
) AD = a, and having ſrom D erc&ed a perpendicular 
:9, deſcribe a circle at the interval AH, cutting the be” 

1 044 
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bola in N: Which being done, a perpendicular to the Ay 
will be the root ſought or the value of x, z. e. the firſt of the þ 
means, and conſequently OA the other; ſince NO by the firf 
property of the Parabola (fee Prop. x. Lib. 2. Matheſ. Enuc]) 
1s 2 mean proportional between the Latws ReFum AB, and ii 
the abſcifla AO. And by this means there will come out, by 
Baker's Central Rule the very conſtruction of Des Cartes, Ge. 


073. Pp. m.91. 


The Arithmetical Rule. Multiply the _ of the firſt by 
4 q 


the fourth given, and the cube root extracted out of the pro- Wy 
duct, will expreſs the firſt of the means ſought. fr 
| ( x af 
PROBLEM IL p 


_ given the ſolid Contents of a ſolid or an hollow Pu- Wh 
rallelepiped, and the proportion of the ſides, to find the 
ſides. As, if the given capacity or folid contents be = to the 
cube of a certain given line IR (Fig. 48. ». 1.) and the ws 
portion of the heighth to the length be as AB to BC, and wo WF: 
the latitude as the fame AB to BD; to find firſt the altiude, WW. 
which being had, the other Dimenſions will alfo be known, by 


the given proportions. 7 
SOLUTION. 


Make IK = a, AB = b, BC = c, and BD = 4; aid M* 
laſtly the heighth ſought = x, then 
as b toc, fo x to the length required cx; 


and as b to d, fo x to the latitude ſought dx. I 
> h 
Mulriplying therefore theſe three dimenſions of the Parallelep:: 
ped together, you'l have its capacity or ſolid contents cd#? 
bh 
=; 
and multiplying by bb, h 
cdx3 = «bb ; and dividing by cd, 
a3 = bb ji e. 3 gg— a%b = @. 
_ — « e_— k 6 


cd cd 


nd. 


pl 
dxf 


bh 
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Therefore the Central Rule will be the ſamc as above, 
L = AD and FR DH, 3. e. according to the ſuppoſi- 
z 2? 
fon which will by and by follow, 
2 = AD and ab = DH. 
2 cd 


Geometrical Conſtrufion. If IR or a be made unity, and 
it the ſame time Latus Reffum, and by means of it you de- 
(tibe a Parabola, after the way we have ſhewn, Fig. 47. ». 2. 
ind 3. and ſhall always hereafter make uſe of ; and then to 
prepare the quantity a%5b (which in the Central Rule is the 


2cd | 
he quantity ») make (. 2.) 


2 
IR—IM = BC-— KL = BD—MN 
$4 to ec ſo d to C; 
þ that for cd you may pur ae, and afterwards divide by # - 
both above and underneath; you'l have the quantity 7 aabb. 
| 2 20 
Therefore by further inferring 
as 2e to bb, ſo aa to a fourth 
IO—IP = IT—IK-—IQ , and you'l have the 
quantity DH, which will determine the centre, after AD is 
made equal 2. Having therefore deſcribed from that centre 


* 
icircle through the vertex of the Parabola A (» 3.) a ſemi- 
«dinate NO drawn from. the interſetion will be the altitude 
bught, which will eaſily give you the length and breadth by 


the reaſons above ſhewn. 


Another Solution. 
Which 2will be more accommodated to the Arithmetical Rule. 


Let the reſt of our Poſitions or Data remain as above, but 
the name of the proportion which the altitude has to the length 


re &8 e, and of that which ir has to the latitude = i, the 


EE 23 length 
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length will be = to ex, and the latitude to 7x. Wherefs 
multiplying the ſides together, you'l have the whale ſang 


e152 = aÞ 3 and dividing by ez, \ 
x3 a3. Therefore 


| — 


et 
x = YC. a3. Hence 


CZ 


The Arithmetical Rule. Multiply together the in nan 
of the reaſons, and divide the given cube by the produll 
which done, the cubick root extracted out of the quatin o i 
be the altitude of the ſolid ſought. # 

Another Geometrical Conftruttion. Now if we would d 
conſtruct this A TIT x3 - geometrically, putting ABS | 


for unity, BC and BD will bs the names of the reaſons X4 
and z. Making therefore farſt | : 
IK-—IM—KL MN x 

as @ to e ſo 7 toa fourth f (Fg. 49. +) of 


be = 2% and the propoſed Equation w1ll have this form : 
x3 I 43 1. e. aa. 


T 3 


Therefore 2. makin 


as fro aſoataathird IQ, that will be the value &} ; 
Bur hence 3. by extraQting the cube root, 3. e. by finding tW oo 
mean proportionals between unity 6, viz. AB and the li 
found 1Q.; the firſt of them will give the root ſought. 
NB. The ſame Central Rule would come out accordi 
Baker's Central Rule, which would have the ſame form off 
Equation, as the precedent Example 3 14 = = 0, L 


L = AD and 7 = DH, 

2 21? 

Ref. and unity, bþ = AD and az i.e. : 'Q = DH 
IT pf 


taking 6 for the Lat. 


{lce Fig. 49. n. 2.) 
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PROBLEM 1... 


 Awing given the ſolid contents of a ſolid or hollow Paral- 

lelepiped, and the difference of the ſides, to find the ſeaes. 

{if the given capacity be equal to the cube of any given 

> LM (Fig. 50. ». 1.) and the difference whereby the 

*th exceeds the breadth = NO, and the difference by which 

| _—_— exceeds the altitude or depth = "A to find the 
, breadth and depth. 


SOLUTION. 


zke the {ide of the given cube = a, the exceſs of the 
oth above the breadth NO = 5, and of the breadth above 
wh PQ = c, make the depth = = X, the breadth = xc, 
| the length == FbT c. Multiplying therefore theſe 
ee dimenſions together. 
Length x FbFc 
Breadth x +te 
xx Þ bath ex 
Cx T Cl cb T cc cc 
xx us the + ob For 
Depth x___ 


* » F #97 ih ju 


according ro the forms of Baker and Cartes 
1 x3 E > | bc 
EB TÞ7 5736 * + cc © 
Wherefore the Central Rule contracted by the fapypagnen 
bt will hereafter follow will be this, 
LT 2q=zaAD 
| S-5: 2 
Wd pip po r= DH. 
4 16 
e. by virtue of the ſuppoſition juſt now mentioned (which 
es LM wiz. a for unity arid allo for Lat. Rectum) 


_— 


— —- 0, 


aF 
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aÞ+bb + 4bc + 4ce HO be HO © = AD. And 


2 8 "2H... 
b + 2c | 637 6bbe F i2bcc #8 O bhe H bee iN. 2. 
my — 0 oo 
( 43 = DH. 
-_- | 


Or more ſhort ; 
_ cc "Wo } 


Ss [8 2 2 = 
b T 2C . 3 | 1, bbc | bcc T 203 bbc —3bcc —20 
26 ' 4 5Y 3 0 
(9 43 1.6. 


2 
bt2c4B bbc oa = DH. 
4 6 8. © 


Geometrical Conſtruftion. If LM or « be taken for unity 
or Latus RefFum of the Parabola to be deſcribed, that being 
deſcribed (Fig. 50. n. 3.) you are firſt of all to determine two 
quantities AD and DH ; which may be done two ways; either 
by Baker's form of his Central Rule, or by ours immediately 
divided by the quantities of the laſt Equation. 


1. For AD by our form, a + bb = AD," you muſt make | 


(Fig. 50. ». 1.) as a tob fo b to a third (AB to AC foÞE 
wo CF) which will be bb, and D? the eighth part of this Ct 
muſt be added to A? the half of AB. And by Baker's form 
you muſt make, 1. as AB (= «; n.2.) to AC (= 2p v6 
'b tc) ſo BE (=7p i.e. 1b 1c) ro a fourth CF (which 
will be = p*:) 2. Make moreover as AB to AG (aro) i 


8 
BH to Gl (cto bc) and, as AB to AR (ato c) ſo BHt 
KL :cto cc) and the two quantities found Gl and KL ( be 
and cc) being added into one ſum will give the quantity q -- 
MIN, the halt whereof MO will expreſs the quantity q N the 


2 


Rule, 


Q FX oo = 
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Rule; and to be ſubſtraQted from the former a + p. AQually 
3 


2 
therefore. to determine the quantity AD not on the Ax, but 
on another Diameter of the deſcribed parabola x. 3. (becauſe 
the quantity p is in the Equation) having made a perpendi- 
alar to the Ax aE = p 4.e. to the line BE », 2, and from 


E having drawn EA parallel to the ax, according to our form 
AD 75. I. transfer it only on the diameter of the parabola ». 3. 

| T fomA to D; eithet by parts 41.C.2LM from A toc, and bb 
| y g 

i.e. zCF . 1. from c to D: But according to Baker's 

form, firſt you muſt put 4 8: LM ». 1. from A to 1, Se- 


2 
ondly you muſt put from 1 to 2 the quantity p? = CF ». 2. 


| 8 
Thirdly you muſt pur from 2 to 3 backwards the quantity to 
be ſubſtraGted 9. MO ». 2. which being done, the point D 


2 
vill be determined. 

[It is evident by comparing theſe two ways of Conſtruftion, 
ttar we may join our forms not-mcommodiouſly to Baker's; becauſe 
by ours the quantity AD was obtained more compendiouſly than 
by Baker's, which will alſo _= happen hereafter. And where 
this Compendium cannot be had, there is another not inconſide- 
rable one, that, if the quantities AD and DH determined ac- 
E WY arding to both ways ſhall coincide, (which happens in the pre- 
iN ſent caſe) 2e tay be ſo much the more ſure of the truth | 
mn 2. As for DH by our form,you muſt pur it from D to e on 
& I i perpendicular erected from D on the left hand, the quantity 
Mn WY +2x= BE ». 2. falling here upon the Ax. Then for the 


4 | 
quantity 63 make 72, 4. as ato 246 (LM to LN) ſob to 53 


7 16 16 
n (MO to NP) and this quantity muſt be put from e to f in a 
te © perpendicular ro the Diam. Thirdly, tor the quantity bbe 


8 
Yo! 
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you muſt farther make 5. 4. as 4 to,bb (DM to LN) 62; | 


to a fourth (MQ to NR) which muſt be put from f to e. 
Laſtly the quantity a3 (which is = MO ». 2.) muſt þe put 


2 
backwards (becauſe to be ſubſtrafted) from g to H, which 


is the centre ſought. In like manner by Baker's form, fir 


p = BE is pur from D to 1 even to the Ax.” Secondly, for | 


4 
the quantity p3 make, ». 4. as @ to p* (LM toLS= CF 


I6 8 


2.2.) ſo p to a fourth (MT = AC ».2. to SV) andthis | 


| 2 
SV is further put (». 3.) from x to 2. Thirdly, make in 
the ſame Fig. 7. 4. for the quantity pq, as & to p (IM | 


2 


| 4. | 
MT) ſo'q to a fourth (LX to XZ.) and this XZ is put back- | 


2 


wads (7. 3.) from 2 to 3, which preciſely coincides with the | 


point g. Laſtly the remaining quantity 7 (i MO ». 2. and 


2 
fo by what we have ſaid above, preciſely coinciding with the 


interval WH) is put backwards from g to H the Cente 


ſought. 


than ours ; tho' both accurately agree, and hereafter, for the 
moſt part, we ſhall uſe them both together, tho im the work it 
ſelf, rather in Figures, than m that tedious proceſs of words, 
which we have here for once made uſe of, that it might be as 
an Example for the following Conſtrudt ons. ] 


Having therefore found by one or both ways the Center, | 


and thence deſcribed a circle thro? the vertex of the parabola 


A, the interſeCtion N will give the perpendicular to the dia- | 


meter NO, the value of the quantity x tought. 


[ Hence it appears again that Baker's form is more laborious 


and 
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PROBLEM IV. 
O divide a given angle NOP, or a given arch NOTP 


& 


| (Fig. 51. 7. 1.) into three equal parts ; 4. e. having gi- 


ven or aſſumed at pleaſure the Radius NO, and conſequently 
alſo the Chord of the arch NP, to find NQ the ſubtenſe of 
the third part of the given arch. 


SOLUTION. 
If NO be made unity, NP = q, and NQ be ſimpoſed 


= 2; having drawn QS parallel ro TO, you'l hav- +! ree 
{milar triangles NOQ, QNR and RQS. Por fince the an- 
gle QOP is double of the angle QON, andthe fame (as be- 
ing at the Center) double alſo of the angle at the Veriphery 
QNR ; it will be equal to the angle CON. Bur the angle 
at Q is common to both triangles : "Therefore the whole are 
equi-angular, and. conſequently the legs NQ and INR equal, 
25 alſo NO and QO ;' and by the like reaſon alſo PY and 
PT. Wherefore if RS ſhould be added to RY, the line NP 
by this addition would be triple of the line NQ_; and io would 
give the Equation, if RS was determined ; which may be 
done by means of the A QRS, ſimilar ro the two former 
NOQ and QNR ; for the angle RQS is equal to the alternate 
one QO F = QNR, and the angle at R common to the tri- 
ingles ONR and RQS, &c. Wherefore 
as NO to NQ fo NQ to QR | 

y _—v Y —— VV. 

and as NQ to QR fo QR to RS 


YZ —— LY. >>» LY Lt 


=. 


| Y | '\ 
Therefore according to what we have above faid 
q+3 = 3z; and fubltracting q 

23 = 3% ——-q,; or 

YI—52T 4 = 05S 


Therefore the Central Rule will bz (ſuppoling al'o vr.ity 
* YO tor the Latus Reffum,) 


K k ET 
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L+q=z AD ;. e, by our 3{F3 z.e. NOR AD 
2 2 form, 

and r = DH. and Ll DH. 


2 2 


Geometrical Conſtruttion. Having deſcribed your parabol; 
(Fig. 51. 4.2.) take on its Ax ( becauſe the quantity p is want- 
ing in the Equation) AD tj 2NO) and from D having «- 
refed a perpendicular = 3NP to H ; that will be the Center, 
from which a circle deſcribed thro' A, by cutting the parabola 
in three places, will give the three roots of the Equation, 
viz. NO and zo true ones, the firſt whereof will expref the 
quantity ſought NQ_(. 1.) the latter the line NV, being the 
{ubtenſe of the third part of the compl. of the arch ; and MO 
will expreſs the falſe root, which is equal to the former taken 
together: All the fame as in Cartes p. 91. but here fome- 
what ptainer and ealier. 


PROBLEM V. 


py three ſides given of a quadilateral Figure to be in- 
ſcribed in a circle, AB, BC, CD, (Fig. 52. n.1.) t 
find the fourth ſide, which ſhall be the Diameter of the Cir 
cle. | 


SOLUTION. 


If we conſider the buſineſs as already done, and make AB 
=4, BC = 6b, CD = c, and AD = y; we ſhall have fiſt | 
in the right-angled 4 ABD, © BD = yz-— aa, and (line 
in the obtuſe angled A BCD the I BD is = © DO BCiOIn 
+ 2 {-_] of BC into CE) if thoſe two OO BC4 CD (Ge 
bb + cc) be ſubſtrafted from ) BD (yy—aa) you! have :. 
—— ag —— bþ—— cc = to the two ſaid reftangles of BL 
into CE. But theſe two reQtangles may alſo be otherwiſe 0b- 
tain'd, 3, if the ſegment CE be otherwiſe determined ; whicY 
may be done by help of the fimilar A A ABD and CEDY | 
(for the angles at B and E are right ones, and ECD and BADY {er 


equal, becauſe each with the ſame third BCD makes two right cor 
| ones; 
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ones ; the one ECD by reaſon of its contiguity, - the other at 
k by the 22. Eucl. Lib. 3.) viz. by inferring 

as DA to AB fo DC to CE 


Jy a C == JC 


J 
for now multiplying CE = ac by BC = 6, the 2 of BC 


J 
nto CE will be = abc and two ſuch 2.4bc. 


Now therefore yy— aa—bb—cc tht and multipl. 


| J 
If Y, 
} $—aa 
wy = 2abc; i, e. by Baker's and Cartes's forms. 
nn—_ CC 
y? 7; 
__ —_— =! 0. 
; Emmy 


Therefore the Central Rule will be (ſuppoſing the ſame 
quantity e. g. @ for unity and Lat. KefF.) 

L T9 = AD and | 

"Wt 

r = DH, z.e. according to our form, 


2 
afaaftbbFcie a | bb | cc = AD, and 
2 2 2 


Geometrical Conſtrudion, which, without any circumlocuti- 
m, from our form is founded on the foll. in Fig. 52. . 2. 

LM = 4a n.3. A1r.= LM from ». 2. 

MN and LPj=6 1,2 = 3 PQ 

PQ = bb MW 3-4-9 þ 

LSand MO 2c DH = PR 

PR = bc MO and 0 two falſe roots 

ST = cc NO the true root ; upon which having de- 
[ribed a ſemi-circle the quadrilateral will be eaſily made. Ac- 
wrding to Baker's form, _— +4 there wauld be », 3. firſt 

2 Ac 
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Act= i LM, then cD t& 9 3 VN, half the line V7, which 


2 
is compounded of LM, PQ and ST'; but DH s = PR as 


above. | 
PROBLEM VI. 


Aving given to form a right- angled Triangle the leaf 

fide BA (Fig. 53: n. 1.) and the difference of the (eg- 
ments of the baſe, to find the difference of the ſides, and fo form 
the Triangle. It we repreſent the buſineſs as already done, ha- 
ving given AB and EC to find FC. 


SOLUTION. 


Make AB = 4, and EC = 6b, and FC = x; then will BC 
= aÞ+ x: 1herciore.the D AC = 2aa 24x T xx and the 


line AC V 24a | 2ax T xx and VY 24a + 2ax + xx—b, Now 


thercfore ACE z. e. Y 2aa T 2ax Þ xx multiplyed by "I bo | 


i. e. V 2aabb F 2abbx | bbxx is = GCF [but GC is = 2% 

tx} i.e. 2ax | xx by Conf. 1, Prop. 47. Lib. 1. Mathef. k- 

nucl. and ſquaring both fides | 
2aabb + 22bbx | b-xx = 4aaxx | 44x37 xt ; 

and tranſpoſling all, | 


xt Þ+ 4433 | 4aaxx — tzabbx 2.74bb = 0. 


—— 7 
() (9) (r) (s) : 
Therefore (taking a for 1 and the Latus ReFum of the 
1rabola) the Central Rule will be 
P43 #7 O a) tne CNcTra NN UC v1 & Cy 
L + ?—---q = AD 


t9 
©© ; 
'S) 


and p + p3—pg—r = DH 7.e. according to our form and 


Om—_ ———— = O_o epnn_ESD 


I - 4 = 
Reduction, 
a +16aa— 4an | bb te. a bb 


7 307 2 EET - 


2 => FX  5- ol ty SS COD SS 


= = 


= ©S 


d 


 -V © DD 


"Ce 


nd 


and 
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Geometrical Conſtru&#10n. Firſt from our form, the com- 

diouſneſs whereof will here appear, for it requires only one 
preparation 2.2. in which LM = a, MN and LO= 6, 
OP = bb, which being premis'd, and the diameter A » (be- 
-auſe the quantity Pp is in the Equation ) being drawn (3. 2} 
mke Al = 2 LM, and 1, 2or i D = 2 OP, and DH = LM. 
The reſt therefore being alſo perform'd, which the quantity 
occurring in the preſent Equation requires, according to 
he laſt precepts of our introduction, you'l have NO the va- 
he of x ſought ; whence (7. 4.) at the interval AB having 
&ſcrib'd a Circle, and made a right angle at B, if FC be 
made '= to the found NO, you'l have the A ABC required, 
nd EC will be found at the beginning of the preſcribed mag- 
nitude. 

Now if you were to find the center H by Baker's form with- 
wrt our Reduction, 1. you muit put of (». 3.) : AB from A 
pc. 2. For the quanticy p* make as I to p fo fp toa tourth, * 

8 2 
which would be = 2AB, viz 2DM, and to we from c to 
#3. "F'He quantity q (to obtain which you mult ſubſtract 


2 
0P (7. 2.) from the quadruple of LM, and divide the re- 
nainder by 2) mult be ter oft dackwards from 4 to e, by thus 
etermining the poirt D. 4. The quantity p, which here is 
preciſely t&= LM, muſt be transferr'd from D to f on a perpen- 
ticular erected trom D. $5. For the quantity p3 make as « 


16 
op? (= 2AB) fo Þ (alſo Z 2AB3) to a fourth quadruple of 


LM ; and this muſt further be produc'd from f to the point 
7 {which here the paper wil not permit ) 6. For the quanti- 
ty pg make as I top lo q toa fourth, ( which would be = to 
4 Wa 
the quadruple of LM, but taking away OP) which muſt be 
let backwards from g to bh, 7. Laſtly the quantity r ( x OP) 
14 

ſer oft from þ backwards or towards the right hand to # will ar 
length give the point H required. 


Another 
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Another Solution of (he ſame Problem. 


This Problem may be more eafily ſolved, and will giveg 
far more ſimple Equation, if you are to find not FD bur AR. 
Make therefore (n. 1* Fig. 53.) = x, and the reſt as above; 
AC will be = x + b, and its Ol xx + 2bx {| bb; therefore the: 
DO BC = xx F2bx | bb aa ; therefore the 2 of the tan«! 
gent HC = xx 2bbx #bb—22a, Burt the retangle ACE! 
will be bb 4 bx. Therefore by Prop. 47. Lib. 1. Math, 
nucl,. 7 

xx + 2bx 4 bb—2aa = bbFhbx ; 
and turning all over to the right hand, 

xx Þ| bx 248 = 0; or 6 

xx = bx + 2aa. Therefore by caſe 2 of affedl” 
quadraticks, —— - 

X — 36'V ,bb | 2aa- 


The Geometrical ConſtrufFion, may be performed according 
to the rules of quadraticks Fig. 54. 1. 1. as will be evident to - 
any attentive Reader. Having therefore deſcribed a circle# 
the interval BA, whether it be done from any arbitrary cet | 
ter (ſee . 4 Fig. 53.) or upon AE found in the pref. Fig. ” 
making an interſection at the ſaid-interval in B ; and apply- © 
ing AE, and producing it until EC become equal to the gr" 
ven quantity 9, and at length having drawn BC you'l have } 
the triangle right-angled at B, and allo the difference of the 
fides FC. Eut to make it more ſhort and elegant 3 having 
determined AE by a little circle ( Fig 54. ». 3.) prolong it * 
to the oppoſite part of the circumference in C, and draw AB | 
and CB; for as the radius of the little circle is ;b, ſo EC s 


— 
— 


Now if you would conftrudt the Equation above by Baker's. 
rule (that its univerſality may alſo be conftirm'd by an Exam--! 
ple in quadraticks) wiz. 
| WT cx 244 = 05 | 
The centra! rule will be { taking @ for 1 and the L, R.) 
 LiT#79q9= AD 

LS 2 

and 
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nd ? i Þ + pq = DH. 5. e. by our Reduction, 

4 16 4 

betbbJaaie 1,43 = AD 


wo 
2 8 8 


. 


i bi Bf4 2aab 1. C. 3b + 53 = DH. 
4 16 4 4 36 


The Conſtruction therefore will conſiſt in theſe: LM (#. 2. 
p- 54) = #, MO ={46b, LP =416b, therefore PR = bb - 
. | 2& 
N = PR viz. bb, therefore Q = 53. In Fig. 53. ». 3. 
1 8 16 

E= 1b, Ai=;DLM, 1, 2, riD=PR; D1=LP 
MO, 1, 2, or i H=PQ Having drawn a circle from 
thro A you'l have the true root RD = to AE fought ; 
| PD the falſe roos. 


ENB. Hence it is evident that one Problem may have ſeve- 
il Solutions and Conſtruttions, ſome more eaſy and ſimple, 
thers more compound and laborious ; wiz. according as the 
pknown quantity is aflumed more or leſs commodious to the 
wrpoſe : which may not be amiſs here to note for the ſake 


| Learners. 
. PROBLEM VIL 


4 Uppoſe a right line BD (Fig. 55.) any how divided in 
D 4, to divide it again in C, ſo that the ſquare of BA ſhall 
«70 the ſquare of AC as AC to CD. 


SOLUTION. 


' Since the firſt ſegments BA and AD are given, call the firſt 
gand the other þ, and call AC the quantity AC x; and CD 
pill be = þ—x. Now therefore ſince we ſuppoſe 

"asthe Cof AB tothe BAT fo ACro CD 

; aa xx —=x—b-x 

 aab ——aax will. & x3, and transferring the qu n.ities on 
he left hand to the right, 
| 33 4, aax ——aab Z 0, 


: l b*& 
&a 


Vhzre- 


A x 
(1 
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| Wherefore the Central Rule (taking a for 1 and the I, 2) 4 
will be 2—9 = AD © | 
" | | 
and 7 = DH. 5.e. by our form a—as i.e. 0= AD, tw * 
2 "= 3g 
D may fall on the vertex of the parabola; 
and aab 1, e. b = DH. The Conſtruction therefore wil 


2 


2 
| be very ſimple, as is evident from the fifty fifth Figure, 


PROBLEM VIII. 


—_— is given AB the capital line of a horn work (which 
we repreſent (tho' rudely) n. 1. Fig. 56 ) and the Gorge 
AD, allo part of the line of defence EF, to find the face BE, 
the flank DE, the curtain (or the chord) DE, alſo the angle 
of the Baſtion ABE, &c. and ſo the whole delineation the 
horn work. It is evident if you have the flank DE or the 
curtain DF, the reſt will be had alſo. Suppoſe therefore, the IM * 
capital line AB and the gorge AD, and part of the line of 
defence EF to be of the magnitudes denoted by the Letters «, I 1. 
b, c, on the right hand. | 


SOLOTION. 


Make AB =a, AD—=6b, andEF =«c, andDF=s#; 
then will AF = x + b, #hd by reaſon of the {imilitude ot the Pr 


A A BAF and EDE and ECB, i 
as FA to AB ſo FD to DE * 
xFTb —= a X—— 4X the 
x Ui 


But now © GE DF F DEare = OFF ie aans_ by 

| xx42batb = 

+ xx = cc; or giving the ſame denomination to all the quan- I bo 
Lities on the left hand, up 
ER 2633+ aaxx = oy; :R 


«+ bb | : (by 


—  _.__—— — — ——__ 


hat 


jill 


> w 
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and multiplying both ſides by xx + 2bx + bb, 


x4 f 2633 f aaxx= coxx + 2bcex þ bbee ; 
+ bb 


and tranſlating all the quantities on the right hand by the 
| contrary ſigns to the left, 


x4 | 26x3 f aaxx—=zbccx—bbcc 2 0, 
Þ+ bb 
w—-CC | K- 
R_ (putting @ for x and L. Refum) the Central Rule 
will be, OM | 
L + p* + 9 (becauſe the quantity q is negative in the E- 
= 3K h ES 
uation, for cc is greater than aa + bb) = AD; 
and p | p34 pg ——r 3 DH. or according to our Redu- 


4 16 4 2 


C aa—-bb 1. e. Cc = AD 
2 T2 2 2 
and 2b + 863 + 2bcc— 24ab =— 253 —zhc - 


= - =- 
ie 6+ BJ bee —agh—bB—- bcc 1.e. 
2 2 


2 
o——bce =. DH. 
2 


Wherefore the Geometrical Conſtruttion requires no oth<r 
preparatory determination by our form than of the quantities 
© for AD, bcc for DH ar the center, and bbcc to determine 


2 "I | 
the radius of the circle 5 which are exhibired by ». 2. Fo. 56. 


vis NPis= cc, RS = bee, RV = bbee, which are found 


by means of LM = 4, LR =4s, LIN and MO = 6, MQ 
= NPand MT = RS. Having: therefore deſcribed a para- 
bola, ». 3. and drawn _its diameter, trafisfer AD} NP 
upon it (becauſe the quantity p is in the Equation) and alſo 
:RS from D upon H perpendicularly, and on the right hand, 
(becauſe DH = --— bcc 3) and ſo you't have the center IH; 
2 k 
=P L1 thro” 


78 Introduttion' to 


thro? which having drawn KAI fo that AK ſhall be = to'the 
quantity bbcc or 8, 5.e. RV, &c. a circle deſcribed ar the 
interval HL will cut the parabola in M and N, and applying 
the magnitude NO it will be that of the Curtain ſought ; up= 
on which, #. 4. having laid down the circumference of the 
horned work by help of the given lines AB and AD, you'| 
have the line EF, of the magnitude which was above 


ſuppoſed. Now if any one has a mind to do the ſame | 


thing by Baker's way; by laying down firſt the interval AB 
=. and then making bc = p?, and laſtly, putting cd for the 


2 8 


quantity 9; he will fall upon the ſame point D, and in like | 


2 
manner may expreſs the other parts of the Central Rule by the 
intervals De, ef, fg, and ſetting back the laſt gh,he will fall upon 
the ſame centerH: But this is done with a great deal more trou- 
ble and labour to determine ſo many quantities, and alſo is in 


more danger of erring by cutting off ſo many parts ſeparately, | 


asexperience will ſhew ; and thus we have by a new argument 
ſhewn the advantage of our Reduction. 


Another Solution of the ſame Problem. 


Things remaining as before (only aſſuming the given lines 
AB, AD and EF, ». 1. Fig. 56. one half leſs, that the Scheme 
may take up leſs room) make BE = x, as the firſt or chief 
unknown quantity ; then will BF = c, and its 0 xxx 
F cc: And fince | 

as BE to BC = AD fo BF to AF a fourth, which will be 


x —— b — xFc 
= bx + bc and its ſquare = bbxx F 2bbcx + bbcc. Where 
x Xxx 


fore if this ſquare be ſubſtrafted from the ſquare of BF, there 
will remain the ſquare of BA, z. e. 
xXx + 2x { ce —bbxx—2bbex—bbce = aa i. e all 
= 
being reduced to the fame denomination, 
x4 f 2633 | coxx = 2bbea—bbce = aaxxz 


Ld 


l! 


. » — 
© En 
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af according to the forms of Cartes and Baker, 
x4 | 2x3 | cexx == 2.bbex—— bbce =. 0. 
—24 


bp 


= 


Therefore the Central Rule (putting again for 1 and the 


L R.) will be 
LTf—q= AD 
'» $ 2 
and p | p3—pg—r = DH; 


16 4&4 2 


4 
or by our ReduQion, 


a + ic——cct aa bb i.e. a4bb & AD; 
2 2 '2 2. 
nd c + &—& | aac  bhe—bbc i, e. 
S % 2 Be” 
c——bbc = DH. 
2 


Geometrical Conſtruftion. Having therefore deſcribed a para- 
bola(Fig. 56.9.5.)and drawn the diameterAy,make At ja and 
I, 2 = bb, ſo you'l have the point D; make moreover D3 

py | 
or 2, 3 = «, and backwards 3, 4 = bc (we here omit to 
2 y 
expreſs the Geometrical determination of theſe quantittes bb 


2 
and bbc as being very caſy) and you'l have the point H, &c. 


2 
and there will. come out the quantity ſought NO ; which 
ſince it is equal to half BE ». 4. the buſineſs will be done; 


which Baker's form will allo give, exactly the ſame, bur after 


a More tedious procels, 


PROBLEM TIX. 


yy any Triangle ABC (the ſcheme whereof ſee n.1. Fig.57.) 
ſuppoſe given the Perpendicular AD, and the differences of 
the leaſt ſide from the two others EC and FC to find all the three 

Ll z [ides. 
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ſides. 1. e. Chiefly the leaſt fide AB which being found, the 
athers will be fo alſo. 


SOLUTION. 


Make AD = a, EC.9z b, and FC = my C, AB = my IX, then 
will <= Y b and its ſquare be xx + 2»x + bb, and AC 
3» Þ © anc c and its ſquare be xx } 26x Þ 2cx | cc, an and BD will be 
©" and DC V xx ÞF 2cx —_— con—aa. But the 0 
BC may alſo be obrain'd otherwiſe, and the Equation alſo, 
if OO B>+DC+4 = {--3 of BD by DC be added into one 
tum according to Prop. 4. Tab. 2. Eucl. viz. 
2XX + 20x | ec——2aa | V 4X4 F 8x3 f gcc = 
| —8aa - 
8Baacx Þ 44*—— gaacc will be = xx Þ 2bx + bb, 
[ſor DC = V xX-— aa Þ 2cx | cc, multiplyed by BD 
V xX—2a, gives the e rectangle of the ſegments 
2aacx Þ #* —— aacc 


_— —— 


2.44 


V a4 | 2x3 T, coxxe 
— 2.44 


and this doubled z. e. mulripiyed by V4 4, gives the quanti- | 


ty which is contain'd under the radical fign in the Equ- 


tion ] 
Therefore turnir ng all over on the left hand which are be- 


fore the {1gn V- to the right hand, prebxing to them the | 


conrary ſigns, you'l have 


Y "OOTY $253 -j- Acc | 
8 " ExXo— Bagnex TÞ 44 


7 = 


4.aac 


_ — 


, x FT bb——ccÞ 24a, and taking- away 
the Vinculum on the left hand, and (quaring on the right- 
| '7 LE: CC 

&. 1 OC T +4 Ds ' ACX P 434 —— 4aace 


——— 


:4 
5134 T aca3— uy 4 Þ 4.53 + 4.74 
my. 45 2: my, .Þ 463 | b4 
Occ TY 


SG 


; 

# LE F 8acb (_. 

no. YA —- aac ( 4.4a0b 
m— 4AACC 
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and adding and ſubſtrating on both ſides, as much as can be, _ 


a4 | 40xX3— 444ax% 
= =— h4.x3 f 2bb F 443 Þ+ b4 
f m T 43 Þ £4 
w—8bc + Saab Þ x | 4gaabb 
== 4bbc \ —=2bbcc 


— 4 bcc 


and transferring all to the leſt, 


3x*+45T., — 444 ——- 413 ——b+ 
AN 


—— 2bb —4c3 —c+ 
—2c(** —=B8aab px —4aabb = 0 
+ 8bc Þ+ 4bbcc\ + 2bce 
+ 4ce 
and dividing all by 3, 
xt + #0 53 fag Jxx —— 733 —— 4 
yy ——b\ ——40 — 4 
77 23aab? x 4:abb = 0. 
+ Ir + #bpc Þ+ 3bbcc 
Þ+ bcc 


Note, I fought this Equation alſo after two other ways ; 
1.By a compariſon of the 0 AC with the two ſquares ABFBC, 
after 2 1-13 CBD thence ſubſtrafted, according to Prop. IJ. 
Lib 2.Eucl which is the 4.6. L:%.1. Aath. Enucl. and ]form'd 
the ſame with the preſent. 2. By putting at the beginning y 
for x | b and & for x | c, and going on after the former me- 
thods, *till you have this Equation, 


X+ —— 2.57 
T 49 


in which, when afterwards l[ ſubſtituted the values anſwering 
the quantities yy and 22, &©c. This ſame laſt Equarion came 
out a little eaſier, bur (NB ) with all the contrary {1gns. 
Now to form the Central Rule, and thence make the Geo- 
metrical Conſtruction, we mult determine - firſt each of the 
quantities p, q, r and S, that we may know Whether they 
are negative or poſitive ; and you | find (7. 2. Fig. 57.) p= 
G2 poittive, q = H# negative, and K+ = S allo negative ; 
and tut by heip of the quantities LM = 5 or 1, MN _=> 


"2x + 
22% Cn. 0. 
29? 2,+ | 


UMI 
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LO t a, OP = as, MQ and LR = c, RS co, and al, 
LT = cc, TV and LX & 6, XY t& 6%. Wherefore the 
form of the laſt Equation will be like this, 
x* | px3—— qxxz——rTx——& j 0, and fo the Central 
Rule (taking here b for 1 and the L. R.) | 
EET: 4D 


W1V 2 
and p Fp3 | pg mer = DH. 
IS &— -2 


Wherefore, having now deſcribed a parabola (as may be 
ſeen ». 4.) having found the diameter Ay transfer upon it firſt | 
Ab = 3 LM (n. 2 ) and then bc = DÞ (».3.) i.e. p*; and | 

; 8 


thirdly cD = q i. e, 2 H# (n. 2.) moreover from D toe put 
2 — 


off MB (». 2. = p, and from e to f put of DB = 3, and 
4 16 


4 
from f to g put off CF = pq; and from g backwards tob | 


| 4 2 
put off half the quantity r, or I5 (. 2.) and having done the 


reſt as uſual, you'l have NO, the fide required of the Trian- 
gle to be deſcribed ; the deſcription whereof will be now eaſy 


(z2.5.) having all the three {ides known. This may ſerve | 


for an Examen, if having deſcribed a ſemi-circle AGB upon 
AB = NO, you apply the given line AD, and from B thro 
D draw indefinitely BDC : Then at the interval AB having 
deſcribed the Arches AE and BF, add the given line EC to 
BE, for thus having joined the points A and C, FC ought to 
be equal to FC before given. 


SCHOLITU M. 


TE have here omitted our Reduction, becauſe it would 

be too tedious, and would expreſs the quantities AD 

and DH (eſpecially the latter) in terms too protix. For AD 

would be = bf; bb { 5cc bc {da (viz. becauſe p* 
8 


2 


found 


—EE”ENMMS_ 


®© av ©@ ff. Ow i ws @ = 


| Specions Analyſis. 83 


found = 3bb+46c fcc and q taken in it ſelf = 2 ag! bb 


2 
ic} 43 cc; but here | where by vertue of the Central 
Rule it is taken poſitively, when it is in it ſelf negative} un- 
dr contrary ſigns it is =;aaÞF, or3bb+* or 30 ——! or ? 
bc) or yet more contractedly (becauſe þ is unity) AD =! þ 
#5b (Le. 1 4b) ficc——3ct3jae; which parts may be 
exprefled withour any great difficulty on the Diameter Ay, by 
its gomuee A1,1T,z2; 2, 3 5 3D: Burt the other quantity DH, 
or the definition of the Center H, would alſo have ſome tedi- 
ouſheſs, as becauſe | | 
p would be = 6 | c 


Z 
Pr! 43 F 12.bbc f 12bee | 463 


16 27 
21 = 6bce | Gbbc — 4aab 


LARC moos 2h3 === 2,03 


DE ———_—_— rao 


— .. 


4 Z 
or 6bbc | 6bcc I 24Gb —— 643—— 663 


9 
| If you take away out of the quantities pg and r (fince this 


| 2 
latter is to be ſubſtrafted, and fo left, A is, under the {gn 
—— ; bur the other, alſo negative in it ſelf, but here poſi- 
tively. expreſſed in the Central Rule, muſt have all the con- 
trary ſigns) | fay, it you take out of theſe quantities thoſe 


-which deſtroy one another, and add the reſt with the two for- 


mer quantities, they will be þ F c 


3 
m— 8aab F gaac f 4bbc | 4bcc — 8 —— 83 = = DH. 


» 27 
or a little more contracted (becauſe b is 1) b Fc 


3 
8c3 = DH. 


———rrm—r—_—n———_ 


>— Sag | 4aac | 4c Tf 4c $8.3 


27 


But now if any one has a mind to illuſtrare this by a numeral 


Example and try the truth, &c. of the quantities found ; 
they may make e.g. 4= 12, b RN 1, ande = 2, and they 
will 
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will eaſily find that in the laſt Equation the quantity p will be 

4, and q— 190, r—388, S——195: Secondly in the 

Central Rule of Baker they'l find L=z P 52, andgon 
2 8 2 

95, and fo the whole line AD 97:3 and further F1-83 


4. 
2? 8 4, pq 8 190, and —— 3 ——194, and fo the whos 
16 4. 2 L { 
line DH = 395 ——194 z.e. S1. Thirdly, likewiſe in 
our ReduQtion (if we proceed by each part correſponding to 
Baker's) b=15, 7 bb t$bc{F3be = 2, and, aa | 36b F %cc 


2 
——=4bc = 95. Theſum for AD 97 1; butfurther b + ct21, 
Z 
453 f 12bbcf 12bce F 40 = 4; 
. 27 
6bee + 6bbe—— 4aab —21——2G = 190; 


« 


Z 
and 2bbc f 2bcc —— 4aab 263——2c3 = 194. to be ſub- 
| ſtrafted ; and fo the ſum for DH = 195 I94. = 1 
Which ſame quantities will fourthly come out,. if the quanti- 


ties AD and DH contracted, as they are exprefled in letters a» M 4 


bove, be reſolved into numbers. 
PROBLEM KX. 


Y OU are to build a Fort on the given Polygons EAF (ſe 
Fig. 58. n. 1.) whoſe capital line AB ſhall equal the ag- 
gregate of the gorge and flank, and the ſquares of theſe added 
rogether ſhall be equal to the ſquare of the given line GH, and 


the ſolid made by the multiplication of the ſquare of tht 
flank by the gorge, ſhall be equal to the cube of the given lin 


$O LV. 


bt Þ + S022 >S-<—>0—>0u 
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SOLUTION. 


| Make the Gorge AC & z, whoſe ſquare 22 ſubſtrated 
From bb.the ſquare of the given line b, will leave the fquare 
of the flank DC = 55 —— zz. Now this ſquare being mul- 
tiplyed by the gorge AC or z will give 662z——23 & g3, the 
cube of the given line IK ; and adding to both ſides 23, and 
ſubſtrating bbz, o 2 23 *— bby, F p3. 
|} Therefore if we take g or IK for 1 and L?, g3 will be the 
line g, and 
| The Central Rule : L + q = AD: 
« A 

and r = DH. 

2 

ze. according to our ReduQiion, 


27 # = AD and g DH, 


2 2 2 


7 


| Geometrical Conſirutticn. Having deſcribed a Parabola (5. 
'2. Fig. 58.) make on its ax A1 :IKand £, 2,1. viz. 1D 
E:2MN (from ». 1.) and DH Z ;IK. Then having de- 
ſcribed a circle from H, and found the true root-NO upon the 
piven angle EAF (7 3.) make AC & NO, and having e- 
rected the perpendicular CD divide ic by AD = GH (z. 1.) 
and make AB & AC F CD; and the Fort will be drawn. 
PROBLEM AL 


7 


TV 2 right-angled Triangle ABC (which we denote by n. Tt. 
Fig. 59.) having given the greater ſide AC, and made 
be leſs ſide AB = to the ſegment CE, woich ſhall cut off from 
the baſe BC a perpendicular let fall from the right angle A ; 
Fo find theſe lines AB or CE, and conſequently the woke trian 


Tnowe;ntion to 


SOL VT ION. 


ike AC = a, CE or AB = x. Therefore, 1. you'l 
have aa— xx = O AE. And becauſe the A A BEA and 
CAE are ſimilar, you'l have 
as AC to E fo BA to AE 


g— 


| a 
| And fo,z. 0 AE = xv. Therefore 


aa 
x* = aa— xx; and multipl. by aa, 


aa 
x+ = a#——aaxx; or, according to the form of Carte; 
and Baker, tranſpoling all to the left, 
x+ , | aaxx ,—a* = 0 1. e. 
x+., | qxx ,— 9 = 0. | 
Therefore (taking @ for 1 and L. R.) the Central'Rul: 
will be L—9q i.e. o= AD 


abc = os os We 


2 2 
and 7 i.e. 0 = DH; that H may fall on the vertex A, 
2 


Geometrical Conſtruftion. Sincs a is aflumed for unit 
and L, the quantity S alſo and Latus Reffum i.e. Al and | 
- AR and conſequently the mean proportional AL-and the I ? 
radius HL will be = = to the given {ide AC, and conſe- | 
quengly at that interval having deſcribed a circle, thro? the Pa- 
rabola rightly delineated, you'l have NO the value of the | 
quantity x, z.e. of the lefſer fide AB Having drawn. there: | 
fore NA, which is = to AC by Conltruction, if you drawto | 
it the perpendicular AB cutting NO produc'd to B, you | have 
the Triangle ſoughr AB.;, and AB (which will be a ſign of | 
a true Solution) will bz found = NO or CE. a 
Another Conftruttion. Since in the Equation abc ve foun! 
/ there is neither x3 nor x, it may be look'd upon as a quad-ra- 
\ rick, and conſtructed afrer the ſame way, as ſcveral otuer like WY a 
it among the Examples ». 4. vis. becauſe xt Bj == aaxx{t; 
according to cale 2 of aftected quadraticks, 
XX 
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xx = —,aa VN ,a9 Fat le. 
TV; at, 


TC 


and x95 Y—JaafViat ie V—jaÞFVia 


Wherefore (7. 3. Fig. 59.) if AC be made = a and CDj a, 
the mean proportional CG will be = V ja, and taking hence 
GF =1a, there will remain FC = Y ja '4: And now 
between this or CH equal to it, and unity AC, having found 
another mean proportional CE it will be the value of the 


quantity x ſought = NO (7%. 2.) 


PROBLEM KXIT.. 


| I a right-angled Triangle ABC (Fig. 60. n. 1.) there 1s 
given the Perpendicular BA, a ſegment of the Hypothenu- 


ſa BD, and a ſegment of tbe Baſe EC, from C to the perpendi- 


cular DE let fall from the end of the ſegment BD; to find AE 
DC, and conſequently the Baſe AC and the Hypothenuſa BC, 
and ſo the whole Triangle. 


SOLUTION 


Make AB = a, BD=b, and EC = c, and DC = x; 
which being given, the reſt cannot be wanting : "Therefore 
xX-—cc = 0 DE. But the fame 0 DE may be had, if 


you infer 
as BC to BA fo DC to DE 
byx—4a x ax 
bjx 


And then ſquare the quantity DE, the ſquare will be 
| _aax93% A XX —CC, | 
xxF2bxFbb 
and multiplying both ſides by xx f 26x Þ bb, 
aaxx = X4 f 20x3 | bbxX — 29Ccx bbce ; 
—CC 


and ſubſtra Qing allo aaxx, 


x+ | 2bx | buxx——2bccx ——bbce Q 0. : 
—Aaa 
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ſo PV = to it, that PX may be p3 ; and laſtly Py = 79, hy 
160 


PZ may be pg. Theſe being thus prepar'd, if (2. 4.) Ab be 


4. 
made !=75 AB (». 1.) bc = RT, and cd backwards =! PN 
we ſhall light on the point D; and, it we make De =: BD, 

= PX (7. 5. which interval was too big to be repreſented 
in the Paper) and from f you put backwards fs = PZ, and on 
from g beyond to the right hand gh Q2RS ; we ſhall light on 
the point H,*c.Which of theſe two methods is the ſhortc{t and 
fitteſt for praQtice, any one,never ſo little experienc'd,may here 
ſe ; and firſt Learners may take notice if they would conſtruct 
by Baker's form, in the Diagrams ».3 . ». 5: and the like, 
they muſt rake care to make the angles PLJ2, SPT pretty 
large ; which we have here repreſented the lets to ſave charges 
nn cutting on Copper. 


PROBLEM XII. 


| He": given the Diameter of a Circle CD (n.1. Fig.61.) 

and the line BG, which falls on it perpendicularly, which 

we have bere only rudely delineated) to find the point 4. from 

which a right line AC being drawn ſhall ſo cut the line BG in 
F, that AF, FG, CD ſhall be three continual Proportionals. 


SHLIUIFIQOSMN 


It CF be found, the point A will be alfo had, and the ſe- 
ion of the line BG will be made. Make therefore CF = x, 
and (becauſe the perpendicular BG is given, there will 
alſo be given the ſegments of the diameter CG and GD) make 
GD=b, and CG = c; then will BG = V bc. and CD 

Tc. Since therefore the & A CAD and! CGF are righr- 
angled, and have the angle at C common, they will be funt- 
lar. | 
Therefore, as CF to CG fo CD to C, 


A 
oe” of FT 
Xx FRA WC Cf, —_— of Joie oe Sug RO 17, af Of” ws 

- LY C i & Ts 
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Therefore AF = be Þ cc 


x, and FG V XX=— cc. 


x 
But by the Hypotheſis, 
as AF to FG ſo FG to GD 


befoeo-xxX—=VY xx- co—V xx—=cc=b, 


mo — —— 


ks oy 
! 1exofore the reftangle of the extremes will be equal to that 


tr" 


$ oC & 


"T9 + 7 anew XX = XX ——CC ; 


”* TO RO 


” 
and multiplying by x, 
bbc | bcee—bXx = X3—= ccx ; 


and tranſpoſing all ro the left, 


x3 f bxx Cox ——bbe— beets 0, 1.e. by the Carte 
fran form, 
X3 F pxXX —9qx ——#r = 0. 


Therefore (taking b for x and L.) the Central Rule will by 
Lipts= 4D 


— 2 
and p Tp? | pp—r = DH. 
SS .4 23 


cr according to our Reduction, 
mT v0b7 cc i.e, 58 Jem AD 


5 2 8 A 
and b +63 + cc—c--c 1.6. 5b co—— c = DH. 
gs 16 4 % 16 4. 2 


Geometrical Conſtrucfion. Having deſcribed upon the gi- 
ven line CD (2 2) a ſemicircle, and apply'd in it the gt 


ven perpendicular BG, as the figure ſhews, you'l have the ſeg 


ments of the Diameter GD = 6, and to the quantity p in Ba: 

ker's form, and CG = c, which (2.3. where LM = 6, [0 

and NN = c) will give O? = cc and to the quantity 5. 

Wheretere having deſcrib'd a Parabola (7. 4.) and the line 

VZ = 2%, having cur off the fourth part of X7,, and the 

eiphth of YZ (whercof the one will be SJ 2 26, viz, 56. and 
s 19 


the 


« DM = © IT 


—— 


Fm 
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the other to 5b) if you transfer Az = XZ, upon the diame- 
8 


ter of the Parabola Ay, and moreover 1, 2. or 1D = to half 
OP (».3-) and tranſverſly D3 = YZ. and backwards 627 
OP, asallo 4, 5 a2 CG (73. 2.) youl have the center H, 
and having deſcrib'd a Circle at the interval: HA, the root NO 
muſt be transferr'd from (x. 2.) C to F, and continued to A 
the point ſought; In Baker's Form (becauſe the quantity p 
s vor 1) p*is =b and 53 4b, and the quantity 4 or cc 
8 UL 16-16 

= OP, (. 2.) make thercfore in the Diameter of the Para- 
bola Ab = 3 GD, and bc = 3 GD, (n. 2:) and laſtly cd = 
1OP (7. 3.) and you'l have the point D the ſame as before. 
Make moreover De = {GD and cf = $7, CG, and then back- 
wards fg = 4OP, and laſtly gh = 2 GD, and you'l have the 
fame center H, and the coincidence of the parts in both forms 
will be pleaſant to obſerve ; which otherwiſe ſeldom happens. 


Other Solutions of the ſame Problem. 


Carolus Renaldinus, from whoſe Treatiſe de Reſcl. & Com- 
poſ. Math. Lib. 2. we have the preſent Problem, proceeds ta * 
ſolve it in another way, changing it plainly into another Pro- 
blem : viz. he obſerves, 1. 'That the angles FAD (lee z. 1. 
of our 61. Fig.) and FGD, fince both are right ones on «the 
ſame common baſe FD, are in circle. Hence he infers, 2. (bv 
vertue of the Coroll. of the 26. Prop. 3. Excl.) that the i_3 
3 DCG and ACF are equal, and conſequently CD, CA, FC 
and CG are four continued proportionals. "Fhen he obſerves, 
3. That GD is the exceſs of the firlt of theſe proportionals 
above the fourth CG, and AF is the excets of the ſecond AC 
above the third CF ; and fo, ſince 4. the rectangle of AF and 
GD is = to the ſquare of the mean proportional FG (for AF, 
FG, GD, are ſuppoſed to be continual proportionals) and this 
0 FG 1s the exceis, by which the ſquare of the third CF ex- 
ceeds the ſquare of the fourth CG ; now the preſenr Problem 
wil be 5. reduc'd io this other : Having two right lines (CD 
and CG) given to find two ſuch mean yroportionals (AG 
and FC) that the {_-__] of the excei3 of the firit .bove rhe 
fourth (vis. of FA int GD) ſhall bs equal to the excels, 


oF 
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by which the ſquare of the third (FC) exceeds the ſquare 
the fourth (CG) viz. by the ſquare FG. | 
Wherefore inſtead of the former he ſolves this latter Pro. 
blem, Putting for CG, 5, for GD, c, fo that the firſt of th, 
- given lines CD ſhall be =bFc, and the other GD = ;. | 
calling the firſt mean hy gry AC, *; and thence dene. 
minating the latter bb F bc (viz. multiplying the fourth bl ! 
x ] 
the firſt, and dividing the product by the ſecond) and mor 
over he finds the exceſs of the firſt (þF c) above the fourth, 
(b) tobe c, and the exceſs of the ſecond (x) above the third 
(bb + bc) to be x—=bb F be i.e, xx—bb+bc; fo thathe | 
x == x 
i_4_} of theſe two exceſles is cxx bbc + bee, and becauſe 


; XxX 
the 0 of the third FC is = 44 F 263c F bbce, baving ſubſtri- | 


Cr re err E——_———_—_— 


Xxx | 
Eted bb = © GO, there is given the O FG = 4+ | 203 Fo 
XxX 
——= bh = 4 of the exceſſes we juſt now found. So tha | 
now you'l have the Equation 


b+ + 263c | bbce bbxx = cxx bbc | bee, &C. 


xx | x AY 


bd 


TT 


We alſo endeavour'd to find another Solution, by finding Y © 
an Equation from the line BD (3. 1. Fig. 61.) as which might 
be twice obtain'd by means of the two right-angled Triangle 
FAD and FGD, l{ince it is the hypothenuſa of both. But 
here, belides the former denominations of our Solution we mul: 
firſt give a denomination to the line AD, by making 
as CF to FG fo CD to AD 


x — V xx==cc — bÞc fo A—4"\V'XX— Cc, SC. 


—— 


al 


b, 

But whoſoever ſhall proſecute this Solution of ours, or that " 

of Renaldinus to the end, will find much more labour and dit | ,. 
hculty in cither, than in the firſt we have given, 


APPEN- | 


Spectons Analyſis, 


APPENDINS. 


HE Invention of the ſpecial Central Rule for the cafe 
T of Problem 1. Of Cubich Equations, &c. which may 
ſerve for an Example fot ail the other ſpecial ones which be- 
long to our Synoplis, p. 354: (ard from theſe ſpecial ones) to 
find a general one. - | 


In Fig.*4.7. 3. 4. make AD = 5, DH 24; and fo we ſhall 
have the O of the radius HA = bb + 4d. Bur this Q HA or 
HN, may be alſo had otherwiſe, by putting, EN 


2. For the quantity NO, as ſought, the letter x, and by 
inferring from the known Property of the Parabola, 

as L. to NO fo NO to AO 
x 
L : 
and ſubſtratting AD = b from AO, you'l have DO or PN 
aw! Kx—b ; Whoſe DO is x*=—2bxx F bb. 


L [2 L 


wma 


X 


whoſe 1 is therefore = dl -—— 24x xx. 
Wherefore adding the 0 0D PN and PH, you'l have th 
OHN=X xt——2bxx + xx— 2dx | bb | dd. : ; 


L? L 
Wherefore the Equation will now be readily had : 
(DO HN)—— ——— (9a HA) 


ot ——2bxx + xx— 2dx +bb+ dd = bt dd; 
L2 L | 
and taking from both ſides bb | 47, 
xt —— 2bxx + xx 26% 33 ©. 
D_.:.5 : 
anc multiplying all by L2 
and alſo dividing by x, _ 
x? ,—2bLx--2L24 = 0. 


T i” 


N n 7 


But you alſo have PH & DH-—DP or NO, z.e. d—x; 


_ P.. 
wt RET 


» 7 Conn CE ad ere EE LEED 
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3- And now farther comparing this Equation with a form 
like ours in Prob/, 1. vis. with this, 
| *X 4% FA oo: | | 
Ir is manifeſt, ſince in ours alſo the third term, iz. q is want: 


ing, that the correſpondent one to it in the former —— 1, 


+ 12 is equivalent to 0; and adding to both lides 2bL, L 
will be made 3 2bL ; and dividing by 2L, L? will |& bo 
Ab 
AD. In like manner, ſince 7 in our form anſwers to 
the quantity 22d. in the former; 21:24 will Z r, and, divid- 
ing by 2L?, DH or d will = » : Which is the other Men- 
2]? 
ber of the Central Rule to be found. 


NB. The Analytick Art has this patticularly to be admij- 
red in in, that it finds its own Rules by an Analyſis : Where 
of we have here an evident Example, and ſeveral others in the 
Reſolution of afte&ted Quadraticks, Þ. 345. and the follow- 


Ing. 
II. 


The Irvention of the Central Rale, in the Caſe of 
Fig. 11. and the like. 


1. 13 HA = bb | dd as above. 


2 Putting x for NO, as ſought, we may infer from a new | 
Property of the Parabola, which we have demonſtrated Prop.6. | 


lib. 2 


as Lto NO ſo OR ro AO, 5. e. (putting 4 for BA or FO | 
given; that NO——OF 7. e. NF or OR ſhall be = x—9) | 


2s Lto x { x—4 to-:xx—axZ= AO, 


|= 0 CSn__r—ne Ren oa. 4 


L 


Therefore having ſubtracted AD 5. e. b from AO, you! | 


have DO or HP = xx —ax—-b ; whole DO is 


L 


X# n— 


n 
wh p—_ 


=TT 


al 


YC 


[1 


r—t 


Spectioas PLETE 


x4— 24%) F axx —— 2bxx | 2ab: 


Do — DA———— 


L L L 
But PN alfo is 3 NO-—PO or HD, = <. 
ig to xt n—2dx | dd. 
Therefore having added the 9 9 PH and PN, there wii 
come out 0) HN | | 
| xt—4 T axx—YbxxF 2abx f xx—2dx T 57 dd, 


—_— 


1 — —————— 


L? | 5 
=O HA z.z bby dd; and taking away from both fides 
x#—2.4x3 f xx 2bxox f 2.abx F x%-—2dx ti 0; 
L? _—_ : | 


and multiplying every where by L? and diving by x, 
X3—24%* f aax——2.Lbx + 2Lab F 22x — 2124 & o. 


3. And now comparing this Equation with another form, 
which ſhall be like an Equation ariting from the Solution of 
ſome Problem, e. g. With this x3 —pxx | qx—r R 0 to this 
you'l have =! this other, | 


T TINS. Ty | 
+ L? uns 2, « ; 


4. Wherefore, becauſe in theſe cqual forms, firſt, 2.2 is Sp, 
a will be = p 2. e. the line BA. Secondly, Becauſe aa (or p*) 


" 4 | 
tl2—214=9; | { 
Therefore 2Lb = p* 4 L2—9, and dividing by 21, |; 

4 | 
b= TL? (or L) fp? —q = AD. 4 
2L % Th 2L j 


Thirdly, Becauſe 2abL— 24L? i= yr 5. e. 
2abL, —r = 24L?; therefore dividing 


by 2L?, d will be = 2abL,—r 1. e. : 


2? 21. 


Nan 2 | dx 


® 
_ Ore 4... IO E<4S oo eG ddl + —_ 
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d = ab——r i.e. reſolving 2b into equivalent 'Terms ex- 
UC 2 L 
prefled by p and q, | : 
i=pt 2 —— 29 ——_7_; Which istheother mem- 
4, x 6LZz A} = 2.L? 
of the Coniril Nule i be found, 
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